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Introduction

Over the past 20 years, portfolio management has evolved enormously. Asset management
was considered for many years to be a marginal activity, but it appears today to be central to
the development of the financial industry, both in the United States and Europe.

The increasing number of cross-border merger and acquisition operations and the extremely
high valuations that are put on those operations are evidence of the major financial estab-
lishments’ desire to invest in a sector that they consider to be essential to their strategy of
globalising and “financialising” their activities.

Asset management’s transition from an “art and craft” to an industry has inevitably called
integrated business models into question, favouring specialisation strategies based on cost
optimisation and learning curve objectives.

In terms of production, the development of multi-management has given these new strate-
gies a concrete identity. The considerable success of multi-management is linked not only to
a re-examination of production conditions, which favours manager specialisation and asset
class or management style economies of scale, but also satisfies a unanimous demand on
the part of institutional and private investors, who wish to combine financial diversification
(increasing number of classes or styles) with organisational diversification (increasing number
of managers).

In the area of distribution, the concept of multi-distribution is benefiting from the breakdown
of the integrated management doctrine, which led to multi-management.

The distribution of third-party funds, which was given the name “open architecture”, began in
the United States in the 1980s. It led to a significant reduction in the sales share of exclusively
house funds (40% in 2000). This movement has also affected Europe, where the regional
players are reacting to the arrival of major North American distribution centres, with the latter
intending to profit from the financial consumerism encouraged by the development of the
Internet. Forecasts of 50% of third-party funds distributed in Europe by 2010 seem realistic in
view of recent strategic and commercial initiatives and the reduction that has been observed
in the share of proprietary distribution networks compared with external networks. The costly
acquisitions of independent American distribution specialists by the major traditional European
commercial banks are evidence of the US/Europe convergence gamble in the area of fund
distribution.

This evolution in the strategic paradigm has influenced financial thinking. A unique char-
acteristic of the financial industry (and an advantage for researchers!) is that there is a strong
degree of accessibility between the professional and academic worlds.

As a result, multi-distribution and multi-management are based on and affect a considerable
amount of research in the area of fund performance analysis. Since multi-managers and multi-
distributors are anxious to delegate their management in the best possible conditions, and sell
the value-added constituted by manager selection to their clients, they undertake numerous
initiatives and engage in extensive research to improve portfolio and fund performance analysis
and measurement.
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Moreover, specialisation is supported by the appearance of new concepts in the area of
risk and performance analysis, grouped together under the term “style management”. Since
the beginning of the 1990s, this concept has revolutionised institutional management in North
America. Its development in Europe is a key growth factor for the major international investment
management firms.

Finally, as in any competitive environment, marketing practices are essential. With their
characteristic artistry and audacity, major American managers have succeeded in basing their
investment management process and performance marketing pitch on academic “evidence”.
They also justify their sales propositions with “scientific” proof of the soundness and univer-
sality of the underlying conceptual choices.

As such, faced with an abundance of tools and academic references, we felt that it was
important to place all the practices, empirical studies and innovations in their context, given
that they are always described as “major” by their promoters in the area of portfolio theory. That
is the principal objective of this publication: to allow the professionals, whether managers or
investors, to take a step back and clearly separate the true innovations from mere improvements
to well-known, existing techniques; to situate the importance of innovations with regard to
the fundamental portfolio management questions, which are the evolution of the investment
management process, risk analysis and performance measurement; and to take the explicit or
implicit assumptions contained in the promoted tools into account and, by so doing, evaluate
the inherent interpretative or practical limits.

With that perspective in mind, the layout of this book connects each of the major categories
of techniques and practices to the unifying and seminal conceptual developments of modern
portfolio theory, whether these involve measuring the return on a portfolio, analysing portfolio
risk or evaluating the quality of the portfolio management process.



1
Presentation of the Portfolio
Management Environment1

The first chapter will allow us to define portfolio management and describe how it is practised
by professionals. Before coming to portfolio management itself, however, we will first define
the basic elements that allow portfolios to be created, namely assets. These assets, which are
traded on financial markets, are numerous and vary greatly in nature. It is commonplace to
group them together into major categories.

1.1 THE DIFFERENT CATEGORIES OF ASSETS

The simplest way to group assets together is to consider asset classes. Each asset class corre-
sponds to a level of risk. The assets in each group can then be split, at a more detailed level,
into sub-groups. Equities are split into sectors of industrial activity or style, with the latter
depending on whether the stocks are growth or value stocks or on the size of the company’s
market capitalisation. Bonds are grouped together according to criteria such as maturity or the
quality of the issuer. The aim is to obtain groups of assets that behave in a similar way and are
characterised by an exposure to risk factors (cf. Chapter 6).

The breakdown of assets into major asset categories also corresponds to management special-
isation and the classification provides a reference for particular performance analysis methods.
Placing portfolio assets in categories is part of a top-down approach to portfolio analysis,
which establishes a discriminating link between the choice of an asset class and the return on
the portfolio. Whether it involves a risk profile or a style, this top-down approach provides
justification for managers concentrating their efforts on asset allocation as the principal source
of performance.

1.1.1 Presentation of the different traditional asset classes

Assets are divided into three major classes: equities, bonds and money market instruments.
Each class can then be subdivided into groups with common criteria. The class of derivative
instruments can be added to these asset classes. The classification can also be carried out
according to a geographical breakdown.

1.1.1.1 Equities

An ordinary share (equity) is a title of ownership that represents a share in a company. It gives
the right to receive a dividend, with the amount of the dividend being calculated according
to the company’s earnings. The amount is therefore liable to vary from one year to the next.
Equities constitute the most risky class of assets, but, as compensation, they provide a greater

1 For more details on the subjects discussed in this chapter, we recommend Chapter 1 of Fabozzi (1995) and Boulier (1997).
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return on investment over the long term than other types of assets. Equities can be broken down
by industrial sector, or according to the size of the company’s market capitalisation.

1.1.1.2 Bonds

Bonds are securities that represent a loan. They can be issued by a company or by a State.
These securities give rise to regular payment of coupons, which constitute the interest on the
loan, and redemption of the security at maturity. The cash flow is therefore known in advance.
Bonds represent an investment that is less risky than equities, but also less lucrative over the
long term. Their risk is analysed in two ways:

1. The risk of non-redemption or credit risk, evaluated according to the quality of the issuer,
which is measured by a rating system. The rating, which is made public, contributes to an
efficient market and allows the return on the bond to be linked to its risk.

2. The market risk, or interest rate risk, which is analysed as a function of the opportunity cost
represented by the difference between the return ensured by the bond and that of the market
for an equivalent maturity.

Bonds are grouped, consequently, into issuers or ratings and maturities.

1.1.1.3 Money market instruments

This final category of assets is not very risky, but the return on investment is lower. It involves
short-term borrowing and lending for managing the cash in a portfolio.

These asset classes, which have different levels of risk, allow investors to spread their in-
vestments, according to the planned duration of the investment and the risk that the investor is
willing to take. Investors can thus predict the average return on their investment. The diversifica-
tion of the investment, both between different asset classes and within an individual class, is an
important factor in portfolio management. Intuitively, it seems clear that this will allow the risk
taken to be limited. This intuition on the reduction of risk through diversification was formalised
by Markowitz in a mean–variance conceptual framework that we will present in Chapter 3.

1.1.1.4 Derivative instruments

This class of assets supplements the traditional assets, which are equities, bonds and money
market instruments. It is made up of a large variety of assets, among which we can cite options,
futures, forwards and swaps.

An option is a security that gives the right, but not the obligation, to buy, if it is a call, or to
sell, if it is a put, the underlying instrument at a strike price fixed in advance. The purchase, or
sale, is carried out at the date the contract expires, for a European option, or at that date at the
latest, for an American option. The underlying instruments can be equities, indices, currencies,
futures or interest rates.

A futures contract is a contract agreed between two parties through which the seller commits
to transferring a financial asset to the buyer, at a date and a price that are fixed when the contract
is made. A forward contract allows the same transaction to be carried out, but unlike futures,
which are traded on an organised market, forward contracts are traded over the counter. Futures
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contracts allow portfolio risk to be hedged, and also allow the risk/return profile of the portfolio
to be changed rapidly and at minimal cost.

A swap is a contract, agreed between two parties, which allows financial cash flows to be
exchanged. More often than not it involves exchanging a fixed rate for a variable rate.

These assets are said to be derivative because their price depends on an underlying in-
strument. They play an important role in portfolio management. Their use allows portfolio
managers to be more flexible and effective in developing and applying investment strategies
than if they were limited to using the underlying instruments: equities, bonds and money market
instruments. For example, derivative instruments allow the portfolio exposure to be modified
in terms of assets and currencies, without modifying the real composition of the underlying
portfolio. They also allow portfolio risk to be hedged and performance to be improved by using
a leverage effect on the return.

1.1.2 Alternative instruments2

This class includes various investment vehicles: hedge funds, managed futures, commodities
and funds called “alternative traditional” funds (private equity, venture capital, private debt and
real estate). Among the different assets considered, hedge funds have experienced considerable
growth. At the end of 2000, they accounted for more than 500 billion dollars in managed
assets.

The success of alternative funds, notably hedge funds, is linked to two considerations:

1. On the one hand, the risk/return combination for these investments has, over the last 15 years,
been better than that of the traditional asset classes.

2. On the other hand, and above all, their low correlation with the risks and returns of equities
and bonds make them excellent diversification vehicles.

On this second point, numerous studies have highlighted the advantages of including an
alternative class in the overall asset allocation. Beeman et al. (2000) demonstrated, using two
optimisation models, one of which was based on a pure mean–variance approach, and the
other on accumulated loss constraints (Probabilistic Efficient Frontier), that investing from
6% to 16% in hedge funds, depending on the objectives and risk constraints of the investor,
significantly improved the efficient frontier of a diversified portfolio.

In spite of these undeniable advantages, we will not deal with the subject of performance
analysis for alternative assets in the present publication. In view of the diversity of alternative
investment vehicles and their characteristics, we feel that it would be necessary to adapt the
risk and performance analysis models proposed by portfolio theory. Such an adaptation would
assume a more thorough analysis of factorial approaches and would notably take into account
the non-linearity of returns.3

The multi-style approach in alternative investment would also necessitate a review of the
analysis concepts developed on the subject in traditional portfolio management. This series of
adaptations seems to us to justify a specific publication (see Amenc et al., 2003).

2 For a detailed presentation of this asset class, the reader could refer to the work of Schneeweis and Pescatore (1999).
3 For an initial approach to applying multi-factor models to alternative investment risk and performance analysis, see Schneeweis

and Spurgin (1998).
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1.1.3 Grouping by sector

Owing to its diversity, it is primarily the equity class that is concerned by this type of breakdown.
The classification of assets by sector of activity leads, more often than not, to distinguishing
the following major sectors: automobiles, banks, primary products, chemicals, construction,
goods and services, energy, financial services, food processing, pharmaceuticals, distribution,
technology, telecommunications and public services. The assets can also be grouped according
to the size of their market capitalisation, or whether they present value or growth characteristics.
We then refer to the style of the stocks.

Growth stocks can be defined as those that present a current or future growth rate that is
above that of the economy, while value stocks are those that have a growth rate which is in line
with that of the economy. To compensate, value stocks pay out dividends or have price/earnings
(P/E ) ratio that are higher than those of growth stocks.

This grouping of assets into homogeneous categories corresponds to a trend towards greater
specialisation among managers. Many funds are invested in a single asset category. In order to
offer managers a reference to evaluate their management, all the major market indices are now
organised into ranges of sectors. Worldwide indices are now beginning to do the same. The
Dow Jones group has just launched global sector indices for the major sectors of activity. The
sector approach on the worldwide level tends to represent an increasingly significant share in
managed portfolios. The fact that investors are anxious to have diversified portfolios has led
firms in recent years to develop of funds of funds from specialised funds. We will return to
this point in the third section of this chapter.

1.2 DEFINITION OF PORTFOLIO MANAGEMENT

A portfolio is defined as a grouping of assets. Portfolio management consists of construct-
ing portfolios and then making them evolve in order to reach the return objectives defined
by the investor, while respecting the investor’s constraints in terms of risk and asset alloca-
tion. The investment methods used to reach the objectives range from quantitative investment,
which originated in modern portfolio theory, to more traditional methods of financial analysis.
Quantitative investment techniques are now among the most widely used fund management
methods. They are generally grouped into two major categories: active investment manage-
ment and passive investment management, with the term “passive investment” covering both
index investment and portfolio insurance. A general idea of the major trends in investment
management is given below.

1.2.1 Passive investment management

Passive investment management consists of tracking the market, without attempting to antici-
pate its evolution. It relies on the principle that financial markets are perfectly efficient, which
means that financial markets immediately integrate all information liable to influence prices.
It is therefore pointless to try to beat the market. The best technique in that case is to try to
replicate a market index, i.e. invest in the same securities as those in the index in the same
proportions. This type of investment is a direct result of equilibrium theory and the capital
asset pricing model, which we will discuss in Chapter 4. It has led to the creation of index
funds, i.e. funds that are indexed on the market. These funds have the lowest management fees.
Index investment allows an investor to have a diversified portfolio, without having to carry out
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research security by security. In addition, since the composition of indices is relatively stable,
the turnover rate in the portfolios is relatively low, which limits transaction costs.

Besides these classic index funds, funds called “tilted” index funds have been developed.
These funds use a technique derived from that of classic index funds. The idea is to introduce
an element of active investment, to try to obtain a performance that is better than that of
the reference index, without exposing the portfolio to a market risk greater than that of the
index. The goal is not to beat the index by a significant amount, but to beat it regularly. The
difference in performance compared with the reference portfolio, measured by the tracking-
error, is followed with precision and must remain within a relatively strict band. Management
is based on analysis of the systematic portfolio risk, i.e. the share of risk that is not eliminated
by diversification. The risk is broken down with the help of multi-factor models. These models
allow the different sources of risk to be analysed and the portfolio oriented towards the most
lucrative risk factors, which allows the tilt sought to be obtained. Multi-factor models are
discussed in Chapter 6.

The index can also be tilted using more traditional methods, with a financial analysis-based
stock picking strategy. The multi-factor analysis then guarantees that stock picking has not
modified the overall exposure of the portfolio compared with that of the index. In certain cases
a portfolio composition constraint is imposed by reducing the stock picking to a simple over-
or underweighting of the stocks that make up the reference index.

To meet the expectations of investors who wish to protect themselves from a considerable
loss of capital in the event of markets falling significantly, particular asset management methods
have also been proposed. The methods are portfolio insurance and, more generally, methods
that are called structured investment methods. These methods are still included in passive
techniques, in the sense that the manager defines the rules on which the investment is based
and does not modify those rules over the life span of the portfolio, whatever way the market
evolves. The performance of the portfolio can thus be known in advance for each final market
configuration.

In its simplest version, portfolio insurance consists of automatically readjusting the com-
position of the portfolio between money market instruments and risky instruments, depending
on how the market evolves, in such a way that it never falls below a certain level of return
(see Black and Jones, 1987, and Perold and Sharpe, 1988). In a more general way, allocation
can be carried out between two asset classes, with one being riskier than the other, such as
equities and bonds, for example. We come across this principle in the investment method called
“tactical asset allocation”, which consists of readjusting the proportions of each category of
assets automatically, on the basis of a signal that indicates which asset class will perform best
in the upcoming period. The forecasts that allow decisions to be taken are based on observation
of economic or stock exchange cycles. The principle of portfolio insurance leads to buying the
risky asset when it has progressed and selling it when it has depreciated. This is known as a
“trend follower” strategy, i.e. one that tracks the market. It can be contrasted with “contrarian”
type investment, which is used when carrying out the tactical asset allocation that was defined
during the top-down investment process. This approach consists of periodical readjustment of
the proportions, but is not performed automatically.

Portfolio insurance can also be carried out with the help of options. Options allow a floor
value to be placed on a portfolio. This principle is used in funds with guaranteed capital and
allows the investor to be sure to recover the amount invested, at the very least, when the
investment period expires. This can be of interest when markets fluctuate to a considerable
degree. On the downside, the investment will be less profitable than the market if the market
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has risen continually during the period. This is the cost of the insurance. For more details on
this type of portfolio management and the methods used, see Chapter 5 of Amenc and Le Sourd
(1998).

1.2.2 Active investment management

The objective of active investment management is to perform better than the market, or better
than a benchmark that is chosen as a reference. Observation of financial markets shows that their
theoretical efficiency is not perfect. They require a certain amount of time before they react to
new information and asset prices are adjusted. As a result, there are short periods of time during
which certain assets are not at their equilibrium value. Active investment management thus
involves developing strategies to take advantage of temporary market inefficiencies. The choice
of securities that will figure in the portfolio is an essential stage in this type of investment. The
selection techniques are based on theoretical asset evaluation models, identifying the securities
that should be purchased or sold, according to their upside or downside potential, which in
turn is due to their under- or overvaluation by the market, with regard to the theoretical values
proposed by the model(s) used. Portfolios that are actively managed contain fewer securities
than those that are managed according to passive techniques, because detailed research into
each security takes a considerable amount of time.

It is also possible to practise active investment management at the asset class, rather than
security, level (active asset allocation or tactical allocation).

Funds that are managed through so-called “traditional” methods are also included in the area
of active investment. These funds constitute a significant share of the funds that are available on
the market. They are often relatively specialised. For the most part they use financial analysis,
which consists of choosing each stock individually – the term used is “stock picking” – based
on research into the balance sheets and financial characteristics of companies.

1.3 ORGANISATION OF PORTFOLIO MANAGEMENT AND
DESCRIPTION OF THE INVESTMENT MANAGEMENT PROCESS4

Two opposing approaches are used to build portfolios: bottom-up and top-down. The bottom-up
approach is the older and more traditional. It concentrates on individual stock picking. Eval-
uation of performance for those portfolios then consists of measuring the manager’s capacity
to select assets whose performance is better than the average performance of assets from the
same class, or the same sector. The top-down approach gives more importance to the choice of
different markets rather than individual stock picking. This approach is justified by research5,6

that showed that the distribution of the different asset classes made the largest contribution
to portfolio performance. More specifically, the top-down investment process is broken down
into three phases, which are often handled by different people. Portfolio performance can then
be analysed by attributing the contribution of each stage in the process to the overall portfo-
lio performance in order to highlight the investment decisions that contributed the most to the
overall performance result. The analysis of these results then contributes to improving portfolio
management. For now, we will introduce the different phases in the investment management

4 For more detailed information, cf. the introduction to Amenc and Le Sourd (1998).
5 Cf. Brinson et al. (1986, 1991).
6 A review of the interpretation of this research is presented in Chapter 7.
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process and will reserve the description of the quantitative methods that allow them to be
implemented for Chapter 7.

1.3.1 The different phases of the investment management process

1.3.1.1 Strategic asset allocation7

Strategic asset allocation is the first stage in the investment management process. It is an
essential phase, since, following the top-down investment principle, a significant share of
the portfolio’s performance depends on this choice. Nevertheless, it is often the investment
management phase to which the least amount of time is devoted. This type of allocation
involves distributing the different asset classes within the portfolio, in accordance with the
investor’s objectives. This is the same as defining the benchmark, or reference portfolio. It is a
long-term allocation strategy, which is defined by a management committee. The investment
time scale is often around five years. This phase is described as policy asset allocation in the
literature.

1.3.1.2 Tactical asset allocation

Tactical asset allocation consists of regularly adjusting the portfolio, in a systematic or dis-
cretionary way, to take advantage of short-term opportunities, while remaining close to the
initial allocation. It therefore involves modifying the weightings of the asset classes compared
with the reference portfolio while staying within the permitted level of tolerance. Among the
methods used, the best known is market timing, which consists of increasing or decreasing the
sensitivity of the portfolio to market variations, depending on whether an increase or decrease
in the market is expected. We will return to the implementation of this technique in more detail
in Chapter 7. The performance evaluation methods linked to the use of this technique will be
discussed in Chapter 4.

1.3.1.3 Stock picking

This investment phase uses managers who are specialised in specific asset types and who ensure
optimal selection of stocks within each asset group in the portfolio. All quantitative methods
that allow these choices to be made can be used. Managers generally devote most time to this
stage of the investment management process. This is where the different asset evaluation and
portfolio optimisation models are applied.

1.3.2 The multi-style approach8

We have just described the classic portfolio management process. But as we saw in Section
1.1, assets can be classified according to their style. This leads to portfolio management that
is linked to the style and specific manager characteristics. We can then allocate the portfolio
between management styles instead of simple asset classes. This type of portfolio management
was conceptualised by Sharpe (1988, 1992).

7 For more detailed information, Chapter 9 of Farrell (1997) can be consulted.
8 On this subject, one may consult Coggin et al. (1997), Duval (1999), Chapter 5 of Fabozzi and Grant (1999) and Fencke and

Gascu (2001).
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The multi-style approach is gaining in popularity because it provides a solution to the
difficulty of a risk/return arbitrage approach through the beta alone (which we will discuss in
Chapter 4) and is also a modern and structured approach to managers’ standard stock picking
practices: the value/growth distinction is often considered by practitioners to be a “refined”
version of the P/E criterion.

More globally, the multi-style approach corresponds to a simplification/generalisation of
the multi-factor approach (cf. Chapter 6) which, for its principles and application, is based on
market consensus. The marketing departments of the major American asset management firms
have proved very able at using the results of academic research to demonstrate the utility of a
multi-style approach in the search for long-term performance persistence.

In practice, multi-style investment has enabled multi-management activity, which is based
on the selection of style-specialised managers, to grow on the other side of the Atlantic (SEI
and Russell are the best known exponents). Research shows that managers have a better chance
of performing well in the long run if they specialise in a style of stocks.

This multi-management, which is called “manager of managers”, has given a new lease of
life to the concept of diversification and has brought true value-added to multi-management
products. The latter were often perceived as diversified funds-of-funds which were themselves
diversified, and for which no academic or empirical evidence could justify the management fees.

1.3.3 Performance analysis

The growth of mutual funds, and the resulting competition between different establishments,
has led to a search for a clear and accurate presentation and analysis of results. This explains
the increasing amount of academic and professional research devoted to performance mea-
surement, which allows past results to be quantified, and performance analysis, which allows
the results to be explained.

Performance analysis is the final stage in the portfolio management process. It provides
an overall evaluation of the success of the investment management process in reaching its
objective and also identifies the individual contribution of each phase to the overall result.
Implementation of portfolio analysis requires perfect knowledge of the investment strategy
followed. It was originally developed to meet the expectations of fund holders, who wished
to have a clear view of how their portfolios were managed, possess an analysis of the risk
taken and the level of return desired, and check that the objectives fixed were respected. It has
allowed managers to evolve towards better control of the investment management process and
has thus provided them with the means to bring about improvements. It allows the aspects of
the process that have been productive to be strengthened and the aspects that have failed to
reach the overall objective to be eliminated. It therefore has a twofold utility and is an essential
phase in the investment management process.

The term “performance analysis” covers all the techniques that are implemented to study
the results of portfolio management. These range from simple performance measurement to
performance attribution. The first result that investors are interested in is the increase in their
wealth. Performance measurement consists of measuring the difference in the value of the
portfolio, or investment fund, between the beginning and the end of the evaluation period.
Details will be given on this aspect in Chapter 2. Performance attribution breaks down the
return to attribute the exact contribution of each phase in the process to the overall portfolio
performance, thus allowing the manner in which the result was obtained to be understood.
The intermediate step is performance evaluation, which explains how the measured return was
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obtained and whether the result is due to skill or luck. We can therefore determine whether
the difference in performance compared with the benchmark comes from a different asset
allocation, or from stock picking within each asset class, and see if the result was obtained
through luck or skill. The analysis can be extended further for as long as we wish to obtain
more detailed information. We can therefore quantify the favourable or unfavourable impact
of each investment decision on the overall portfolio performance.

Performance attribution originated in the United States, where it has now been commonly
used for a number of years. In France, its use is more recent. The fact that France is lagging
behind the United States in this area can be partly explained by the investment differences
between the two countries. In the United States, equity investment is predominant, notably
through pension funds, which are very widespread. In France, on the other hand, bond invest-
ment has long dominated. As it happens, the first performance attribution methods developed
were oriented more towards equity portfolio analysis. In addition, the introduction of quanti-
tative techniques into the area of portfolio management was also more recent in France than
in the United States.

However, the French context is evolving. Equity investment today represents a significant
share of the market in France. The number of professionally managed funds in the financial
markets is increasing. The mutual fund market is highly developed and the wide range of
products proposed has served to strengthen the performance attribution requirements in order
to be able to produce increasingly accurate reports and carry out manager selection over
comparable bases. Investors wish to avail themselves of all the information necessary to make
their choice. They are no longer satisfied with the overall performance value of their portfolio
alone. They also want to see the performance broken down into asset classes.

The growth of performance attribution in France occurred at the same time as the evolution
of investment towards a top-down process and the introduction of quantitative asset allocation
techniques. Managers have become more and more specialised in different sectors and portfolio
management is very often shared between several people. As a result, there is an increasing
need for methods that allow the contribution of each manager to be individually attributed.
The most frequently used technique in France involves breaking down performance into the
different stages of the investment management process. Use of multi-factor models to analyse
performance remains limited compared with the United States.

Nevertheless, certain difficulties can still limit the use of performance attribution. Break-
ing down performance into the different stages of the investment management process uses
comparison with a benchmark, which must be adapted to the composition of the portfolio. It
is therefore necessary to construct the benchmark with precision, because frequently the mar-
ket indices are not representative of the investment strategy (this is the case notably for style
indices). For this reason, asset management firms can turn to specialised firms or consultants,
who develop and market specific indices. We will return to the problem of constructing bench-
marks in more detail in Chapter 2. Performance attribution is more complex to implement for
fixed income securities and derivatives, which are included in portfolios that use risk hedging
techniques.

Finally, although portfolio attribution has grown in importance within asset management
firms in France, it has not been widely disseminated to the general public. With few excep-
tions9, the specialised press merely provides rankings based on predefined fund categories,

9 Notably the ranking provided by the daily newspaper Le Monde, which is based on a multi-factor approach. We will return to
this in Chapter 6.
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without taking into account the real risk exposure or portfolio style. Therefore, nothing al-
lows the highlighted performance to be qualified. In particular, it is impossible to distinguish
between normal returns provided through exposure to different portfolio risks from abnormal
performance (or outperformance) due to the manager’s skill, whether through market timing
or stock picking.

Without being a guarantee of future results, results obtained in the past help to establish
the image of financial establishments. The area of performance analysis is therefore growing
rapidly, since it meets the needs of both investors and portfolio managers.

1.4 PERFORMANCE ANALYSIS AND MARKET EFFICIENCY10

1.4.1 Market efficiency

Performance analysis is a means of judging the qualities of a manager and measuring the
value-added of an active investment strategy compared with the simple replication of an index
or a benchmark. For this aspect, it was developed within the framework of research into the
efficiency of markets. The validation of the efficiency theory gave rise to empirical studies,
which contributed to the development of performance measurement models. Analysis of the
performance of active managers’ funds, compared with the performance of the market, allows
the form of market efficiency to be tested. The possibility for a manager to add value is linked
to the gap between the valuation of the securities by the market and their equilibrium value.
The existence of the gap depends on the time taken by the market to integrate new information,
and therefore the level of efficiency of the financial markets.

The market is efficient if the prices of assets at any moment reflect all available informa-
tion. Fama, who is responsible for the modern formalisation of market efficiency, defined the
different forms:

� Efficiency is said to be strong if all information, public and private, is already contained in
the asset prices. Following this hypothesis, it is not possible to achieve a better performance
than the market.

� Efficiency is said to be semi-strong if the prices only reflect public information on the firms.
� Efficiency is said to be weak if today’s prices reflect information contained in past prices.

This form of efficiency allows for the existence of active investment possibilities for a
person who has additional information, and thus allows for the possibility of achieving
better performance than the market.

Efficiency translates the fact that there is no foreseeable trend in stock markets. We speak
of the “random walk” of stock market prices. If we suppose that asset prices are determined
in a rational manner, then only new information is liable to modify them. If the information
is costly, then we can expect the search for information to increase the expectation of profit.
This hypothesis was developed by Grossman and Stiglitz (1980). Their definition of market
efficiency is broader than Fama’s. They postulate that markets are efficient if the additional
profit produced by actively managing a portfolio compensates exactly for the management
fees. In so doing, they apply the definition given by Jensen (1978), which says that in an
efficient market a forecast produces zero profits. We will return to the definition of efficiency

10 Cf. Chapter 8 of Broquet and van den Berg (1992), Chapter 13 of Fabozzi (1995), Chapter 17 of Elton and Gruber (1995) and
Fama (1970, 1991).
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in Chapter 4 when we present the capital asset pricing model. A study by Ippolito (1989)
validated Grossman and Stiglitz’s hypothesis.

Therefore, investors may operate in two ways. They either simply observe the market prices,
or they look for, and analyse, information. The former, who do not dispose of any particular
information, would be well advised to practise passive investment, because they are not liable to
obtain higher profits than the market. The latter can hope to obtain greater profits than the market
but, on average, the excess profits that they obtain compensate exactly for the cost of searching
for the information, all of which means that their net performance is on average equivalent
to that of uninformed investors. Grossman and Stiglitz stress that if everybody adopted a
passive strategy, then certain securities would be undervalued. It would then be possible to
practise technical and fundamental analysis successfully. The search for information, which is
undertaken in order to increase portfolio performance, thus plays a role in regulating markets
and contributes to their efficiency. They deduce from this that the more markets are analysed,
the more efficient they are.

Wermers (2000) shows that equity fund managers hold securities that beat the market by
a quantity that is sufficient in practice to cover their expenses and transaction costs, which is
consistent with Grossman and Stiglitz’s equilibrium model. We also observe that funds with
a high turnover, and therefore high transaction costs that affect the management fees, hold
securities with a return that is on average higher than that of securities held in a fund with a
low turnover. This reflects the stock picking skills of managers in very active funds.

1.4.2 Performance persistence11

The question of performance persistence in funds is often addressed in two ways. The first is
linked to the notion of market efficiency. If we admit that markets are efficient, the stability of
fund performance cannot be guaranteed over time. Nevertheless, according to MacKinlay and
Lo (1998), the validity of the random market theory is now being called into question, with
studies showing that weekly returns are, to a certain extent, predictable for stocks quoted in the
United States12. This type of affirmation is, however, contested by other university research,
which continues to promote the theory of market efficiency, according to which prices take
all available information into account, and as a result of which active portfolio management
cannot create added value.

The second part of the problem posed by the existence or non-existence of performance per-
sistence is intended to be less theoretical or axiomatic and more pragmatic: “Are the winners
always the same? Are certain managers more skilful than others?” Of course, if certain man-
agers beat the market regularly, over a statistically significant period, they will prove de facto
that active investment makes sense and cast doubt over the market efficiency paradigm. But
that is not the purpose of the question. A manager who beats the market regularly by taking
advantage of arbitrage opportunities from very temporary inefficiencies will not prove that the
market is inefficient over a long period.

The professionals speak more willingly of checking whether an investment performance
is the fruit of the real skill of the manager, and not just luck, rather than showing that the
markets in which they invest are inefficient. In practice, one is often tempted to believe that a
manager who has performed well one year is more likely to perform well the following year

11 Cf. Grinold and Kahn (2000).
12 This calling into question of efficient markets is responsible for the strong growth in tactical asset allocation (TAA) techniques.
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than a manager who has performed poorly. The publication of fund rankings by the financial
press is based on that idea. But the results of studies that tend to verify this assumption are
contradictory and do not allow us to affirm that past performance is a good indicator of future
performance. The results depend on the period studied, but generally it would seem that the
poorest performances have more of a tendency to persist than the best performances. The results
are also different depending on whether equity funds or bond funds are involved. The literature
describes two phenomena that depend on the length of the period studied. In the long term
(three to five years) and the short term (one month or less) we observe a reversal of trends: past
losers become winners and vice versa. Over the medium term (six to 12 months), the opposite
effect is observed: winners and losers conserve their characteristics over the following periods
and in this case there is performance stability.

Empirical studies carried out to study the phenomenon of performance persistence have
enabled performance measurement models to be developed and improved. The models that we
present here will be explained in detail in the rest of the book.

A large amount of both academic and professional research is devoted to performance
persistence in American mutual funds. The results seem to suggest that there is a certain
amount of performance persistence, especially for the worst funds. But parts of these studies
also suggest that managers who perform consistently better than the market do exist. In what
follows we summarise the results of a certain number of studies. Kahn and Rudd (1995) present
a fairly thorough study of the subject, in which they also refer to earlier basic research. The
earliest observations generally lead to the conclusion that there is no performance persistence,
while the most recent articles conclude that a certain amount of performance persistence exists.
The authors, for their part, observed slight performance persistence for bond funds, but not
for equity funds. Their study takes into account style effects, management fees and database
errors. They conclude that it is more profitable to invest in index funds than in funds that have
performed well in the past.

Among the studies that concluded that there was an absence of manager skill in stock
picking, we can cite Jensen (1968) and Gruber (1996). Carhart (1997) shows that performance
persistence in mutual funds is not a reflection of the manager’s superior stock picking skills.
Instead, the common asset return factors and the differences in fees and transaction costs
explain the predictable character of fund returns. In addition, he observes that the ranking of
funds from one year to another is random. The funds at the top of the rankings one year may
perhaps have a slightly greater chance of remaining there than the others. In the same way, the
worst ranked funds are very likely to be badly placed again or even disappear. However, the
ranking can vary greatly from one year to the next and the winning funds of one year could be
the losing funds of the following year and vice versa.

Other studies brought to light persistence in the performance of mutual funds. This is the
case of Hendricks et al. (1993) who highlighted a phenomenon of performance persistence
for both good managers and bad managers. Malkiel (1995) observed significant performance
persistence for good managers in the 1970s, but no consistency in fund returns in the 1980s.
His results also suggest that one should invest in funds that have performed best in the past.
These funds perform better than the average funds over certain periods, and their performance
is not worse than that of the average funds for other periods. However, he qualifies his results
slightly with several remarks: the results obtained are not robust, the returns calculated must
be reduced by the amount of the fees and the survivorship bias must be taken into account. In
addition, the performance of the funds for the period studied is worse than that of the reference
portfolios over the same period, both before and after deducting management fees. He also
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analyses fund fees to determine whether high fees result in better performance. The study
finds no relationship between the amount of fees and the value of returns before those fees are
deducted. He also concludes, like Kahn and Rudd (1995), that it can be much more profitable
for investors to buy index funds with reduced fees, rather than trying to select an active fund
manager who seems to be particularly skilful. Carhart (1997) observed performance persistence
for managers whose performance was negative.

Brown et al. (1992) showed that short-term performance persisted, but that the survivorship
bias attached to the database (i.e. the fact that funds that perform badly tend to disappear)
could significantly affect the results of performance studies and could in particular give an
appearance of significant persistence. Malkiel (1995) and Carhart (1997) also show that the
persistence they identified could be attributed either to survivorship bias or to a poor choice
of benchmark. Malkiel (1995) observes that around 3% of mutual funds disappear every year.
As a result, performance statistics in the long run do not contain the results of the bad funds
that have disappeared. So the survivorship bias is much more important than previous studies
suggested. More recent studies have thus used databases that are corrected for survivorship
bias. Malkiel therefore concludes that the investment strategy must not be based on a belief in
return persistence over the long term. A study by Lenormand-Touchais (1998), carried out on
French equity mutual funds for the period from 1 January 1990 to 31 December 1995, shows
that there is no long-term performance persistence, unless a slight persistence in negative
performance is counted. In the short term, on the other hand, a certain amount of performance
persistence can be observed, which is more significant when the performance measurement
technique used integrates a risk criterion.

Jegadeesh and Titman (1993) show, with NYSE and AMEX securities over the period
1965–1989, that a momentum strategy that consists of buying the winners from the previous
six months, i.e. the assets at the top of the rankings, and selling the losers from the previous
six months, i.e. the assets at the bottom of the rankings, earns around 1% per month over the
following six months. This shows that asset returns exhibit momentum, which means that the
winners of the past continue to perform well and the losers of the past continue to perform
badly. Rouwenhorst (1998) obtains similar results with a sample of 12 European countries for
the period 1980–1995.

Although the earliest studies were only based on performance measures drawn from the
CAPM, such as Jensen’s alpha, the more recent studies used models that took factors other than
market factors into account. These factors are size, book-to-market ratio and momentum. Fama
and French are responsible for the model that uses three factors (market factor, size and book-to-
market ratio). In an article from 1996, Fama and French stress that their model does not explain
the short-term persistence of returns highlighted by Jegadeesh and Titman (1993) and suggest
that research could be directed towards a model integrating an additional risk factor. It was
Carhart (1997) who introduced momentum, which allows short-term performance persistence
to be measured as an additional factor. He suggests that the “hot hands” phenomenon (i.e.
a manager’s ability to pick the best performing stocks) is principally due to the momentum
effect over one year described by Jegadeesh and Titman (1993). Using a four-factor model,
Daniel et al. (1997) studied fund performance to see whether the manager’s stock picking skill
compensated for the management fees. The authors conclude that performance persistence in
funds is due to the use of momentum strategies by the fund managers, rather than the managers
being particularly skilful at picking winning stocks.

Brown and Goetzmann (1995) studied performance persistence for equity funds. Their re-
sults indicate that relative (i.e. measured in relation to a benchmark) risk-adjusted performance
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persists. Poor performance also tends to increase the probability that the fund will disap-
pear. Blake and Timmermann (1998) analysed the performance of mutual funds in the United
Kingdom, underlining the fact that most performance studies concern American funds and that
there are very few on European funds. As it happens, the “equity” mutual fund management
industry in the United Kingdom is very advanced and is the one in Europe for which we have
the most historical data. The study shows that equity funds perform slightly worse than the
market on a risk-adjusted basis. Performance seems to persist to the extent that, on average, a
portfolio made up of funds that have performed best in historical terms will perform better in
the following period than a portfolio made up of funds that have performed worst in historical
terms.

The different results observed for performance persistence according to the periods studied
can be linked to the fact that more market trends, such as seasonal effects and day of the week
effects, have been observed in recent years. However, if performance persistence exists in the
short term, it is seldom seen over the long term and, as most studies stress, only performance
persistence that is observed over a number of years would really allow us to conclude that it is
statistically significant. In the absence of a period that is sufficiently long, it is not possible to
distinguish luck from skill.

Finally, the studies that seek to check whether it is possible for the manager to add value
within the framework of an efficient market were carried out on funds that were invested in
a single asset class, generally equities or bonds. While the contribution of stock picking to
performance in an efficient market is questionable, the same cannot be said for the contribution
of asset allocation to performance. All the studies conclude that asset allocation is important
in building performance and often the question of persistence cannot be separated from the
asset allocation choices.

Moreover, we can observe that stock markets are subject to cycles. Therefore, certain in-
vestment styles produce better performances during certain periods and worse performances
during others. The existence of these cycles can thus explain the performance of a specialised
manager persisting over a certain period, if the cycle is favourable, and then suffering from a
reversal in the trend when the cycle becomes unfavourable.

Table 1.1 summarises the results from the different studies presented in this section.

1.5 PERFORMANCE ANALYSIS AND THE AIMR STANDARDS13

Performance analysis must also allow the results of different managers to be compared, while
ensuring that the comparisons involve funds of the same nature. In order to render the com-
parisons significant, and to ensure uniform calculation of performance and presentation of
results, the Association for Investment Management and Research (AIMR) defined a set of
standards in 1993. These standards were revised and a new edition published in 1997. The
AIMR-PPS are constantly subject to AIMR-PPS Implementation Committee comments, in-
terpretations and amendments These modifications are available on-line at the AIMR’s web
site (www.aimr.org) and in the AIMR’s bimonthly letter (AIMR Advocate). The standards,
which are called AIMR-PPS, for Performance Presentation Standards, were designed to be
suitable for the American market and were not worldwide standards at the outset. The AIMR
then put together the Global PPS Committee in 1995, including representatives from the major

13 The AIMR standards are presented succinctly in Fabozzi (1995) and in detail in AIMR (1997). See also Chapter 18 of Fabozzi
(1996), Jones and Peltzman (1997), Ernewein (1998) and MacKendrick (2000).
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Table 1.1

Authors Type of data/period/models Results

Jensen (1968) 115 mutual funds
1945–1964

No evidence of performance persistence

Brown et al. (1992) 1976–1987
Investigation of the survivorship

bias problem

Short-term performance persistence
The survivorship bias attached to the

database could significantly affect
the result of performance studies
and could in particular give an
appearance of significant persistence

Hendricks et al. (1993) 1974–1988
165 of Wiesenberger’s equity

mutual funds

Performance persistence for both good
and bad managers

Jegadeesh and Titman
(1993)

1965–1989
Funds made up of NYSE and

AMEX securities
Three-factor model (the

momentum factor is not
included in the model)

Performance persistence for both good
and bad managers

Assets returns exhibit momentum: the
winners of the past continue to
perform well and the losers of
the past continue to perform badly

Performance persistence is due to the
use of momentum strategies

Brown and Goetzmann
(1995)

1976–1988
Wiesenberger’s equity mutual

funds
Sample free of survivorship bias

Performance persistence for equity
funds on a risk-adjusted basis

Poor performance tends to increase
the probability that the fund will
disappear

Kahn and Rudd (1995) 1983–1993 for the equity funds
1988–1993 for the bond funds

Slight performance persistence for bond
funds, but not for equity funds

The analysis takes into account style
effects, management fees and
database errors

Malkiel (1995) 1971–1991
Analyse of fund fees
Study of the survivorship bias

Significant performance persistence for
good managers in the 1970s, but no
consistency in fund returns in the
1980s. No long-term persistence

The persistence identified could be due
to survivorship bias

Fama and French
(1996)

1963–1993
NYSE, AMEX and NASDAQ

stocks
Three-factor model (market

factor, size and
book-to-market ratio)

Their model does not explain the
short-term persistence of returns
highlighted by Jegadeesh and
Titman (1993)

Suggest that research could be directed
towards a model integrating an
additional risk factor

Gruber (1996) 1985–1994
270 of Wiesenberger’s equity

mutual funds
Sample free from survivorship

bias
Single index and four index

model

Evidence of persistence in performance

continues overleaf
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Table 1.1 (continued )

Authors Type of data/period/models Results

Carhart (1997) 1962–1993
Equity funds made up of

NYSE, AMEX and
NASDAQ stocks

Free from survivorship bias
Four-factor model (Fama and

French’s three-factor model
with momentum as
additional factor)

Performance persistence for bad
managers

Short-term performance persistence is
due to the use of momentum strategies

Ranking of fund from one year to another
is random

Carhart (1997) 1962–1993
Equity funds made up of

NYSE, AMEX and
NASDAQ stocks

Free from survivorship bias
Four-factor model (Fama and

French’s three-factor model
with momentum as
additional factor)

Performance persistence for bad
managers

Short-term performance persistence is
due to the use of momentum strategies

Ranking of fund from one year to another
is random

Daniel et al. (1997) 1975–1994
2500 equity funds made up of

stocks from NYSE, AMEX
and NASDAQ

Four-factor model
Study of management fees

Performance persistence is due to the use
of momentum strategies, rather than
the managers being particularly skilful
at picking winning stocks

Blake and
Timmermann (1998)

1972–1995
Mutual funds in the United

Kingdom
Three-factor model

Performance persistence for equity funds:
on average, a portfolio made up of
funds that have performed best in
historical terms will perform better in
the following period than a portfolio
made up of funds that have performed
worst in historical terms

Lenormand-Touchais
(1998)

1990–1995
French equity mutual funds

Short-term performance persistence,
more significant when the performance
measurement technique used integrates
a risk criterion

No long-term performance persistence,
unless a slight persistence in negative
performance is counted

Rouwenhorst (1998) 1980–1995
A sample of funds from 12

European countries

Performance persistence for both good
and bad managers. Asset returns
exhibit momentum

countries in the world, in order to define an international standard for performance presenta-
tion, the Global Investment Performance Standard (GIPS), which could be accepted in every
country. In 1996, the European Federation of Financial Analysts’ Societies (EFFAS) set up a
parallel commission on performance measurement with the aim of developing performance
presentation and measurement principles for Europeans and participating in the construction
of a worldwide standard. The EFFAS commission soon became associated with the work of
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the Global PPS Committee. At the end of the project, the Global PPS Committee was renamed
the GIPS Committee.

The definition of the GIPS14 was rendered necessary by the existence of considerable dif-
ferences in performance measurement and result presentation from one country to another. In
addition, some countries have national regulations and others do not. The final version of the
GIPS was published at the beginning of 1999 and investment firms were invited to comply
with the standards from 1 January 2000. The GIPS resulted from the AIMR-PPS and therefore
contain more or less the same fundamental requirements, namely accurate presentation and
complete transparency of results. In fact, they complement the latter standards, for which they
are an international version.

While the AIMR-PPS were implemented in the United States in a homogeneous environment
and are suitable for the most developed markets, the GIPS was designed in such a way as to
facilitate its acceptance in a large number of countries. The GIPS had to prove suitable for
countries with different habits and cultures. Its scope is therefore wider than that of the AIMR-
PPS. The standards are deliberately simple, in order to facilitate translation into different
languages and integrate the different countries’ varying levels of experience in the area of
performance. They constitute a minimal worldwide standard for countries that do not have
a performance measurement standard. The GIPS does not cover all aspects of performance
measurement, evaluation and attribution, or all asset classes. It focuses for the moment on
equities and fixed income securities, which cover most of the securities on the market. The
standard will need to be developed to cover all categories of assets, such as derivatives, and to
deal with additional aspects of performance. For example, it does not include any risk-adjusted
performance measure, and nor do the AIMR-PPS. The development of such a measure was
postponed in order to be able to implement a minimal standard quickly. Using the GIPS
as a starting point, each country can define its national standard while including additional
requirements that enable them, for example, to take national regulations or particular fiscal
characteristics into account. In the case of a conflict between the GIPS and the country’s local
rules, the local rules must have precedence.

To accompany the GIPS, the Investment Performance Council (IPC) was set up in March
2000 by the AIMR. Its goal is to promote the use of the GIPS, not only as minimal rules to
be used when the local rules are deficient, but also as a set of methods for calculating and
presenting performance which is common to all countries. This globalisation of performance
measurement has led the countries participating in the IPC or wishing to promote their financial
management industry to implement a recognition and adaptation process with regard to the
GIPS through a special procedure set up by the IPC: Country Version of the GIPS (CVG) at
the earliest opportunity.

Following the development of the GIPS, the AIMR made some changes to the AIMR-PPS
in order to render them entirely consistent with the GIPS. We will describe these changes in
more detail in Chapter 2, along with the differences between the GIPS and the AIMR-PPS.
The future objective of the GIPS committee is to converge the AIMR-PPS and GIPS to end
up with a single worldwide standard for performance presentation. The requirements of the
AIMR-PPS and GIPS are already being harmonised with that aim in mind.

Investment firms first sought to obtain AIMR-PPS certification, since these were the earlier
standards. They can now request GIPS certification too. Whether it involves exercising the

14 The complete text of the GIPS can be consulted on the AIMR web site at the following address: http://www.aimr.org/standards/
pps/gips standards.html.
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AIMR-PPS or the GIPS, certain rules are requirements and others are simply recommenda-
tions. However, the recommendations are liable to become the requirements of the future. It
is therefore desirable for establishments to take them into account from the very start. Es-
tablishments that request certification must meet all the requirements and are then strongly
encouraged to implement regular internal checks to ensure that the certification is validated.
Since the GIPS and AIMR-PPS are fundamentally the same, a firm that meets the AIMR-
PPS conditions also meets the GIPS conditions. The requirements and recommendations are
described in Chapter 2.

1.6 INTERNATIONAL INVESTMENT:15 ADDITIONAL
ELEMENTS TO BE TAKEN INTO ACCOUNT

When we presented the major asset classes at the beginning of this chapter, we mentioned
the usefulness of having diversified portfolios to reduce the investment risks. Diversifying
a portfolio between several assets, or several asset classes, allows the risk to be reduced,
and therefore allows the performance to be improved for a given level of risk. This is because
correlations exist between returns on assets or asset classes. These correlations can be positive –
prices evolve in the same way – or negative – evolution occurs in the opposite direction. As we
will see in Chapter 3, the weaker the correlations between assets or asset classes, the greater
the reduction in portfolio risk. Therefore, for the same level of risk, the performance of a
diversified portfolio is better than that of a portfolio that is less diversified. As a result, it is in
the investor’s interest to diversify her investments by seeking out those investments that have
a low level of correlation. Turning to international investment would then present significant
advantages, because it would allow the diversification possibilities to be increased, by offering
a wider choice of assets and markets.

However, the usefulness of international diversification is a very controversial subject. In
principle, the values of assets in each country are influenced by national economic factors, such
as interest rates, and by domestic politics. All of these constitute the specific risk of each country.
The economies of different countries are liable to evolve differently and the industrial structure
may also be different from one country to another. International diversification allows investors
to spread their risk between the specific levels of risk in each country and thereby eliminate part
of the risk. For the same level of return, the global risk of the portfolio is diminished. Portfolio
performance can therefore be improved, without increasing the risk. However, this is only true
to the extent that the financial markets in the different countries are not perfectly correlated.
Studies show that the correlation coefficients between the different countries, measured by
the correlations between their market indices, are strictly lower than one, if they are positive.
Moreover, the correlations between the different markets are globally weaker than correlations
between securities in the same market. Interesting risk reduction possibilities therefore exist.
We can observe, nevertheless, that the northern European countries (the United Kingdom,
Germany, France, The Netherlands and Switzerland) are closely correlated because those
countries have strong economic links. It is thus in the interest of European investors to diversify
their investments in the United States, Canada or Japan, rather than in other European countries.

On the other hand, if this economic reasoning of critical research has not exactly called
international diversification into question, it has lessened its attractiveness. We should cite

15 It should be noted that the literature uses the term international to denote foreign investment only, excluding domestic investment,
and the term global to denote worldwide investment, i.e. both foreign and domestic investment.
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the study by Longin and Solnik (1995), which brought to light the fact that correlations be-
tween stock market returns in different countries were not constant and that they tended to be
higher when the volatilities themselves were higher. Therefore, in a recessionary period, the
benefits of diversification tend to diminish at the very moment when investors need them the
most!

Moreover, Erb et al. (1996) showed that correlations between returns on the NYSE and
those of most major stock markets were higher when the American economy was in reces-
sion than when it was growing. This work was also the subject of a more global study on
the integration of financial markets, carried out by Dumas et al. (1997), using not only stock
market return correlations from 12 countries in the OECD but also industrial production cor-
relations. They note that stock market return correlations are always higher than production
correlations. If we take into account the existence of national and worldwide business cycles,
then the correlations between the stock markets are higher than those that would result from
the market considering the countries’ level of integration in the world market alone. This inte-
gration supplement can be interpreted as a sign of “sheep-like” behaviour from investors and
managers. In spite of “rational” analysis of international asset allocation, taking into account
the fundamentals of each of the geographical zones, they do not hesitate to sell an asset class,
such as equities, globally, when they have doubts about the stock market returns on a leading
exchange like New York. We may wonder whether this phenomenon is very different from the
one observed when an index drops precipitously, where correlations between securities on the
same market also tend to increase. At that stage, fundamental microeconomic analysis gives
way to macroeconomic analysis (or panic!).

Finally, turning to international investment frequently leads, in practice, to new asset classes
being defined. Investment can be carried out by buying securities directly or by investing
in international funds. Even if it leads to an overall reduction in portfolio risk, this type
of investment is a source of additional risk: exchange risk and political risk. These risks have
differing levels of importance depending on whether developed countries with stable economies
or emerging countries are involved. In emerging markets, the volatility of exchange rates is
high. The political risk, which can be seen as the risk of expropriation or the risk of foreign
exchange controls, is also higher. There are also difficulties linked to liquidity and efficiency
problems in these markets. The exchange risk is in fact the only risk that is truly quantifiable.
Traditionally, geographical analysis is distinct from exchange risk analysis. We thus identify
the advantage of diversifying into international markets with low levels of correlation between
them as a means of improving the efficient frontier of the portfolio and the exchange profits
or losses linked to the fact that the assets selected for international allocation are expressed in
different currencies. This approach actually considers the return on an international portfolio
to be the result of a “principal” geographical factor that the manager controls and a “currency”
effect that should be cancelled (hedging) or managed separately (currency overlay). We will
consider that this residual view of the currency is neither consistent with modern approaches
to portfolio risk, and notably the application of multi-factor models, nor with international
diversification practices, notably with regard to bond portfolios, where investors bet more
often on an appreciation of the currency than on a lowering of the interest rates in the country
in question.16

In this publication, the particular requirements of international investment compared to
national investment will be presented on an ongoing basis.

16 On this question, it would be useful to refer to Levich and Thomas (1993).
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1.7 CONCLUSION

The first chapter has allowed us to give an overview of portfolio management and the techniques
that are involved. Performance analysis is considered today to be not only a set of portfolio
return measurement techniques, but also a methodology for evaluating the whole investment
management process. We therefore feel it is essential to reposition our arguments within the
wider framework of portfolio management.
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2
The Basic Performance Analysis

Concepts

In Chapter 1 we introduced the different aspects of portfolio management and underlined
the importance of performance analysis. This chapter is essentially devoted to performance
measurement, which is the first stage in performance analysis. We describe how to calculate
the return on an asset, and then the return on a portfolio, for both national and international
investment. We also specify the methods to be favoured to obtain results that comply with the
AIMR standards. This chapter then addresses the initial elements that allow performance to be
evaluated. It defines the references to be used to compare returns: benchmarks and peer groups.
Finally, it introduces the notion of risk, which will be the subject of more detailed analysis in
subsequent chapters.

2.1 RETURN CALCULATION

Ex post calculation of the return on a portfolio, or an investment fund, is the first element
employed to determine its performance. In this section we first define the return on an asset,
and then define the different calculation methods that apply to a portfolio.

2.1.1 Return on an asset1

2.1.1.1 Calculation over a period

A period is an interval of time during which an asset is held, without being modified. It is
assumed that any eventual dividends are paid at the end of the period. The return on an asset
can be calculated arithmetically or logarithmically.

Arithmetic return
The exact value of the return on an asset i for a period is obtained through an arithmetic
calculation: we calculate the relative variation of the price of the asset over the period, increased,
if applicable, by the dividend payment.

The return on the asset Rit is given by

Rit = Pit − Pi,t−1 + Dit

Pi,t−1

where

Pi,t−1 is the price of the asset at time t − 1;
Pit is the price of the asset at time t; and
Dit is the dividend paid at time t.

1 For additional information, see Charest (1997), who presents the different asset return calculation methods with their advantages,
disadvantages and limits.
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This formula allows the exact arithmetic return on a portfolio to be obtained easily, as a
linear combination of the returns on the assets that make up the portfolio. In addition, the
arithmetic expression allows the return to be separated into two terms:

� a term that comes from the increase in price: (Pit − Pi,t−1)/Pi,t−1; and
� a term that comes from the dividend paid: Dit/Pi,t−1;

with the total return on the asset being equal to the sum of these two terms.
This calculation method does, however, present one disadvantage. The arithmetic returns

for the sub-periods cannot be added together to obtain the return for a longer period. That is
why we often use logarithmic returns, which can be aggregated over time.

Logarithmic return
With the same notation as before, the logarithmic return on an asset is obtained as follows:

Rit = ln

(
Pit + Dit

Pi,t−1

)

Since the logarithms can be aggregated, this formula allows us to obtain the return for a
period of any length by simply adding the returns calculated for the elementary periods.

2.1.1.2 Calculation over several periods

The returns calculated for successive elementary time periods are then used to calculate the
return for the whole period under consideration. To do that, we calculate their mean. There are
two types of mean: the arithmetic mean and the geometric mean.

Arithmetic mean
The simplest calculation involves computing the arithmetic mean of the returns for the sub-
periods, i.e. calculating

R̄a = 1

T

T∑
t=1

Rit

where the Rit are obtained arithmetically and T denotes the number of sub-periods. We thus
obtain the mean return realised for a sub-period.

Examples show that this mean overestimates the result, which can even be fairly far removed
from the reality when the sub-period returns are very different from each other. The result also
depends on the choice of sub-periods.

As an illustration, let us consider the example of an asset price that varies in the following
manner:

P0 = 100 at t = 0; P1 = 200 at t = 1; P2 = 100 at t = 2

A direct calculation of the return for the period gives

R = P2 − P0

P0
= 0



Basic Performance Analysis Concepts 27

But if we successively calculate the return for sub-period 1:

R1 = P1 − P0

P0
= 1.0

and the return for sub-period 2:

R2 = P2 − P1

P1
= −0.5

and we compute the mean, we obtain a mean return value for a sub-period that is equal to 0.25,
which is not representative of the return that was actually realised for the period.

The arithmetic mean of the returns from past periods does, however, have one interesting
interpretation. It provides an unbiased estimate of the return for the following period. It is
therefore the expected return on the asset and can be used as a forecast of its future performance.

Let us now consider the case of returns obtained through a logarithmic calculation. Since
these returns can be aggregated, the return for the entire period can be obtained directly by
computing the sum of the returns for the sub-periods.

Geometric mean
The geometric mean (or compound geometric rate of return) allows us to link the arithmetic
rates of return for the different periods, in order to obtain the real growth rate of the investment
over the whole period. The calculation assumes that intermediate income is reinvested. The
mean rate for the period is given by the following expression:

R̄g =
[

T∏
t=1

(1 + Rit )

]1/T

− 1

If we take the previous example again, then we now have

R̄g = [(1 + R1)(1 + R2)]1/2 − 1 = [(1 + 1)(1 − 0.5)]1/2 − 1 = 0

This calculation shows that the geometric mean gives the real rate of return that is observed
over the whole period, which was not true for the arithmetic mean.

The example chosen is an extreme case to underline the difference in results between the
arithmetic mean and the geometric mean. In general, the return values for successive periods
are not that different, and the arithmetic mean and geometric mean give more similar results.
However, the arithmetic mean always gives a value that is greater than the geometric mean,
unless the Rt returns are all equal, in which case the two means are identical. The greater the
variation in Rt , the greater the difference between the two means.

We indicated in the previous section that the arithmetic mean was interpreted as the expected
return for the following period. However, if we are interested in the expected return over the
long term, and not just in the forthcoming period, it is better to consider the geometric rate.

2.1.2 Portfolio return

Calculating the return, which is simple for an asset or an individual portfolio, becomes more
complex when it involves mutual funds with variable capital, where investors can enter or
leave throughout the investment period. There are several ways to proceed, depending on the
area that we are seeking to evaluate. In this section we initially introduce the basic formula for
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calculating the return on a portfolio, and then describe the different methods that allow capital
movements to be taken into account.

2.1.2.1 Basic formula

The simplest method for calculating the return on a portfolio involves applying the same
formula as for an asset, or

R Pt = Vt − Vt−1 + Dt

Vt−1

where

Vt−1 is the value of the portfolio at the beginning of the period;
Vt is the value of the portfolio at the end of the period; and
Dt is the cash flows generated by the portfolio during the evaluation period.

However, this formula is only valid for a portfolio that has a fixed composition throughout
the evaluation period. In the area of mutual funds, portfolios are subject to contributions
and withdrawals of capital on the part of investors. This leads to the purchase and sale of
securities on the one hand, and to an evolution in the volume of capital managed, which is
independent from variations in stock market prices, on the other. The formula must therefore
be adapted to take this into account. The modifications to be made will be presented in the next
section.

Furthermore, since a portfolio is defined as a linear combination of assets, its return is also
expressed as a function of the returns on the assets that make up the portfolio, or

RPt =
n∑

i=1

xit Rit

where Rit denotes the return on asset i during the period; and xit denotes the weight of asset i
in the portfolio at the beginning of the evaluation period.

The equivalence with the first formula is established in Appendix 2.1, which can be found
at the end of the chapter. It should be noted that the use of the Rit returns obtained through
arithmetic calculation give an exact formula, while logarithmic returns lead to an approximate
result. Appendix 2.1 also specifies this point.

The use of one formula or the other depends on the data available. If we know the successive
valuations of the portfolio, then it is quicker to use the first formula. If, on the other hand, the
database is made up of asset returns, and we have historical data available on the evolution of
their weights in the portfolio, then we use the second formula.

Therefore, the return on a market index, defined in theory as the weighted mean of all
the securities that make up the index, with the weightings being obtained from the market
capitalisation of each security, is calculated, in practice, by using the value of the indices
quoted on the markets directly, or

RIt = It − It−1

It−1

where It denotes the value of the index at time t.
Finally, the second formula is used when we model the expected portfolio return. We will

return to this subject in more detail in the next chapter.
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2.1.2.2 Taking capital flows into account

Calculation methods have been developed to take into account the volume of capital and the
time that capital is present in a portfolio. The earliest standards on this subject figure in a study
published in 1968 by the Bank Administration Institute (BAI) (see Fisher, 1968). The methods
that are currently listed and used are the internal rate of return, the capital-weighted rate of
return (CWR) and the time-weighted rate of return. Each of these methods evaluates a different
aspect of the return. This part of the chapter describes the different methods and presents the
areas in which they are used.

Capital-weighted rate of return method
This rate is equal to the relationship between the variation in value of the portfolio during
the period and the average of the capital invested during the period. Let us first consider the
case where a single capital flow is produced during the period. The calculation formula is as
follows:

RCWR = VT − V0 − Ct

V0 + 1/2Ct

where

V0 denotes the value of the portfolio at the beginning of the period;
VT denotes the value of the portfolio at the end of the period; and
Ct denotes the cash flow that occurred at date t, with Ct positive if it involves a contribution

and Ct negative if it involves a withdrawal.

This calculation is based on the assumption that the contributions and withdrawals of funds
take place in the middle of the period. A more accurate method involves taking the real length
of time that the capital was present in the portfolio. The calculation is then presented as
follows:

RCWR = VT − V0 − Ct

V0 + T − t

T
Ct

where T denotes the total length of the period.
Let us now assume that there are n capital flows during the evaluation period. The formula

is then generalised in the following manner:

RCWR =
VT − V0 −

n∑
i=1

Cti

V0 +
n∑

i=1

T − ti
T

Cti

where ti denotes the date on which the i th cash flow, Cti , occurs.
This calculation method is simple to use, but it actually calculates an approximate value of

the true internal rate of return of the portfolio, because it does not take the capitalisation of
the contributions and withdrawals of capital during the period into account. If there are a large
number of capital flows, then the internal rate of return, which we present below, will be more
precise. The advantage of this method, however, is to provide an explicit formulation of the
rate.
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Internal rate of return method
This method is based on an actuarial calculation. The internal rate of return is the discount
rate that renders the final value of the portfolio equal to the sum of its initial value and the
capital flows that occurred during the period. The cash flow for each sub-period is calculated
by taking the difference between the incoming cash flow, which comes from the reinvestment
of dividends and client contributions, and the outgoing cash flow, which results from payments
to clients. The internal rate of return RI is the solution to the following equation:

V0 +
n−1∑
i=1

Cti

(1 + RI)ti
= VT

(1 + RI)T

where

T denotes the length of the period in years; this period is divided into n sub-periods;
ti denotes the cash flow dates, expressed in years, over the period;
V0 is the initial value of the portfolio;
VT is the final value of the portfolio; and
Cti is the cash flow on date ti , withdrawals of capital are counted negatively and contributions

positively.

Since the formula is not explicit, the calculation is done iteratively. The internal rate of
return only depends on the initial and final values of the portfolio. It is therefore independent
from the intermediate portfolio values. However, it does depend on the size and dates of the
cash flows, so the rate is, again, a capital-weighted rate of return.

Time-weighted rate of return (TWR) method
The principle of this method is to break down the period into elementary sub-periods, during
which the composition of the portfolio remains fixed. The return for the complete period is
then obtained by calculating the geometric mean of the returns calculated for the sub-periods.
The result gives a mean return weighted by the length of the sub-periods. This calculation
assumes that the distributed cash flows, such as dividends, are reinvested in the portfolio.

We take a period of length T during which capital movements occur on dates (ti )1≤i≤n . We
denote the value of the portfolio just before a capital movement by Vti and the value of the cash
flow by Cti . Cti is positive if it involves a contribution and negative if it involves a withdrawal.
The return for a sub-period is then written as follows:

Rti = Vti − (Vti−1 + Cti−1 )

Vti−1 + Cti−1

This formula ensures that we compare the value of the portfolio at the end of the period with
its value at the beginning of the period, i.e. its value at the end of the previous period increased
by the capital paid or decreased by the capital withdrawn.

The return for the whole period is then given by the following formula:

RTWR =
[

n∏
i=1

(1 + Rti )

]1/T

− 1

This calculation method provides a rate of return per dollar invested, independently of
the capital flows that occur during the period. The result depends solely on the evolution of



Basic Performance Analysis Concepts 31

the value of the portfolio over the period. To implement this calculation, we need to know the
value and the date of the cash flows, together with the value of the portfolio at each of the
dates.

There is one small reservation, however, when applying this method. To simplify matters,
we often assume that all the cash flows occur at the end of the month, instead of considering
the exact dates. In this case, the use of a continuous version of the rate smoothes the errors
committed.

The BAI document provides an expression for this:

rTWR = 1

T

[
ln

(
VT

V0

)
+

n−1∑
i=1

ln

(
Vti

Vti + Cti

)]

The link that exists between the discrete rate of return and the continuous rate is detailed in
Appendix 2.2 of this chapter.

Comparison of the methods
The essential difference between the time-weighted rate of return and the capital-weighted rate
of return is the following: the former measures the performance of the manager, whereas the
latter measures the performance of the fund.

The time-weighted rate of return enables a manager to be evaluated separately from the
movements of capital, which he does not control. This rate only measures the impact of
the manager’s decisions on the performance of the fund. It is thus the best method for judging
the quality of the manager. It allows the results of different managers to be compared objectively.
It is considered to be the fairest method and, for that reason, is recommended by the AIMR
and is used by the international performance measurement bodies. The 1968 BAI document,
which provided the earliest performance measurement standards, recommended the use of a
time-weighted rate of return. This method requires the value of the portfolio to be known each
time there is a contribution or withdrawal of funds. However, that information is not always
available. In that case, there are methods that enable an approximate value of the rate to be
obtained. We will return to this when we discuss the AIMR standards in Section 2.1.5.

The capital-weighted rate of return, for its part, allows the total performance of the fund to be
measured and, by so doing, provides the true rate of return from the fund holder’s perspective.
The result in this case is strongly influenced by capital contributions and withdrawals.

The internal rate of return method allows us to obtain a more precise result than the capital-
weighted rate of return when there are a significant number of capital flows of different sizes,
but it takes more time to implement.

The capital-weighted rate of return and the internal rate of return are the only usable methods
if the value of the portfolio is not known at the time the funds are contributed and withdrawn.

The existence of several methods for calculating returns, which give different results, shows
that a return value should always be accompanied by more information. It is appropriate to
indicate the calculation method used, together with the total length of time for the historical data
and the frequency with which the returns were measured. With the increasing use of the AIMR
standards, it has become usual to evaluate portfolios on a daily basis, while several years
ago monthly or quarterly evaluations were considered sufficient. The increasingly frequent
evaluations have enabled the impact of the capital flows on the result to be reduced, whatever
the method used. Section 2.1.5 will give details on the standards developed by the AIMR for
calculating returns.
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Example

Table 2.1 Values of the portfolio and values of the
cash flows

(years) Value of Withdrawals(−)/
Time the portfolio payments(+)

ti Vti Cti

0 0 10000
1 0.5 10800 700
2 1.1 12000 −1500
3 1.5 12500 1000
4 1.9 11800 −1700
5 2.3 11500 500
6 2.6 12100 −1000
7 3.0 12300

In order to illustrate the use of the different calculation methods, let us consider the following example.
Table 2.1 contains the values of the cash flows that occurred during the period, together with the value of
the portfolio before each cash flow. We therefore have all the information necessary to apply the different
calculation formulas.
Calculation of the capital-weighted rate of return
This calculation only uses the initial and final values of the portfolio. It is not necessary to know the
intermediate values. It does require, however, the values of the cash flows and the dates on which they
occurred.

For the purposes of our example, the calculation formula is the following:

RT
CWR =

Vt7 − Vt0 −
7∑

i=1
Cti

Vt0 +
7∑

i=1

T − ti

T
Cti

Since the length of the period T is equal to three years, this expression gives a rate over three years.
To obtain an annualised value for the rate, we use the relationship that allows returns that have been
calculated for any period to be restated for a reference period, or

RRef = (1 + RCal)
TRef/TCal − 1

where TCal denotes the length of the period that corresponds to the calculated return; and TRef denotes the
length of the period for which we wish to obtain the result.

For our example, we therefore calculate:

RCWR =
(

1 + RT
CWR

)1/3
− 1 = 13.26%

Calculation of the internal rate of return
This rate is the solution to the following equation:

Vt0 +
6∑

i=1

Cti

(1 + RI)ti
= Vt7

(1 + RI)t7

By proceeding iteratively, we obtain RI = 13.17%. Since the dates are expressed in years in the calcu-
lation formula, we obtain the annualised rate directly. This value is relatively close to the capital-weighted
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rate of return. The calculation formula shows that it could quickly become long and tedious if there were
a large number of capital contributions and withdrawals.
Time-weighted rate of return calculation
This calculation uses both the successive portfolio valuations over the period and the cash flow amounts.
The annualised value of the rate is calculated through the following formula:

RTWR =
7∏

i=1

(
Vti

Vti−1 + Cti−1

)1/T

− 1 = 14.26%

The continuous value of the rate is obtained as follows:

rTWR = 1

T

[
ln

(
VT

V0

)
+

6∑
i=1

ln

(
Vti

Vti + Cti

)]
= 13.33%

2.1.3 International investment

The calculations presented up to this point have been based on the assumption that the portfolios
were invested in a single currency. However, portfolios generally contain assets from several
countries, so it is necessary to convert the returns of the various securities to calculate the
portfolio return in the reference country currency. In this section we first present exchange
rates briefly and then explain the calculation formulas when returns are either hedged or not
hedged against currency risk. In Section 2.3 we will return to the pros and cons of hedging
against currency risk.

2.1.3.1 Exchange rates2

Definitions
Exchange rates allow the value of a security quoted in one currency to be converted into its
equivalent value in another currency. We can therefore express the value of foreign assets in
the currency of the country that has been chosen as a reference. It is appropriate to distinguish
between the spot exchange rate and the forward exchange rate.

The spot rate is the rate used when the foreign currency must be converted into the local
currency at the present time. The forward rate is used when agreement is reached today but
the conversion will take place at a fixed date in the future. Forward rates are quoted on the
markets for several future dates. Their values take the interest rate differential between the two
countries into account.

The difference between the spot rate and the forward rate allows the forward premium to be
defined by the following relationship:

forward premium = (forward rate – spot rate)/spot rate

This quantity is called a “forward discount” if the spot rate is higher than the forward rate,
which occurs when the interest rates in the reference country are lower than those in the foreign
country. In what follows, the forward premium will be denoted by f.

The evolution of the spot exchange rate in percentage terms is called the “currency return”.
The variable TC will henceforth be used to refer to this quantity.

2 For more detailed information, it would be useful to refer to Clarke and Kritzman (1996).
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Exchange rate forecasting models3

The level of exchange rates for the different currencies and their prospective evolution de-
termine the nature of the currency investment and the hedging choices. The forecasting of
exchange rates is a complex area. Currency fluctuations are liable to be influenced by a multi-
tude of factors. Economists use theoretical models, which allow them to anticipate the relative
movements in exchange rates between different countries, according to economic charac-
teristics. At equilibrium, there is a relationship between the relative levels of interest rates
in different countries and exchange rates. If these relationships were always respected, then
interest rates and asset prices would always reflect expected modifications in exchange rates,
and the currency would not represent a separate risk in international investment. In fact, all
that exists is a long-term tendency towards equilibrium, and factors such as taxes, exchange
controls and transaction costs tend to distort the equilibrium. Exchange rates are therefore
subject to unexpected fluctuations that investors must take into account in their investment
strategy. The differentials compared with the models are used to forecast the long-term and
short-term changes in rates. For more details on these models, see the Bibliography at the end
of the chapter. In Rosenberg (1996) we also find a fairly complete inventory of the economic
factors that influence exchange rates and the models that are used to forecast exchange rates.
Among those models, we could mention the following:

1. Purchasing power parity, which is based on the principle that prices of identical goods
must be the same in different countries after conversion. If purchasing power parity is respected,
then an asset must have the same real return for the investor in the reference country and the
foreign investor. This is translated by the relationship between the changes in the exchange
rate and the inflation rates in the countries, considered over a period of time, which gives

d Quot/Ref
i t

d Quot/Ref
i,t−1

= I Quot
t /I Quot

t−1

I Ref
t /I Ref

t−1

where

d Quot/Ref
i t denotes the price of the quotation currency for asset i at date t, expressed in the

reference currency;
I Quot
t denotes the price index in the country where the asset is quoted; and

I Ref
t denotes the price index in the reference country.

The existence of currency risk comes from the observed differential compared to this theoretical
principle.

2. The international Fisher effect, which links variations in the spot exchange rate with the
difference in interest rates between the two countries.

3. The balance of payments equilibrium model, which links the balance of trade deficit to the
levels of exchange rates. If the balance is negative, then there are more imports than exports.
A return to equilibrium should therefore be observed if the reference currency depreciates
compared with foreign currencies.

The performance decomposition of an international portfolio will be discussed in Chapter 7.

3 Cf. Chapter 7 of Clarke and Kritzman (1996) and Rousseau (1997).
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2.1.3.2 Calculating returns that are not hedged against currency risk

The expressions below calculate a return that is not hedged against currency risk: the result
then depends on the variations in the currencies compared with each other.

Return on an asset
Arithmetic calculation. The return on a foreign asset, expressed in the reference currency,
depends on the return on the asset in the quotation currency and the return on the currency. To
establish the relationship, we simply go back to the definitions. This gives: PQuot

i t is the price of
asset i at time t expressed in the quotation currency; and dQuot/Ref

i t is the price of the quotation
currency for asset i at time t expressed in the reference currency; so the price PRef

i t of asset i
expressed in the reference currency is given by

PRef
i t = PQuot

i t d Quot/Ref
i t

We can then calculate:

(
1 + RRef

i t

) = PQuot
i t d Quot/Ref

i t

PQuot
i,t−1 d Quot/Ref

i,t−1

=
(

PQuot
i t

PQuot
i,t−1

)(
d Quot/Ref

i t

d Quot/Ref
i,t−1

)
= (1 + RQuot

i t

)(
1 + TCQuot/Ref

i t

)
where

RRef
i t denotes the return on security i in the reference currency;

RQuot
i t denotes the return on security i in the quotation currency; and

TCQuot/Ref
i t denotes the return on the quotation currency for security i compared with the

reference currency for the same period.

The return in the reference currency is therefore obtained by linking the return in the quotation
currency to the exchange rate.

By developing the formula, we arrive at the following relationship:

RRef
i t = RQuot

i t + TCQuot/Ref
i t + RQuot

i t TCQuot/Ref
i t

This expression involves a cross term, RQuot
i t TCQuot/Ref

i t , which is small compared with the
other two. It is often set aside in order to simplify the calculations. We then write

RRef
i t ≈ RQuot

i t + TCQuot/Ref
i t

The use of logarithmic returns allows this formula to be obtained directly without having to
use an approximation.

Logarithmic calculation. To establish the relationship when the returns are logarithmic, we
apply the same reasoning again. With the same notation, we now have

RRef
i t = ln

(
PQuot

i t d Quot/Ref
i t

PQuot
i,t−1 d Quot/Ref

i,t−1

)
= ln

(
PQuot

i t

PQuot
i,t−1

)
+ ln

(
d Quot/Ref

i t

d Quot/Ref
i,t−1

)
= RQuot

i t + TCQuot/Ref
i t

The fact that logarithms can be aggregated allows us to separate the return into two com-
ponents: the appreciation of the security on the local market and the appreciation of the local
currency compared with the reference currency.
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Return on a portfolio
We saw previously that the return on a portfolio could be obtained either from successive
portfolio valuations or as a linear combination of the asset returns. In the first case, the value
of the portfolio in the reference currency is obtained from the asset prices expressed in the
reference currency, or

V Ref
Pt =

n∑
i=1

nit PRef
i t

where nit denotes the number of securities of asset i held in the portfolio.
By replacing according to the values in the quotation currency, we obtain:

V Ref
Pt =

n∑
i=1

nit PQuot
i t d Quot/Ref

i t

where d Quot/Ref
i t = 1 if the asset is quoted in the reference currency.

All the calculation methods presented in Section 2.1.2 can then be applied to calculate the
return on the portfolio. The cash flows that occur during the evaluation period follow the same
transformation rules as the asset prices.

If we calculate the return on the portfolio from the returns on the assets that make up
the portfolio, then we use the conversion relationships for the asset returns in the reference
currency. We have

RRef
Pt =

n∑
i=1

xit RRef
i t

so

RRef
Pt =

n∑
i=1

xit RQuot
i t +

n∑
i=1

xit TCQuot/Ref
i t +

n∑
i=1

xit RQuot
i t TCQuot/Ref

i t

if the returns are arithmetic, or

RRef
Pt =

n∑
i=1

xit RQuot
i t +

n∑
i=1

xit TCQuot/Ref
i t

if the returns are logarithmic.

2.1.3.3 Calculating returns that are hedged against currency risk

The return calculation formulas established above depend on variations in the exchange rate.
The fluctuations in the different currencies compared with each other therefore constitute a
risk for the investor: the currency risk. We will return to this in more detail in Section 2.3,
which is given over to risk. In order to control the risk, it is possible to implement hedging.

Hedging instruments
Hedging against currency risk is carried out with the help of forward contracts on the exchange
rate of the currency to be hedged. The purchase of a forward contract commits the holder to
exchanging the reference currency for the foreign currency at the forward rate fixed by the
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contract. The return on a forward contract is equal to the difference between the currency return
and the forward premium, or

RForwardContract = TCQuot/Ref
i t − fi t

This return is often referred to as the forward surprise.

Return on an asset
In order to establish the return on an asset that is hedged against currency risk, we consider a
position made up of a foreign asset and forward contracts. The return on this position expressed
in the reference currency is given by(

1 + RRef
i t

) = (1 + RQuot
i t

)(
1 + TCQuot/Ref

i t

)+ h
(
TCQuot/Ref

i t − fi t
)

where h is the hedging ratio, i.e. the fraction of the total assets hedged. The value of h is
between –1 and 0. The fact that this value is negative means that forward contracts must be
sold to carry out the hedge. By developing the formula, we obtain

RRef
i t = RQuot

i t + TCQuot/Ref
i t + RQuot

i t TCQuot/Ref
i t + h

(
TCQuot/Ref

i t − fi t
)

If we set aside the cross term, then we have simply

RRef
i t = RQuot

i t + TCQuot/Ref
i t + h

(
TCQuot/Ref

i t − fi t
)

or the sum of the unhedged return on the asset and the gain or loss from the hedge against
currency risk.

If h = −1, then the foreign asset position is completely hedged by the sale of a forward
contract. The hedged return on the foreign asset is then equal to

RRef
i t = RQuot

i t + fi t

or the sum of the return in the quotation currency and the forward premium.
If h = 0, then the return is not hedged. We then go back to the formula established in the

section “Return on an asset” above. For values of h between –1 and 0, the hedge is partial.
Let us take H = 1 + h, the unhedged proportion of the asset, i.e. the exchange exposure

ratio. We then have

RRef
i t = (RQuot

i t + fi t
)+ H

(
TCQuot/Ref

i t − fi t
)

This second formula means that the return is the sum of the completely hedged return and
the return that comes from the forward contract position.

Return on a portfolio4

The formula established for an asset is generalised in the case of a portfolio made up of n assets.
The choice of a partial or total hedge is made independently for each of the asset quotation
currencies. The decomposition of the return on an international portfolio, as it is presented
here, will be included in our discussion of performance attribution in Chapter 7.

4 Cf. Grandin (1998), Fontaine (1997), and also Karnosky and Singer (1994).
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By setting aside the cross term we have

RRef
Pt =

n∑
i=1

xit RQuot
i t +

n∑
i=1

xit TCQuot/Ref
i t +

m∑
j=1

h j
(
TCQuot/Ref

j t − f j t
)

where h j denotes the hedge ratio for currency j; and m denotes the number of different cur-
rencies contained in the portfolio, m ≤ n.

The cost of the hedge depends on the forward premium. This premium is positive when
interest rates in the reference country are higher than those in the foreign country. It is negative
if the opposite is true. Depending on the interest rate differential between the two countries,
therefore, the hedge can have a cost or procure an additional gain.

2.1.4 Handling derivative instruments5

In Chapter 1 we mentioned the advantages of reserving a small share of the portfolio for
investing in derivative instruments. The presence of this type of asset requires specific handling
in order to determine its contribution to portfolio performance. The simplest method involves
associating the derivative instruments with their underlying class. Equity options are thus
associated with the equity class. We then measure the result when excluding the derivatives
and can thereby measure their impact by calculating the difference between the two.

A more precise analysis allows us to break down the performance that is produced by
derivative instruments. To simplify the argument, let us consider the case of a portfolio that
contains options. We can then use similar reasoning with the other types of derivatives.

Let us remind ourselves that an option is a security that gives the right to purchase or sell
the underlying asset at an exercise price that is fixed beforehand.

We will consider the case of a call, i.e. a buy option, which is held in a portfolio. C is
the purchase price for the call. After time t its quoted value has become Ct . As a result, the
performance is equal to Ct − C. By inserting the theoretical value of the option at the beginning
of the period, denoted by V, it is possible to break down the performance into two terms. We
can then write

Ct − C = (V − C) + (Ct − V )

The first term, V − C , measures the differential between the quoted price of the option and
its theoretical price based on the quoted value of the underlying asset at the purchase date. The
second term, Ct − V , measures the differential between the current quoted value of the option
and its initial equilibrium price. This decomposition allows us to measure the derivatives’
marginal contribution to portfolio performance. The first component evaluates the manager’s
skill in selecting undervalued options and the second component measures the manager’s skill
in selecting options that have an undervalued underlying asset. A positive value can be obtained
for each of these components through either luck or skill. It is important to be able to distinguish
between the two.

Both of the terms can be broken down again. The differential between the price of the option
and its theoretical price at the purchase date can be broken down into volatility profit and
formula profit. There are two ways of identifying an option that has been incorrectly valued
compared with its underlying asset: estimating its volatility and using a formula to value the

5 This approach refers to the work of Rubinstein (2000).
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option theoretically. The volatility profit corresponds to an estimated value of the volatility
that is above that which is implicitly used by the market. The formula profit corresponds to
the value of the option, valued by the formula, which is above that quoted on the market. The
component that comes from an incorrect valuation of the underlying asset can also be broken
down into two terms: a first term that is exclusively linked to the asset and a second term that
comes from the option only.

Analysing these different effects requires us to distinguish between several different option
valuation formulas: first, the true formula, which is not known explicitly; second, the market
formula, which can differ from the true formula if the market is not efficient; and finally, the
formula chosen as a benchmark, which can, for example, be the standard binomial valuation
model. In performance analysis the benchmark formula is used both to determine the true
relative value of the option V and to break down the performance resulting from an incorrect
valuation of the option into two parts. In the first case, the benchmark formula must be as close
as possible to the true formula. In the second case, it must be as close as possible to the market
formula. It may be necessary to choose a different benchmark formula for each case.

Let us take C(s) as the initial theoretical value of the option, obtained by using the bench-
mark formula, and assume that the volatility s produced over the period was known at the
beginning. The initial value of the option, C, is the value of the option measured with the help
of the benchmark formula, but by using the implicit volatility σ . The profit that results from
the volatility is obtained by calculating the difference, C(s) − C . This term translates into the
option valuation error that results from incorrect anticipation of volatility by the market. The
formula profit is then given by the difference, V − C(s).

The asset profit is evaluated by measuring the performance of a benchmark strategy, assumed
to be a forward contract on the underlying asset, St − S(r/d)t , where S denotes the price of the
asset at the date the option was purchased; St denotes the price of the asset at time t, the date
on which the performance was evaluated; r denotes the annualised risk-free rate for the period;
and d denotes the asset’s dividend distribution rate, annualised over the period.

S(r/d)t gives the true value of the forward contract on the asset with delivery date t. If the
market is efficient and risk-neutral, then the term measuring the profit that comes from the
asset must be zero.

The last component comes from the option only. It evaluates the profit that results from the
use of options rather than forward contracts. It is evaluated by calculating

Ct − V − (St − S(r/d)t
)

To sum up, the profit resulting from the option is broken down into:

(1) a term that comes from the volatility,
(2) a term that comes from the formula,
(3) a term that comes from the asset, and
(4) a term that comes from the option alone.

These four terms are added together to give the total profit on the option:

Ct − C = (C(s) − C) + (V − C(s)) + (St − S(r/d)t
)+ (Ct − V − (St − S(r/d)t

))
(1) (2) (3) (4)

If the options are valued efficiently, then the sum of terms (1) and (2) is zero on average,
whether or not the benchmark formula is close to the formula used by the market for valuing
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options. If the option is valued efficiently and, in addition, the benchmark valuation formula
coincides with the market formula, then terms (1) and (2) are both equal to zero on average.

If the assets are valued efficiently, then term (3) must be zero. If it is not zero, the market
is not risk-neutral and the value of this term measures the compensation that corresponds to
the risk taken. If the assets are not valued efficiently, then term (3) is not zero and its value
measures the manager’s capacity to select options that have an incorrectly valued underlying
asset.

In an efficient market context, term (4) is also zero.

2.1.5 The AIMR standards for calculating returns6

This section presents the rules defined by the Association for Investment Management and
Research (AIMR) for calculating returns and presenting portfolio performance. The use of
different calculation methods leads to different results. The rules were therefore developed with
a view to harmonisation, in order to ensure the consistency of the calculations and data used
between portfolios over time. Above all, the rules stress the importance of result presentation
to allow comparisons between different investment firms. Some of the rules are mandatory,
others are only recommendations. The use of the rules contributes to the competitiveness
and credibility of the investment firms. Establishments that apply them can request AIMR
certification. In what follows, the term “firm” will denote an investment firm in general.

2.1.5.1 Composite portfolios

A composite portfolio7 is made up of a set of portfolios or asset classes that use the same
investment strategies or have similar objectives. Before the AIMR standards were drawn up,
managers used “representative” or “model” portfolios to market their performance. They were
able to include the funds that had performed best and exclude those that had performed worst. To
avoid that, the AIMR defined rules for grouping portfolios. The performance results presented
must relate to those composite portfolios.

Requirements
The AIMR requests that all fee-paying discretionary portfolios be included in at least one
composite. New portfolios must be included in a composite from the first sub-period following
their creation. Portfolios must be excluded from composites from the first sub-period during
which they are no longer managed, but they must be conserved for historical data purposes up
to that sub-period. Portfolios must not be transferred from one composite to another without
justification.

2.1.5.2 Performance calculation

Requirements
Performance calculation must be carried out on the basis of the total return, i.e. the gain in
capital added to the income paid into the portfolio (dividends and coupons). The AIMR requests
that the calculation method minimise the effects of capital contributions and withdrawals, in

6 We restrict ourselves to the main ideas here. For a complete presentation of the standards, see AIMR (1997).
7 The definition of a composite can be found in Chapter 1 of the AIMR document.
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order to minimise the effects that are not under the manager’s control. The calculation method
used must therefore be a time-weighted rate of return. This rate can be calculated in three
different ways: the first method is exact, the other two methods are approximate.

The first method involves valuing the portfolio on a daily basis and combining the results
geometrically to obtain the return for the period. By choosing a day as a sub-period, we are
sure that the impact of the capital contributions and withdrawals will be minimal. This method
is considered to be the best because it calculates the true time-weighted rate of return. The
calculation principle was presented in the section “Time-weighted rate of return method”
above. The limitations of the method were also mentioned there: the value of the portfolio at
the end of each day must be known. This does not pose a problem for the managers of mutual
funds, but could pose a problem for other managers because daily valuation is time-consuming.
In addition, the price of certain assets, such as certain categories of bonds or emerging market
securities, can be difficult to determine on a daily basis. For those cases, we can turn to the
approximate methods.

The two approximate methods proposed by the AIMR are the modified Dietz method and
the unitary valuation method, which is called the modified BAI method.

The modified Dietz method calculates a capital-weighted rate of return, as defined in the
section “Capital-weighted rate of return method” above, by taking the exact length of time
that each cash flow is present in the portfolio. The major advantage of this method is that is
does not require daily calculation of the portfolio value. The disadvantage is that it provides a
less accurate estimate of the true time-weighted rate of return. This method is less favourable
when comparing the performance of different managers, because it does not allow the capital
contribution and withdrawal effects that cannot be controlled by the manager to be eliminated.
These effects will however be minimal if the capital flows are small compared with the length
of the sub-period.

The modified BAI method calculates an internal rate of return, as defined in the section
“Internal rate of return method” above, by taking the exact dates of the cash flows into account.
The advantages and disadvantages of this method are the same as those for the modified Dietz
method.

The portfolios must be valued quarterly at the very least, but the AIMR recommends monthly
valuation. Returns calculated for sub-periods must be linked geometrically to obtain the return
for the total valuation period. An annualised rate is usually presented. However, for valuation
periods of less than a year, the AIMR standards specify that returns must not be annualised.

Composite portfolio returns must be calculated by using the weights at the beginning of
the period. Transaction costs must be deducted from the returns. Only performance obtained
for portfolios that are really managed should be presented and not performance resulting from
simulation of an investment strategy.

When cash is held in a portfolio, the return on the cash must be included in the portfolio
return calculations, and the amount of the cash should be included in the value of the portfolio.

All documents that allow the performance calculation to be justified should be conserved.

Recommendations
The AIMR recommends that portfolios be valued on a daily basis, or at least each time a
capital flow, or a market operation that is liable to distort the result, occurs. When a cash flow
represents more than 10% of the value of the portfolio, the portfolio must be revalued at the date
of the cash flow. It is recommended that the performance be calculated before the management
fees are deducted, because these are not related to the strategy employed.
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2.1.5.3 Presentation of results

Requirements
A 10-year performance record must be presented. If the firm has been in existence for less than
10 years, then all available historical data must be presented. Annual returns must be presented
for all years.

2.1.5.4 Information to be published

Requirements
The firm must publish a complete list and description of all its composite portfolios. The
description of a composite portfolio must include the number of portfolios that it contains and
the amount of assets involved. It must also specify the percentage of the firm’s total assets
that the composite represents at the end of each period, for all periods after 1997. For periods
before 1997, the firm has the choice of doing this at the beginning or at the end of the period.
The firm must indicate whether performance results are calculated gross or net of management
fees. If net results are presented, then the average weighted management fee must be disclosed.
The performance presentation must also disclose the existence of a minimum asset size below
which portfolios are excluded from a composite and mention the eventual inclusion of any
non-fee-paying portfolios in the composites.

Recommendations
For exclusive presentation to the clients, it is recommended that performance be presented gross
of investment management fees. The AIMR recommends that the weights of the portfolios
included in the composite be indicated and that the cumulative composite returns for all
periods be produced. There must be sufficient information for a client or a prospect to be able
to evaluate the potential risk and the return characteristics of the portfolio or the investment
strategy employed.

2.1.5.5 International portfolios

The AIMR gives special recommendations for calculating the performance of international
portfolios. The recommendations essentially concern exchange rates. The performance must
be presented in the currency chosen by the client. The firm chooses the exchange rate to be used
to convert the performance, and the source of the exchange rates must then remain consistent
for the whole period. To translate the end-of-month or end-of-quarter values from the quotation
currency into the reference currency, the closing exchange rate at the end of the period must
be used.

2.1.5.6 Portfolios that contain derivative instruments

For portfolios that contain a small proportion of derivative instruments, the AIMR recommends
that the leverage effect resulting from this investment strategy be isolated in the portfolio per-
formance calculation. The performance presented must indicate both the portfolio returns with
the leverage effect and the restated returns with the leverage effect removed. The additional re-
turn provided by the share invested in derivative investments is then calculated as the difference
between these two quantities.
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2.1.5.7 The GIPS: what is different8

The most significant difference between the AIMR standards and the GIPS concerns the
verification procedure for obtaining certification. There is only a single level of verification for
the GIPS, whereas there is two-level verification for the AIMR standards. Verification is also
easier to carry out because the firm only has to declare that it respects the GIPS. However, the
GIPS strongly encourages the involvement of a third-party verifier. External verification by a
third party is not mandatory for the moment, it is simply recommended.

The GIPS only require five years of historical data instead of 10 years for the AIMR standards.
This is because most firms do not have sufficient historical records available. The following
years should then be added progressively until 10 years of historical data are available, which
means that the difference between the AIMR standards and GIPS will have disappeared by
2005.

Following the development of the GIPS, the AIMR made some changes to the AIMR
standards in order to make them entirely consistent with the GIPS. The modifications are as
follows. From 1, January 2000, portfolios must be valued monthly. Firms must present the
percentage of composite assets that relates to non-fee-paying portfolios. All presentations
must indicate the currency used to express the performance. The date that each composite was
created must be presented. By 1, January 2005, firms will have to use trade-date accounting.
Firms will have to use time-weighted rates of return adjusted for daily-weighted cash flows.
Firms will have to account for dividends in a cumulative manner. By 1, January 2010, firms
will have to value portfolios on the date of any external cash flow.

2.2 CALCULATING RELATIVE RETURN

The calculation of the return on a fund gives an absolute measurement of performance. How-
ever, it might be more relevant to measure performance in relation to a reference. We can
thereby highlight the additional share of the return that comes from the investment strategy
used and judge the manager’s skill. The reference can be a benchmark or a group of portfolios
with the same characteristics, which is called a peer group9. These are the two most common
methods. We can also turn to a third method called Portfolio Opportunity Distributions.

2.2.1 Benchmarks10

A benchmark is simply a reference portfolio. It is used when the discretionary portfolio is put
together and then when its performance is evaluated. It must therefore be chosen to reflect the
diversity of the assets contained in the portfolio and the investment strategy employed. It must
follow the same calculation rules as the portfolio that is being evaluated, particularly when
taking dividends into account. The simplest benchmarks are constructed as a combination of
market indices, with one index per group of assets. The benchmark can also be developed
in a more elaborate manner in order to be as similar as possible to the managed portfolio.
We describe the different types of benchmark that are used below, giving special attention to
so-called “normal” benchmarks, which are custom-made benchmarks. This type of benchmark
is being used more and more as portfolio management becomes increasingly specialised by

8 Cf. Koenig (2001).
9 Cf. on this subject, the AIMR articles (1995).

10 Cf. Fabozzi (1995), Fogler (1989) and Rennie and Cowhey (1989).
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sector, and since there is a desire to evaluate managers’ performances in a more equitable and
accurate manner.

2.2.1.1 Description of the different types of benchmark

Market indices
Market indices are quoted on stock exchanges and are therefore simple to use. However, they
may not be sufficiently representative of the managed portfolio. For example, equity indices
contain large capitalisation stocks and do not therefore allow the performance of a portfolio
that contains small capitalisation stocks to be evaluated. We distinguish between several types
of indices depending on their size. The broad indices include a very large number of stocks and
are intended for institutions that do not often act directly in the markets. These indices include
securities with a low level of liquidity. Investors who face the markets more frequently require
more liquid indices. They use indices that are based on a more restricted number of stocks and
made up of the main stocks in the listing only. However, these indices are less representative
of the market and may appear too narrow for investors who wish to build an index portfolio.
The more recent creation of a third category of indices, called mid-sized, provides a solution
to the problems of the other two categories.

With the arrival of the euro and the progressive disappearance of the notion of domestic
markets, it has been necessary to create new indices that focus on European securities, for both
stocks (cf. Shakotko, 1998) and bonds (cf. Lee, 1999), in order to reflect the new economic
and monetary context. Index management on a European scale requires available indices that
reflect the evolution of the European markets, but also, more particularly, of the euro zone.
Appendix 2.3 describes the main indices used in the different countries.

Generic investment style indices
These indices are developed by specialised firms (cf. Compton, 1997). They allow different
investment styles to be measured: there are growth stock indices, value stock indices, large-cap
and small-cap stock indices. These very specific indices are appropriate for a manager who has
a well-defined investment style. For the other managers, we turn to benchmarks that describe
the manager’s style better: Sharpe benchmarks and normal portfolios.

However, numerous empirical studies, notably Brown and Mott (1997), have stressed the
difficulty in selecting the securities that are included in the index composition, whether for
style indices or benchmarks. In view of the instability of the attributes that characterise the
style of the stocks contained in an index or a benchmark (for example, a stock with a low
P/E ratio could be an undervalued growth stock or a value stock), it appears difficult to guar-
antee the style. In that context, it currently seems that there is no index that dominates the
market.

In addition, the implementation of style indices is subject to intense competition, whether in
the American market (notably Frank Russell, Wilshire Associates, S&P–Barra and Prudential
Securities), or the international market (Boston International Advisors (BIA) have created style
indices for 21 different countries and seven regional zones; Parametric Portfolio Associates,
their competitor, offer the same set of indices). The result of the competition is that the refer-
ences that make up the indices are very different from each other both in terms of composition
and in terms of return. In 1997, technology, media and telecommunications (TMTs) repre-
sented 30.8% of the Prudential Securities International (PSI) large growth index, compared
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with 14.5% of the same type of index produced by S&P–Barra. In the same way, General
Electric had the largest market capitalisation in the PSI large value index, while Exxon held
that position in the Russell and S&P indices, and Wilshire reserved the status for IBM. It
is clear that indices managed through and for the size effect introduce exposure to different
sectors and geographic zones.

Furthermore, it should be noted that, for the same large-cap growth reference, the PSI
index had a return, in 1982, that was less than 10%, compared with 22% for the S&P–Barra
index. More generally, in recent years the largest differentials between the “best” and “worst”
same-style indices were 13.8% in 1979 for growth stocks and 13.5% in 1984 for value stocks.

This diversity therefore poses the problem of the representativeness of style indices. Unlike
market indices, style indices do not make any implicit or explicit reference to the qualities of
the market portfolio, as described later in Chapter 4.

While numerous authors11 have attempted to show that integrating absolute and simple
criteria such as the volume of transactions or the market capitalisation of the securities selected
in the index is a good “proxy” for the market representativeness criteria, no relative or calculated
value such as the P/E or book-to-market ratio guarantees the representativeness of the style.

The Sharpe benchmarks
The Sharpe benchmarks allow us to solve the problem of the investment style indices being
too specific (cf. Sharpe, 1992). It involves explaining the manager’s style, no longer from a
single index but from a series of indices. To do that, Sharpe proposes building a benchmark by
performing multiple regressions on several specialised indices in order to obtain an index that is
a linear combination of the different indices available and corresponds best to the management
style to be evaluated. The list of indices that Sharpe proposes to use is specifically for the
American market. In general, we choose indices that represent the different asset classes and
describe the market in which the portfolio is invested in the most complete manner possible.

We will return to the practical use of this type of benchmark in Chapter 6, which discusses
performance analysis with the help of multi-factor models, and Chapter 7, which addresses
the subject of asset allocation.

Normal portfolios12

These are benchmarks that are tailor-made for each manager. They were developed from
the principle that the portfolio manager’s returns should be compared with the returns of a
reference portfolio whose structure and composition are as similar as possible to those of the
portfolio that is being evaluated. More often than not, portfolio managers are specialised in
a single category of assets and therefore do not consider the complete universe of securities.
Thus, broad indices are not suitable for evaluating their performance, because they contain
securities that will not be included in the composition of the manager’s portfolio. In addition,
the proportions of each security in the indices are generally different from those chosen by
the manager. The use of these indices as a benchmark could lead to an incorrect evaluation
of the manager’s performance. Managers could appear skilful if their style is favoured by the
market, or their result could be qualified as poor if their style is not favoured by the market. We

11 For more details on the question of index representativeness, one could consult Fabozzi and Molay (2000) and also Magill and
Quinzi (1996), Athanasoulis and Shiller (2000), Black and Litterman (1990) and of course Roll (1977).

12 Cf. Compton (1997), Luck (1995), who discusses the case of equity indices, and Christopherson (1998).
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therefore prefer specialised benchmarks, the most frequently used being normal portfolios, to
broad indices.

A normal portfolio is defined in the following way: it is a portfolio that is made up of a
set of securities that contains all the securities from which the manager is liable to make his
choice, weighted in the same way as they are weighted in the manager’s portfolio.13 A normal
portfolio is therefore a specialised index. It allows the manager’s performance to be determined
by evaluating his capacity to select the best securities and/or the best sectors in his normal
universe. If the manager’s performance is worse than that of the normal benchmark, then we
can conclude that the portfolio was managed poorly. This category of benchmark is therefore
the one that allows for the most equitable evaluation of performance.

The objective in constructing a normal portfolio is to obtain an average characterisation of
the portfolio to be evaluated. The definition of a normal portfolio for a particular manager is
not unique. Several methods enable normal portfolios to be built. In the following paragraphs
we will discuss the advantages and disadvantages of the different methods.

The simplest and most commonly used technique for building a portfolio involves drawing up
a list of securities, based on the historical composition of the portfolios held by the manager. A
second approach involves basing the list of securities on exposure to risk factors. The manager’s
average exposure to different risk indices is analysed to define the benchmark’s exposures. A
third method uses style indices to create a weighted combination of indices that corresponds
to the manager’s portfolio. The first two approaches rely on the same principle: establishing a
reduced list of securities from a broad universe by setting criteria that could relate to the P/E
ratio or exposure to certain factors. The portfolio is then constructed from the resulting list
by attributing a weighting to each security. The two techniques differ in the security selection
method and the choice of weightings. The three approaches allow us to carry out analyses that
have different objectives.

The first approach allows us to determine whether managers select the best securities within
their normal universe. The second approach allows us to study the macroeconomic sources of
return and risk more precisely. The benchmark is based on the manager’s portfolio risk factors.
It is created by choosing securities similar to those selected by the manager and with an
exposure to factors that is similar to the manager’s average exposure. The benchmark therefore
allows the manager’s capacity to select securities from his universe to be evaluated, given his
risk exposure profile. The third method is in fact the one developed by Sharpe, which was
mentioned in the previous section and which will be considered in more detail in Chapter 6.
The Sharpe benchmarks are therefore examples of normal benchmarks. This third approach
allows us to say whether the manager’s performance can be better than that of a combination of
style indices. There are two techniques for determining the weightings assigned to each style
index:

1. Analysis of the manager’s portfolio returns (returns-based analysis).
2. Analysis of the style characteristics of the securities that make up the manager’s portfolio

(portfolio-based analysis).

These two techniques will be described in more detail in Chapter 6, in the section that
discusses style analysis.

Among these different approaches, it is the first one, based on analysis of the historical
composition of the manager’s portfolio, that is the most commonly used. It is the simplest

13 This definition is given in Christopherson (1989, p. 382).
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to implement and the one that gives the most easily interpreted results. We will therefore
concentrate on the successive stages required to create a benchmark using this method.

The stages that enable us to build a normal benchmark are as follows:

1. We first define the initial universe of securities.
2. We then choose the securities that will be included in the composition of the normal portfolio

from this universe.
3. To finish, we choose the security weightings.

The initial universe of securities could, for example, be made up of a broad market index. On
the American market we could, for instance, consider the Russell 3000 index, which contains
the firms with the largest stock market capitalisation. We could also use the S&P500 index.
From this initial list of securities, the following stage involves reducing the securities to those
that the manager is really liable to select. To do that, the manager’s selection criteria and decision
rules must be known. The selection criteria could relate to a certain number of variables such
as the market capitalisation, the return, the price-to-book ratio, the dividend rate, the historical
beta and earnings variations. It should be noted that if the variables used to make the selection
are independent, then the order in which one proceeds is of no importance. However, if the
variables are correlated, then the result will depend on the order chosen.

Once the selection has been completed, we check the relevance of the sub-universe by
comparing the overall trend of the manager’s portfolio with that of the normal portfolio.
Before that, however, the weight to be assigned to each security must be determined in
order to make up the index. It is preferable for the adopted weighting method to be the
same as the one chosen by the manager, because weighting differences lead to performance
differences. Broad market indices such as the Russell and S&P500 are capital-weighted in-
dices, but very often managers do not weight their portfolios in that way. Three types of
capitalisation-based weightings can be used: equal weighting, which involves attributing the
same weight to each stock irrespective of stock capitalisation; capitalisation weighting, which
involves weighting each stock according to its percentage of the total value of the portfolio;
and capitalisation weighting with break points, where the capitalisation-weighting rule is ap-
plied down to a certain capitalisation size and, beyond the threshold, each stock is given an
equal weighting. It is also possible to have other types of weighting that are not based on
capitalisation.

The advantage of capitalisation weighting is that it does not require the portfolio to be
rebalanced when the portfolio asset prices fluctuate, which would be the case for an equally
weighted portfolio. This therefore reduces liquidity problems and makes it easier to imple-
ment a passive investment strategy. Managers nevertheless tend to avoid using capitalisation
weighting for their portfolios so as not to invest large sums in a single stock. They prefer to
practise diversification between securities. As a result there are differences between managers’
portfolios and capitalisation-weighted normal portfolios. Capitalisation weighting is nonethe-
less the most frequently chosen solution, because it facilitates passive investment compared
with equal weighting, and because equal weighting does not constitute a satisfactory solution
for all managers. In Chapter 6 we will present a more recent approach, which calculates the
weightings to attribute to portfolio securities according to the style of the portfolio that is to
be evaluated.

Normal portfolios are therefore more appropriate benchmarks than market indices because
they take the investment style into account and thus provide a better evaluation of the manager.
The use of these benchmarks does however pose a problem of objectivity when managers
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handle their own benchmarks. This type of benchmark also presents the disadvantage of having
high management costs. However, they are the best references for evaluating a manager’s
performance and are being increasingly employed.

2.2.1.2 Benchmarks for international portfolios

In international investment management, the reference is the worldwide market portfolio,
which, in theory, is made up of all the assets from the different countries, weighted by the
market capitalisation of each market (cf. AIMR, 1998). In practice, we use an international
index, for example the Morgan Stanley Capital Index Europe, Australasia and Far East (MSCI
EAFE), as an approximation of this market portfolio. The choice of a specific benchmark for
an investor involves determining the list of countries in which the investor wishes to invest and
the investor’s level of currency exposure, which leads, depending on the case, to the choice
of a hedged or unhedged benchmark. The MSCI EAFE index is an example of an unhedged
benchmark.

Unhedged benchmarks are used when there are no hedging strategies defined in the man-
agement mandate. They are used by investors who have a low level of allocation in foreign
assets or investors who wish to actively manage their currency exposure. The currency activ-
ity is then used as a means of increasing the return or reducing the risk. The return for each
country contained in the benchmark is obtained by combining the return on the asset in its
local market with the return on the spot exchange rate. The benchmark therefore contains a
currency component that includes both the surprise effect and the forward premium.

Hedged benchmarks are used when the currency risk, or at least part of the risk, is assumed
to be hedged by the investment strategy. In the case of part of the risk being hedged, we use a
partially hedged benchmark, which eliminates a fixed proportion of the currency risk. When
the benchmark is completely hedged, the return for each of the countries that it contains is
made up of the sum of the asset return in its quotation currency and the currency premium. In
that case, the surprise effect of the spot exchange rate is eliminated.

2.2.1.3 Practical use of the benchmark

Once the benchmark has been defined and calculated, it can be used in a very simple way,
initially, to determine the portfolio’s performance. The manager’s value-added is calculated as
the difference between the return on the portfolio being evaluated and that of the benchmark.
It should be noted that this value could be negative if the manager has not performed as well
as the benchmark. In the following chapters we will present a more detailed approach to the
interpretation of this quantity and the methods that enable a portfolio and its benchmark to
be compared very precisely. With that aim in mind, we will successively discuss the Jensen
measure in Chapter 4, multi-factor models in Chapter 6 and decomposition by asset group in
Chapter 7.

We use the term “active return” to refer to the percentage of the return that is due to the
manager’s decisions. A manager’s skill over a given period of time is therefore measured by
the value of RAt , defined by

RAt = RPt − RBt

where RPt denotes the portfolio return for period t; and RBt denotes the benchmark return for
period t.
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This calculation can be carried out periodically, e.g. on a monthly basis. The series of active
returns for the sub-periods is then used to obtain the active return on the portfolio for the whole
period (cf. Baker, 1991).

If the sub-period returns have been calculated arithmetically, and then compounded geomet-
rically, then calculating the cumulative asset return for the whole period is not equivalent to
calculating the difference between the cumulative portfolio return and the cumulative bench-
mark return. On the other hand, if we have worked with logarithmic returns, the two calculations
are equivalent. If we consider a period that is broken down into T sub-periods, then the log-
arithmic returns for the portfolio and the benchmark over the complete period are written as
follows:

Rlog
P =

T∑
t=1

Rlog
Pt

Rlog
B =

T∑
t=1

Rlog
Bt

hence

Rlog
P − Rlog
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(
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) =
T∑
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Rlog
At = Rlog
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Therefore, we again have an applied example of logarithmic returns allowing us to have simpler
formulas.

Calculating the active return allows us to judge managers’ results compared with their
benchmark, but does not allow us to compare funds that use different benchmarks.

2.2.1.4 AIMR rules concerning the benchmark

The AIMR only provides recommendations concerning the benchmark. It is recommended to
present the benchmark used for each composite. This benchmark must correspond to the port-
folio’s risk or the portfolio’s investment style. It is also appropriate to indicate the composition
differences between the portfolio and the benchmark.

For portfolios that have an international component, the same exchange rates must be used,
where possible, to convert the portfolio and benchmark returns into the reference currency.
When this is not possible, for example if the portfolio and the benchmark are valued at different
times, the significant differentials must be provided.

2.2.2 Peer groups

The financial literature distinguishes between universes and peer groups (cf. Flynn, 1995). The
universe is a broader entity, within which we can define peer groups. In more specific terms,
a universe is a group of portfolios that is invested in the same market sector. A peer group, on
the other hand, is a group of managers who invest in the same class of assets or who have the
same investment style. Peer groups are therefore smaller and defined in a more precise manner
than universes. In what follows we shall only consider peer groups.

Investment styles that characterise a peer group can be, for example, market capitalisation,
growth stocks, value stocks or emerging markets. Peer groups are put together by selecting
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managers that correspond to the chosen criteria. We then calculate the funds’ rates of return
and establish a ranking within the group. The funds and managers are therefore evaluated in
relation to funds that are managed in a similar fashion. The groups must be large enough for
the comparisons to be statistically significant. The advantage of this method is that it permits
comparisons with real portfolios, which are subject to taxes and transaction costs, while indices
or combinations of indices used as benchmarks are theoretical portfolios that have no costs. Peer
groups can be seen as benchmarks that are actively managed. There is, however, a problem with
survivorship bias, because the worst-performing managers in the group disappear over time.

The use of peer groups is currently widespread, but to evaluate portfolio performance more
accurately it is recommended to add other portfolio measurement tools such as risk-adjusted
measures.

In order to avoid an arbitrary, before-the-fact ranking, fund performance analysis specialists
have implemented a new statistical approach called clustering to make up peer groups. This
involves maximising the distances between groups and minimising the distances within groups
for each of the fund universes selected. The distance that is thereby “clustered” is determined
by using Minkowski’s concept of distance as a generalisation of the Euclidian distance after
normalising the returns. Once they have been grouped together, the funds are qualified as
belonging to a particular style according to their dominant common characteristics. The cluster
approach is now considered to be a robust approach to fund classification because it does
not assume any pre-specification of criteria. Like principal component analysis (PCA)-type
factorial analysis, it involves an inductive approach and is therefore considered to be “objective”
by practitioners. The optimal number of clusters that enables the funds to be grouped together
is qualified ex post by applying tests that are considered today to be conceptually robust (“cubic
clustering criteria”, Sarle, 1983, and “pseudo-F statistic”, Calinski and Harabasz, 1974).

2.2.3 A new approach: Portfolio Opportunity Distributions

A new manager evaluation concept, which is described by the term Portfolio Opportunity
Distributions (POD), has been developed by Ronald Surz (cf. Surz, 1994, 1996, 1997). This
method seeks to combine the advantages of using a benchmark with the advantages of using
a peer group, while eliminating the disadvantages of both. The principle involves comparing
the manager’s results with those that would have been achieved by chance, after defining a
comparison universe that is perfectly adapted to the manager being evaluated. The comparison
universe is constructed in the following way. Starting from the set of securities that the manager
is liable to include in his portfolio, we generate a large number of random portfolios. The
portfolios are constructed in such a way as to respect the manager’s investment criteria, namely
the choice of management style, the allocation by industrial sector and the market capitalisation.
We can thereby put together all the portfolios in which the manager could be planning to invest.
The portfolios obtained therefore reflect the manager’s decision-making process.

Once the universe has been defined, the performance of the manager’s portfolio is compared
with that of all the portfolios in the universe. This allows the manager to be evaluated in relation
to his true performance possibilities. Here again this involves a comparison in relation to a
reference group, but the definition of the peer group has been improved. One of the major
problems in peer group comparisons is the difficulty involved in identifying a peer group that
truly corresponds to the manager. When a fund has a very specific style, it may be difficult to
find a sufficient number of funds of the same type to put together a significant group. The POD
method thus enables a single reference peer group to be created for each manager. This method
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is particularly interesting for international portfolios because it enables broader universes to
be obtained than when we use standard peer groups, since the sets of securities, management
styles and accessible countries are broader than those available through peer groups.

Another disadvantage linked to the use of standard peer groups is survivorship bias, which
comes from the disappearance over time of the worst-performing managers in the group. The
POD method eliminates that problem, since the group portfolios are created by randomly
selecting the securities. The group of portfolios then remains stable, since the portfolios are
not really managed. There is no risk of disappearance.

In the section on peer groups (Section 2.2.2) we also mentioned that they should be suf-
ficiently large for the comparisons to be statistically significant. Here again we could find
ourselves limited by the number of funds available in the market. It was therefore necessary
to study the results over several years so that they could be considered reliable. The POD
method removes this disadvantage because it allows hundreds, or thousands, of portfolios to
be constructed. All possible combinations of assets can be envisaged, as long as they satisfy
the manager’s investment criteria. Therefore, the manager’s ranking compared with the ref-
erence universe could be analysed over a shorter period of time than that required by the use
of standard peer groups. In addition, since the POD universes are created from a database of
securities, the data that enable comparisons to be made are immediately available. The evalu-
ation can therefore be carried out much earlier than when it is necessary to wait for the update
of an independent database. Finally, POD universe comparisons are more appropriate than
benchmark or peer group comparisons when identifying whether the manager’s value-added
was obtained through luck or skill.

As we have just seen, the POD method offers numerous advantages. The technique enables
a peer group to be replicated while eliminating the problem of survivorship bias, since the
portfolios used for comparison are not managed portfolios. It enables rankings to be established
while being sure that the universe is both appropriate, since it is only based on securities that are
liable to be chosen by the manager, and of sufficient size, since we can create as many portfolios
as necessary. The manager’s skill can be evaluated immediately, while with a benchmark it
is necessary to wait several years to have a reliable statistical confidence interval. In practice,
however, this method is not very widely used. Investment firms find it easier to turn to standard
benchmarks or reference groups made up of funds that are actually managed. Nevertheless,
it is probable that this strategy will be developed in the future because it enables the most
appropriately adapted references to be obtained.

2.3 DEFINITION OF RISK14

The concept of return is not sufficient, on its own, to analyse the results of a portfolio. It
is necessary to add a measurement of the risk taken. We have seen that the definition of a
benchmark allows the portfolio risk to be characterised by the choice of asset categories in the
portfolio composition. However, to analyse portfolio performance more precisely we need a
quantitative measurement of risk. While return is an intuitive notion, the quantitative notion
of risk comes from Markowitz’s modern portfolio theory.

In this chapter we simply present the statistical definitions of risk indicators. The risk
measures presented are measures of total risk. The notion of systematic risk, or beta, will be

14 For more detailed information, see Chapter 2 of Broquet and van den Berg (1992), Elton and Gruber (1995), Grandin (1998),
Sharpe (1985) and Zaouati (1995).
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defined in Chapter 3 when the market model is presented. We will first present the individual
risk indicators for each financial instrument, and then introduce a more general notion of risk,
which will allow us to evaluate the risk of a portfolio that contains several asset classes.

In the following chapters we will return to the concept of portfolio risk in more detail. In
Chapter 3, which is devoted to modern portfolio theory, we will give more specific details on
the link between return and risk and will highlight the notion of reducing risk by diversifying
the portfolio. In Chapter 4 we will present risk-adjusted performance measurement, which
came from the capital asset pricing model (CAPM). Finally, in Chapter 6, which examines
fundamental and macroeconomic factor models, and the applications of those models, we will
present risk decomposition and analysis methods, which provide more information on portfolio
risk analysis.

2.3.1 Asset risk

2.3.1.1 Variance

Intuitively, asset risk is characterised by the dispersion of the asset’s returns around their
average value. The statistical measurements are therefore the variance, σ 2

i , and the standard
deviation, σi , with the former being the square of the latter. The variance is written as follows:

σ 2
i = 1

T

T∑
t=1

(Rit − R̄i )
2

where

Rit denotes the return on asset i for sub-period t;
R̄i denotes the mean return on asset i over the whole period; and
T denotes the number of sub-periods.

A good estimation of the risk can be obtained by using the monthly returns over a period of
three years.

The variance is the most widely used measure of risk. It is the definition of risk that Markowitz
selected for his portfolio choice problem because it allows simple modelling to be obtained.
We will return to this point in more detail in Chapter 3. The disadvantage of this measure
is that it considers the risk of above-average returns and the risk of below-average returns in
the same way, while investors are only worried about below-average returns. In the following
section we present the semi-variance measure, which takes that difference into account.

2.3.1.2 Semi-variance: first definition15

Using the variance or standard deviation of returns to measure asset risk assumes that the
returns are distributed normally. Although that hypothesis is respected over a short period, the
same is not true for longer investment periods. Variance therefore represents a good measure of
risk over a short investment period. Over a longer period, it is better to turn to a measure that
takes the skewness of risk into account.

In 1959, Markowitz defined semi-variance as the most appropriate measure for characterising
portfolio risk. The calculation principle is the same as that of the variance, apart from the fact

15 Cf. Melnikoff (1998).
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that only the returns that are lower than the mean are taken into account. It therefore provides
a skewed measure of the risk, which corresponds to the needs of investors, who are only
interested in the risk of their portfolio losing value. It is written as follows:

1

T

∑
0≤t≤T

Rit <R̄i

(Rit − R̄i )
2

with the notation being the same as that used for variance.
As an analogy with the relationship between the standard deviation and the variance, we

define a measurement called downside risk as the square root of the semi-variance.
If the distribution of returns is symmetrical, which is the case when returns are assumed

to be distributed normally, then the semi-variance is equal to half of the variance and there is
no difference between measuring the risk with one or other of the quantities. If, however, the
distribution is skewed, then the two measures are not equivalent and it is not correct in that
instance to use the variance instead of the semi-variance. The semi-variance is particularly well
adapted to measuring the risk of derivative instruments, the distribution of which is generally
not symmetrical.

In 1959, the use of this measurement was difficult for practical reasons, since computers
were not yet very powerful. That is what led Markowitz to choose the variance, which is
mathematically easier to implement. It is currently possible to use semi-variance, but the
studies that include it are few and far between. However, in a conference that he gave in 1993,
Markowitz indicated that he used semi-variance to measure risk when selecting portfolios for
a securities house.

There is, however, a further obstacle to the use of semi-variance, other than the additional
calculations required. The distributions of skewed returns are not stable over time. It is therefore
difficult to estimate the semi-variance with the help of historical returns, as is commonly done
for the variance.

The semi-variance theory was followed by a more general theoretical development: lower
partial moments, of which semi-variance is a particular case.

2.3.1.3 Lower partial moments

The lower partial moment (cf. Nawrocki, 1996, 1999a, 1999b). measures the risk of falling
below a target return set by the investor. The lower partial moment (LPM) of degree n for asset
i is defined by

LPMin = 1

T

T∑
t=1

(max(0, h − Rit ))
n

where T denotes the number of observations; and h denotes the target return for the portfolio.
This measure can be calculated for several values of n. When n = 2, we find the semi-

variance expression by taking the mean return for the period as the target return. The value of
n allows the investor’s aversion to risk to be represented. If n < 1, then the investor likes risk.
If n = 1, then the investor is risk neutral. Finally, if n > 1, then the investor is risk averse. The
higher the value of n, the higher the aversion to risk.
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2.3.1.4 The shortfall risk

The notion of shortfall risk (cf. Leibowitz and Henriksson, 1989) allows the risk of obtaining
lower returns to be characterised. In the approach developed by Leibowitz and Henriksson,
portfolio risk is characterised using the probability of being above a target return. It is an
intuitive definition of risk, which takes into account the skewed approach of investors in
relation to risk, particularly over long investment periods. We will see in Chapter 7 how this
notion can be associated with a mean–variance optimisation model to determine the optimal
asset class allocation for a portfolio.

Following the same idea, Sortino and Price (1994) define portfolio risk in relation to an
objective to be reached. It generalises the definition of semi-variance established by Markowitz
by replacing the mean return with the notion of target return. They thus define the notion of
a minimum acceptable return (MAR) as being the minimum return that must be obtained to
reach an objective. Returns above the MAR constitute good occurrences and returns below the
MAR constitute bad occurrences. Therefore, only the returns below the MAR are taken into
account when calculating risk, since the risk is that of not reaching the objective fixed.

2.3.2 Link between the variations in returns on two assets

The complete characterisation of asset risk requires that the behaviour of the asset returns be
compared with that of other assets. To do that, we use the covariance of the returns, defined by

σi j = 1

T

T∑
t=1

(Rit − R̄i )(R jt − R̄ j )

The normalised version of this measure is the correlation coefficient, defined by

ρi j = σi j

σiσ j

where σi and σ j denote the standard deviations of assets i and j, respectively, and σi j denotes
their covariance.

2.3.3 Other statistical measures of risk

Some additional statistics can help to characterise the risk of an asset. They are as follows:

1. The variation interval, which measures the amplitude between the highest return and the
lowest return, or

max
1≤t≤T

(Rit ) − min
1≤t≤T

(Rit )

2. The absolute mean deviation, which measures the mean deviation between an asset’s returns
and its expected returns as an absolute value, or

1

T

T∑
t=1

|Rit − E(Ri )|

3. The probability of obtaining a negative return, which calculates the proportion of negative
asset returns over a given period.
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2.3.4 Risk indicators for fixed income investment

The measures of risk that have been presented so far have been specifically oriented towards
equities. For bonds, we use specific indicators that measure the risk linked to distortion of the
yield curve. Among the indicators, we find the following:

1. The duration, which measures a bond’s sensitivity to a parallel shift in the yield curve.
A portfolio’s duration is calculated by adding together the durations of the securities that
make up the portfolio, weighted by their relative value compared with the total value of the
portfolio. The choice of a particular combination of securities allows us to obtain a portfolio
with a fixed level of risk.

2. The convexity, which measures the duration’s sensitivity to a distortion of the yield curve.
It evaluates the curvature of the yield curve.

In Chapter 8, which is devoted to fixed income securities, we will cover these notions in
more detail.

2.3.5 Foreign asset risk

The risk of a foreign asset comes, on the one hand, from variations in the returns on the asset
in its quotation currency and, on the other, from variations in the quotation currency compared
with the reference currency. The latter source of risk constitutes the currency risk. In this section
we initially define currency risk and then formulate the risk decomposition of an unhedged
asset. Finally, we present the calculation of hedged risk.

2.3.5.1 Currency risk

Currency risk is the additional risk taken on by the investor that results from the values
of different currencies fluctuating against each other. The significance of the risk will vary,
depending on whether the investment is in stocks or bonds. The risk can be considered to
be low for an investment in stocks. If the portfolio is diversified between several countries,
different variations in exchange rates will tend to compensate for one another. However, the
risk is much more significant in the case of bonds because of the links that exist between
interest rates and exchange rates. The decision on whether to hedge the currency risk, the
choice of the degree of hedging and the hedging date can depend on several factors, including:
the investor’s anticipations in terms of exchange rate movements; the cost of the hedge; the
level of risk exposure that the investor accepts; and the balance between the level of risk and
the cost of the hedge.

2.3.5.2 Decomposition of the asset risk

The asset risk is broken down into the risk of the individual asset and the currency risk. In
Section 2.1.3 we established an expression for the return on a foreign asset in the reference
currency. Using that expression, we calculate the return variance expressed in the reference
currency, or

var
(
RRef

i t

) = var
(
RQuot

i t + TCQuot/Ref
i t

) = var
(
RQuot

i t

)+ var
(
TCQuot/Ref

i t

)
+ 2cov

(
RQuot

i t , TCQuot/Ref
i t

)
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or in a more condensed manner:

(
σ Ref

i

)2 = (σ Quot
i

)2 + (σ Quot/Ref
TC

)2 + 2ρi,TCσ
Quot
i σ

Quot/Ref
TC

where

(σ Ref
i )2 denotes the variance of asset i in the reference currency;

(σ Quot
i )2 denotes the variance of asset i in the quotation currency;

(σ Quot/Ref
TC )2 denotes the variance of the series of exchange rates; and

ρi,T C denotes the correlation coefficient between the return on asset i in its quotation
currency and the exchange rate.

2.3.5.3 Hedging against currency risk

The formula given above assumes that the currency risk is not hedged. With the same notation,
the risk of an asset that is hedged against currency risk is as follows:

(
σ Ref

i

)2 = (σ Quot
i

)2 + H 2
(
σ

Quot/Ref
TC

)2 + 2Hρi,TCσ
Quot
i σ

Quot/Ref
TC

where H denotes the currency exposure ratio. If H = 0, then the currency risk is completely
hedged. If H = 1, then the risk is not hedged at all.

In order to show how to extend the calculation to the case of a portfolio, let us consider the
simple case of a portfolio that is made up of a domestic asset and a foreign asset. The variance
of the portfolio is given by the following:

σ 2
P = x2

dσ
2
d + x2

l σ 2
l + H 2x2

l σ 2
TC + 2xd xlσdl + 2H xl(xdσd,TC + xlσl,TC)

where

σ 2
d denotes the variance of the domestic asset returns;

σ 2
l denotes the variance of the foreign asset returns in the quotation currency;

σ 2
TC denotes the variance of the exchange rates;

σdl denotes the covariance of the domestic asset returns with the foreign asset returns,
expressed in the quotation currency;

σl,T C denotes the covariance of the foreign asset returns expressed in the quotation
currency with the exchange rates;

σd,T C denotes the covariance of the domestic asset returns with the exchange rates;
xd denotes the proportion of the portfolio invested in the domestic asset;
xl denotes the proportion of the portfolio invested in the foreign asset, with

xl = 1 − xd ; and
H denotes the proportion of the portfolio exposed to currency risk.

As before, if H = 0, then the currency risk is completely hedged, and if H = 1, then the risk
is not hedged at all.

The variance of the unhedged portfolio will be greater than that of the hedged portfolio if

x2
l σ 2

TC + 2xl(xdσd,TC + xlσl,TC) > 0
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2.3.6 The AIMR standards and risk

There are not yet many AIMR standards concerning risk (cf. AIMR, 1997). However, since
there are many types of risk measures, the AIMR recommends presentation of both a measure
of total risk and a measure of market risk in order to characterise the risk completely. The
total risk is measured by the standard deviation and the market risk is measured by the beta.
These measures must be provided for each composite portfolio and also taking into account
the distribution of portfolio returns within the composite. In the latter case it is possible to
weight the calculation with the values of the portfolios by using the value at the beginning of
the period so as not to favour the best performing portfolios. Only portfolios managed over
the whole period should be included in the calculation. Additionally, the presentation of the
benchmark used provides a relative measure of the risk of the investment strategy.

The AIMR indicates that the Treynor, Sharpe and Jensen indices should be calculated for
composite portfolios. These indicators, which measure risk-adjusted return, will be defined in
Chapter 4.

2.3.7 Generalisation of the notion of risk: Value-at-Risk16

Until now we have presented specific risk indicators for each kind of financial instrument,
such as the variance and beta for stocks, and the duration and convexity for bonds. However,
operators in the financial markets manage portfolios that are diversified over several asset
classes and need to be able to evaluate the global risk of an entire portfolio rapidly. The
concept of Value-at-Risk (VaR) satisfies this need. It enables us to sum up the set of risks
associated with a portfolio that is diversified over several asset classes in a single value. The
principle differs from that of the measures that have been described thus far. While a measure
such as variance characterises the average risk of the portfolio (the average uncertainty in
the distribution of returns), VaR focuses on a value for possible losses; in that sense, it is a
measure of extreme risk.

Historically, the risk measures presented at the beginning of this section were developed
specifically for asset management, while VaR was developed for banking establishments. The
significant losses experienced in recent years by certain financial institutions highlighted the
need for a global measure of risk, which would allow the potential losses of a position to be
evaluated rapidly. The calculation of the VaR provided these establishments with the means of
evaluating the amount of capital to be held to guarantee their commitments. It then turned out
that the VaR concept could be applied to all areas concerned with risk. Here we will limit the pre-
sentation of the VaR to its application to risk analysis and evaluation of a portfolio of securities.

In the area of portfolio analysis, the VaR allows us to use a single value to qualify all
the risks borne by a portfolio which is made up of several financial instruments. The VaR
measures the maximal loss that the portfolio can withstand over a given period and with a fixed
probability in the event of the markets moving unfavourably. The regulatory authorities for
financial establishments impose a confidence level of 99%, which means that there is only one
chance in a hundred that the portfolio will experience a loss that is greater than the calculated
VaR. The regulations also stipulate that a period of 10 days, which corresponds to the average
market reversal period, be chosen. The VaR is therefore a short-term measure. The VaR is then
given by the 1% quantile of the portfolio return probability distribution over 10 days. The VaR

16 Cf. Esch et al. (1997), Boulier et al. (1997), Poncet (1998), Wiener (1997), Rizk and Mahjoub (1996), Marteau (1997), Gaussel
et al. (2000) and Walter and Feghali (2000).
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calculation allows us to evaluate whether the investment establishment can withstand the risk
incurred, and more particularly to check whether the establishment possesses sufficient capital
to cover the risk.

The principle of the VaR concept is therefore simple, but its practical implementation is
more complex. The asset returns are assumed to be subject to common risk factors, which
allow the portfolio return to be decomposed. By modelling the future evolution of the factors, it
is possible to estimate the value of the portfolio at a future date and from there deduce its VaR.
The first step therefore involves identifying the relevant risk factors for each portfolio. The
problem of choosing risk factors will also be discussed for multi-factor models in Chapter 6.

2.3.7.1 VaR calculation methods

There are essentially three methods for calculating a portfolio’s VaR: the analytical method,
the historical method and the Monte Carlo method. The historical method and the Monte Carlo
method calculate the exact values of the financial instruments contained in the portfolio be-
fore and after a market scenario is applied, while the parametric method assumes, to simplify
matters, that the values of the financial instruments evolve in a linear fashion with those of
the risk parameters. As far as the estimation of market scenarios is concerned, the parametric
method and the Monte Carlo method specify the distribution law beforehand, while the his-
torical method is based on observations of variations in risk factors over a given period. In the
following paragraphs we describe the different calculation methods in more detail.

Analytical or parametric method
This is a probabilistic method. The risk factors are modelled by random variables that are
distributed according to a theoretical law, which depends on a limited number of parameters.
The properties of the law allow the distribution quantile, and therefore the VaR of the portfolio,
to be estimated. To simplify the calculations we generally choose a normal distribution, which
is completely characterised by its mean and its variance–covariance matrix. If the portfolio is
made up of instruments with linear behaviour compared with the risk factors, then the portfolio
volatility is obtained directly from the risk factors’ variance–covariance matrix. The VaR is a
linear function of the portfolio volatility. We will discuss the VaR calculation formulas in the
case of a normal distribution below.

The normal distribution is assumed to be stationary, i.e. it will stay the same in the future.
The portfolio return is decomposed in a linear fashion according to the risk factors and the
portfolio’s sensitivity to the factors over the period in question.

Formally, let F be the vector of n risk factors. F follows a standard normal distribution
of dimension n and variance–covariance matrix �. Let λT be the vector of portfolio return
sensitivities to the risk factors and T be the evaluation horizon. The portfolio return is written
as follows:

RPT = λ′
T F

The portfolio return, which is obtained as a linear combination of normal variables, again
follows a normal law. By carrying out a transformation, we can then write

RPT =
√

λ′
T �λT X

where X follows a standardised normal distribution.
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We take Q as the probability that the loss on the portfolio shall not be above the calculated
VaR amount. Q is generally chosen between 95% and 99%. Taking V0 as the initial value of
the portfolio, the VaR for the period T with probability Q is given by

Pr(RPTV0 ≥ VaR) = Q

or

VaR = −
√

λ′
T �λT N−1(Q)V0

where N−1 denotes the inverse of the standardised normal distribution.
This method is the one used by JP Morgan in RiskMetrics.17 JP Morgan provides, free of

charge, the returns, variances and covariances of the risk factors, estimated on the basis of
historical data. The risk factors are in fact basic assets such as market indices for equities and
zero-coupon rates for bonds.

The advantage of this method is that the data required to implement it are easily available.
However, the method is strongly reliant on the assumption of normal returns. In reality, the
historical return distributions of market variables are often quite far removed from a normal
distribution. We observe in particular distributions with fat tails. In addition, this method does
not take into account the non-linearity of certain financial instruments, such as derivative
instruments, which can figure in portfolios.

Historical or non-parametric method
This method is the simplest and the most intuitive. It is based on historical series of risk factors
to deduce an empirical distribution of portfolio returns. The form of the distribution is not
therefore predefined. Here again we use the hypothesis that the distribution is stationary, i.e.
that future behaviour will reproduce past behaviour. The VaR is then obtained by determining
the portfolio return that corresponds to the confidence level chosen.

This method depends greatly on the choice of historical sample. For the estimation to be
statistically significant, the sample period should not be too short. However, it should not be too
long either because the characteristics of the factors evolve over time. In general, the last five
years of historical data are taken. The advantage of this method is that it does not presuppose
any particular form of distribution. Nevertheless, this makes it very sensitive to the quality of
the data. All it needs is a small amount of incoherent data to distort the result. The method can
be implemented quickly. It is also the method that requires the fewest calculations. It allows
us to use as many risk factors as we wish, as long as we have historical data available on the
factors. The method can be used for options whose behaviour is non-linear compared with the
risk factors.

The Monte Carlo method
This method is not based on any particular assumptions about the form of the distribution.
The first step is to identify the significant risk factors. We then construct the distribution of
these factors from historical data, or from economic scenarios, in order to calibrate the model.
Using the distribution, we then carry out a large number of pseudo-random selections, which
allow us to evaluate the portfolio over the fixed time horizon. The set of values obtained for

17 See the following websites: http://www.jpmorgan.com and http://www.riskmetrics.com.
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each selection allows the distribution to be constructed. We extract the value of the portfolio
that corresponds to the confidence level chosen. The VaR is then calculated as the difference
between that value and the current value of the portfolio. The calculation principle is in fact
the same as that of the historical VaR, except that the data used are now obtained through
simulation.

The Monte Carlo simulation method is particularly appropriate for portfolios that contain
non-linear instruments, such as derivatives. However, the method is cumbersome to implement
because it requires a large number of simulations to be carried out to obtain a high level of
accuracy in the result, which leads to numerous calculations.

The three VaR estimation methodologies can be considered to be complementary. How-
ever, the RiskMetrics method remains the most frequently used, because the data required to
implement it are available to the general public.

The VaR is a measure that is used as a complement to the other portfolio risk characteristics.
It characterises the risk over a fixed time horizon and allows the risks of the different portfolio
components to be brought together: the volatility of equities, interest rate risk and option risk.
The result is expressed in monetary units, enabling it to be compared directly with the value
of the portfolio.

2.3.7.2 Choosing the analysis period

All the calculation methods described require historical data. This introduces the problem of
choosing the optimal time period for the historical data. We often assume that the risk factors
are stationary. If this assumption is valid, then the longer the historical period chosen, the
more accurate the VaR calculation will be. However, studies tend to show that the stationary
hypothesis is not always respected. It has been observed in reality that periods of high volatility
in the market follow periods of lower volatility. In this case the result may not reflect current
volatility if the historical period used to calculate the volatility is too long. Furthermore, there
are regulatory constraints that impose minimal historical periods of one year. In order to obtain
a satisfactory result it is thus possible to give higher weights to the most recent data.

The VaR is estimated on a daily basis, and its value over a 10-day horizon is deduced by
applying a multiplication coefficient that is equal to the square root of 10. However, the use of
the coefficient is only valid under the assumption of Gaussian (normal) returns. Whatever the
return distribution, the volatility over 10 days is equal to the volatility for one day multiplied by
the square root of 10.18 But it is only under the hypothesis of Gaussian distribution that there
is a linear relationship between the VaR and the portfolio volatility. It is therefore only in that
case that we can deduce that the VaR over 10 days is obtained by multiplying the VaR over one
day by the square root of 10. However, we often observe that the asset return distribution does
not follow a Gaussian law. In particular, we notice the phenomenon of fat tails, i.e. that the
probability density decreases very slowly to infinity. The historical VaR calculation method
allows these cases to be handled, but it is then no longer possible to deduce the VaR over
10 days from the VaR for one day. The theory of extreme values, which we will return to later,
allows this problem to be resolved. The case of the loss probability density decreasing slowly
to infinity can be modelled by a function to the power of −1/α. The VaR over 10 days is then

18 As long as the null auto-correlation of returns hypothesis is respected.
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obtained by multiplying the VaR over one day by 101/α . It should however be pointed out that
this relationship is only valid for VaRs with high thresholds.

2.3.7.3 The VaR as a portfolio risk analysis tool

We have briefly presented the different methods for calculating the VaR of a portfolio. In fact, the
VaR allows us to go further than a simple valuation of the loss amount when analysing portfolio
risk. The traditional VaR calculation involves, as we have seen, aggregating the portfolio risks
in order to obtain a single number that summarises all the portfolio risks. However, in doing that
we lose information that could be used profitably to manage the portfolio and analyse portfolio
risk. The VaR calculation process allows us to identify the different sources of portfolio risk
and can thus provide more information than the value of the VaR itself. The VaR can in fact
act as a portfolio risk management tool (cf. Aragonés et al., 2001). To do so, it is necessary to
define the composition of a portfolio’s VaR and analyse the impact of a new transaction on the
total VaR of the portfolio. This leads us to define the notion of VaR delta, which allows us to
calculate the incremental VaR.

The goal of the incremental VaR is to define the contribution of each asset to the total
VaR of the portfolio. The tool therefore allows the manager to evaluate whether the envisaged
transaction will increase or decrease the total VaR of the portfolio. The total VaR of the portfolio
is not equal to the sum of the VaRs of the assets that make up the portfolio, because there are
correlations between the assets. The incremental VaR, for its part, is defined in such a way that
the sum of the incremental VaRs is equal to the total VaR of the portfolio. It is obtained from
the VaR’s delta. The VaR’s delta is the vector of the VaR’s sensitivity to each asset. It is made
up of partial derivatives of the portfolio’s VaR with respect to each asset. The incremental VaR
of asset i is then calculated by multiplying the ith component of the portfolio’s VaR delta by
the quantity of asset i held. If we denote the proportion of asset i held in the portfolio as xi ,
then the incremental VaR for asset i in portfolio P, written I V a Ri (P) is given by

I V a Ri (P) = xi
∂V a R(P)

∂xi

When the VaR of a portfolio goes above a fixed limit, we look for transactions that would
reduce the amount of the VaR. If the incremental VaR of an asset is positive, then it contributes
to an increase in the total VaR of the portfolio. On the other hand, if the incremental VaR
of the asset is negative, then introducing it into the portfolio will decrease the total VaR. To
analyse a portfolio when we are seeking to reduce its VaR, we can proceed as follows. We break
down the portfolio into a limited number of sub-portfolios and we calculate the contribution of
each sub-portfolio to the total VaR of the portfolio. To do that we successively consider each
sub-portfolio as an asset and the rest of the portfolio as another asset. Once we have identified
the part of the portfolio that makes the most significant contribution to the VaR, we can carry
out a more detailed asset-by-asset analysis of the sub-portfolio. We can therefore identify the
foreseeable transactions that would reduce the VaR, and therefore the risk, of the portfolio.

The incremental VaR allows us to evaluate the benefits of a transaction under consideration,
without completely recalculating the VaR of the portfolio, which saves time. It is also possible
to choose one of two transactions as being more useful for reducing the portfolio’s VaR. In
Chapter 4 we shall see how the notion of incremental VaR is used to study the risk-adjusted
return of a portfolio.
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2.3.7.4 Additional techniques

The VaR measure gives an estimation of the potential loss of a portfolio in a market context that
is qualified as being normal, i.e. not in a period of financial crisis. It does not therefore truly take
into account the risk of loss that is linked to extreme variations in the factors. For example, the
weaknesses of the VaR were exposed during the Asian and Russian crises. The losses observed
were in reality greater than those that had been forecast by the models. This is partly explained
by the fact that the calculations are more often than not based on the hypothesis of normal
return distribution, which, as we have already mentioned, does not always correspond to the
reality. The normal distribution underestimates the extreme events that are in fact essential for
calculating the VaR. It is therefore necessary to complete the VaR result with what is known as
stress testing, which allows the evolution of the portfolio in extreme conditions to be simulated
through different scenarios. We can also use other distribution laws that generalise the
normal law.

Extreme value theory
The methods used to calculate the VaR do not take into account extreme market conditions. The
historical method, for example, is based on a period that is too short and too recent to integrate
crisis situations in a more distant past. The analytical method and the Monte Carlo method use
normal distributions, which do not allow extreme situations to be modelled. Extreme value
theory (cf. Boulier et al., 1998) can be used to develop stress scenarios that are consistent with
past financial risks or to calculate a VaR that takes extreme values into account.

Extreme value theory is part of the historical analysis context for calculating the VaR. It
allows the distribution of the largest value from a set of random observations to be observed,
independently of the initial distribution. The goal is to study the effects of extreme market
conditions, and/or the non-respect of the model’s underlying assumptions, on the value of the
portfolio, which allows the VaR measure to be completed.

Scenario analysis
An alternative to the historical simulations and the Monte Carlo simulations involves generating
possible scenarios from experience, intuition and historical observations. We determine a
certain number of scenarios that are liable to occur and the total value of the portfolio is
estimated for each of these. The difference between the current value of the portfolio and its
worst possible value is taken as a measure of risk. This method is quite time-consuming to
implement.

Levy distributions
Levy distributions are characterised by two risk parameters, as opposed to a single risk param-
eter for normal distributions. The first parameter is volatility, as for the Gaussian distribution.
The second parameter allows unforeseen movements in the market to be taken into account.
It involves the characteristic exponent of the distribution, which is written as α and which has
a value that varies between 0 and 2. A value that is equal to 2 gives the Gaussian distribution
again. The lower the value of α, the greater the chance that large fluctuations will occur. If the
α value is low, past data are only moderately useful for forecasting future evolution.
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Technical progress has led to methods that require more calculations being used. This leads
to the possibility of improving the results.

2.4 ESTIMATION OF PARAMETERS

The risk and return indicators presented in this chapter allow the result of the management
of a portfolio for which the allocation is known to be evaluated ex post. Before moving on to
portfolio selection models, we give more detailed information on the methods used to estimate
the future values of asset risks and returns. The most commonly used method involves using
a series of historical data. In this chapter we have described all the methods that allow these
to be calculated. The standard practice is to take weekly asset returns for a period of three
to five years. This method is the simplest, but it assumes that the future will reproduce the
past, without modification. However, this is frequently untrue. To improve the results and to
take the evolutions into account, we can make the recent period more important by assigning
weightings to the returns. Returns can be forecast by using time series. We briefly describe the
main models below.

There are also asset return forecasting methods based on the study of financial ratios that
apply to companies. Financial analysis firms are specialised in this area. Here we present a
probabilistic method, called a scenario method, which allows a mean asset return to be forecast,
according to possible evolutions of the economy. To finish, we describe a method that allows
the forecasts produced to be evaluated and a method that allows them to be combined, in line
with their relative usefulness, in order to obtain a more reliable forecast.

2.4.1 Use of time series

A time series is made up of a series of observations on a variable over regular intervals. In
the case that interests us, the variable considered is the return on an asset. The autoregressive
moving average (ARMA) family of models, developed by Box and Jenkins (1970), then allows
the future return to be expressed as the weighted mean of its past values and/or independent
random variables (cf. Grinold and Kahn, 2000).

The simplest model is the AR(q) (autoregressive) model. The parameter in parentheses gives
the order of the model. The return is expressed as the weighted sum of its past values and a
random term, or

R(t) = a0 + a1 R(t − 1) + · · · + aq R(t − q) + e(t)

The (ai )i=1,...,q are then evaluated with the help of a statistical procedure.
The MA(p) (moving average) model expresses the value of the variable at time t as a weighted

sum of p + 1 independent random values:

R(t) = e(t) + c1e(t − 1) + · · · + cp R(t − p) + c0

The ARMA(p,q) model is a combination of the two. In this family of models we can also find
the ARIMA model, which is the ARMA model applied to the order one differences between
the returns. This model is interested in the changes in returns, instead of being interested in the
returns directly.
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2.4.2 Scenario method19

This method is an alternative to the use of historical data in obtaining asset risk and return
forecasts. It is also applied to the valuation of asset classes. In spite of its potential usefulness, it
remains infrequently used. The principle involves defining economic scenarios and attributing
a probability to each. For each of the scenarios, we forecast the asset return. From there, we
define mean return and risk estimations for each asset, along with the covariance between the
asset returns, through the following formulas:

E(Ri ) =
S∑

s=1

ps Ris

var(Ri ) =
S∑

s=1

ps(Ris − E(Ri ))
2

cov(Ri , R j ) =
S∑

s=1

ps(Ris − E(Ri ))(R js − E(R j ))

where

Ris denotes the forecast return on asset i over the estimation period if scenario s occurs;
ps denotes the probability of scenario s occurring; and
S denotes the number of scenarios envisaged.

2.4.3 Forecast evaluation20

Whatever method is chosen to obtain a forecast of asset return, the quality of the estimations
can be evaluated with the help of an information coefficient (IC). This coefficient measures,
ex post, the correlation between the estimated return and the effective return produced. Its
value is between 0 and 1. The higher the value, the more the method used can be qualified as
being stable. It can be useful to combine several forecast sources by assigning a weighting that
depends on the value of the IC to each. This allows the error committed to be reduced. As an
illustration, let us look at what happens with two forecast sources.

We take F1 and F2 as the two forecasts. We denote the forecast error variance as var(F1)
and var(F2) and the correlation between the errors as ρ12. We take k as the weighting assigned
to the first forecast method and (1 − k) as the weighting assigned to the second method. We
denote the combination of the two forecasts as C . We therefore have

C = k F1 + (1 − k)F2

The forecast error is then written as follows:

var(C) = k2 var(F1) + (1 − k)2 var(F2) + 2k(1 − k) cov(F1, F2)

= k2 var(F1) + (1 − k)2 var(F2) + 2k(1 − k)ρ12

√
var(F1) var(F2)

The objective is to choose the best weightings to assign to each of the two methods in order
to maximise the correlation between the forecast of the variable and its actual value, which

19 Cf. Chapter 9 of Farrell (1997) and Broquet and van den Berg (1992).
20 Cf. Chapter 8 of Farrell (1997) and Appendix 2.2 of this chapter.
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is the equivalent of minimising the forecast error. To calculate the value of k that minimises
the error, we calculate the differential coefficient of var(C) with respect to k and we equate the
differential coefficient to zero:

∂var(C)

∂k
= k

(
2var(F1) + 2var(F2) − 4ρ12

√
var(F1)var(F2)

)
− 2 var(F2) + 2ρ12

√
var(F1) var(F2)

hence

kOptimal = var(F2) − ρ12
√

var(F1) var(F2)

var(F1) + var(F2) − 2ρ12
√

var(F1) var(F2)

It does involve a minimum for the var(C) function, because the differential coefficient is
negative for k < kOptimal and positive for k > kOptimal.

If the two forecast methods are completely independent, then

ρ12 = 0

and

kOptimal = var(F2)

var(F1) + var(F2)

If, in addition, the two methods have the same forecasting capability, or

var(F1) = var(F2)

then

kOptimal = 1/2

and

var(C) = var(F1)

2

We have therefore split the error in half by using two independent forecasting sources.
If, on the other hand, the two methods are completely correlated, or

ρ12 = 1

and if we also assume that

var(F1) = var(F2)

then

kOptimal = 1/2

and

var(C) = var(F1)

and in this case the error is identical to that which we would have obtained with a single
forecasting method.
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2.5 CONCLUSION

In this chapter we have presented the fundamentals of portfolio performance measurement. The
first elements presented have limited informational content. The following chapters will allow
us to extend the analysis through modern portfolio theory. We will first explain the principles
of the theory and then develop its application to performance analysis.

APPENDIX 2.1 CALCULATING THE PORTFOLIO RETURN
WITH THE HELP OF ARITHMETIC AND LOGARITHMIC

ASSET RETURNS

We will establish the equivalence between the two expressions that allow the portfolio return
to be calculated, namely

RPt = Vt − Vt−1

Vt−1

and

RPt =
n∑

i=1

xi Rit

To simplify the calculations, we assume that there are no dividends paid during the evaluation
period. The notation is as follows:

Pit is the price of asset i at time t;
nit is the number of units of asset i in the portfolio at time t; this number is assumed to be

constant between the beginning and end of the valuation period;
xit is the weight of asset i held in the portfolio at time t, defined by

xit = nit Pit

Vt

Rit is the return on asset i at time t, defined by

Rit = Pit − Pi,t−1

Pi,t−1

if the calculation is arithmetic and

Rit = ln

(
Pit

Pi,t−1

)

if the calculation is logarithmic; and
Vt is the value of the portfolio at date t, defined by

Vt =
n∑

i=1

nit Pit
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Let us first consider the arithmetic calculation of portfolio return. We have

RPt = Vt − Vt−1

Vt−1
=

n∑
i=1

ni,t−1 Pit −
n∑

i=1
ni,t−1 Pi,t−1

Vt−1
=

n∑
i=1

ni,t−1

Vt−1
(Pit − Pi,t−1)

=
n∑

i=1

ni,t−1 Pi,t−1

Vt−1

Pit − Pi,t−1

Pi,t−1
=

n∑
i=1

xit Rit

which establishes the relationship we are looking for.
Let us now consider the case of the logarithmic calculation. We can establish a relationship

between the arithmetic return and the logarithmic return on an asset:

Rarith
i t = Pit − Pi,t−1

Pi,t−1
= Pit

Pi,t−1
− 1

hence

Rlog
i t = ln

(
Pit

Pi,t−1

)
= ln

(
1 + Rarith

i t

)
We therefore have

n∑
i=1

xit Rlog
i t =

n∑
i=1

xit ln
(
1 + Rarith

i t

) ≈
n∑

i=1

xit Rarith
i t = RPt

The approximation produced is based on a limited first-order development of the logarithmic
function around 0. This approximation is possible because the Rit are assumed to be small over
an elementary time period. If we extend the limited development of the logarithmic function
to order 2, then we obtain:

ln(1 + y) = y − y2

2
+ ε(y2)

Since the second term of the development is negative, the logarithmic returns slightly un-
derestimate the asset returns. The portfolio return obtained from logarithmic asset returns is
therefore slightly lower than that obtained with the help of arithmetic returns.

APPENDIX 2.2 CALCULATING THE CONTINUOUS GEOMETRIC
RATE OF RETURN FOR THE PORTFOLIO

Taking the formula that gives the discrete geometric rate of return for a portfolio, we can
establish its continuous equivalent. This result comes from the Bank Administration Institute’s
(1968) study.

We denote the discrete rates with an upper case R and the continuous rates with a lower
case r. We established the following formula in the section “Time-weighted rate of return
method” above

RTWR =
(

n∏
i=1

(1 + Rti )

)1/T

− 1
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where

Rti = Vti − (Vti−1 + Cti−1 )

Vti−1 + Cti−1

We therefore have

1 + RTWR =
(

n∏
i=1

(1 + Rti )

)1/T

By taking the logarithm of each element, we obtain

ln(1 + RTWR) = 1

T

n∑
i=1

ln(1 + Rti )

and by replacing Rti with its value, we can write

rTWR = 1

T

n∑
i=1

ln

(
Vti

Vti−1 + Cti−1

)

Developing this formula:

rTWR = 1

T
(ln(Vt1 ) − ln(V0) + ln(Vt2 ) − ln(Vt1 + Ct1 ) + · · · + ln(VT ) − ln(Vtn−1 + Ctn−1 ))

By grouping the terms together, we finally obtain:

rTWR = 1

T

[
ln

(
VT

V0

)
+

n−1∑
i=1

ln

(
Vti

Vti + Cti

)]

APPENDIX 2.3 STOCK EXCHANGE INDICES21

On the one hand, stock exchange indices should allow rapid evaluation of the movements on
a stock exchange in its entirety. This is the objective of indices that contain a small number of
securities. Each stock exchange therefore has its representative index. These restricted indices
are sufficient for evaluating the markets because they include the securities with the largest
market capitalisation and therefore represent a high percentage of the total market capitalisation
of the exchange.

On the other hand, the indices serve as references for investors. For that purpose, there are
indices that contain a larger number of securities, along with indices that are specialised in
a type of stock or sector. To these we can add the European indices, created recently, which
represent the European market in its entirety, and the international indices.

The most commonly used calculation method for constructing indices is market capital-
isation weighting, which corresponds to the construction of Markowitz’s optimal portfolio.
Nevertheless, among the best-known indices, the Dow Jones and the Nikkei are exceptions,
because they are simple averages of the prices of the securities that make up the indices.

We describe the principal indices for the various stock exchanges below.

21 For more details on the definitions and methods used for calculating indices, one can refer to Topsacalian (1996, 2000) and
Chapter 4 of Spieser (2000).
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French stock exchange indices

The Société des Bourses Françaises (SBF) publishes several indices that represent the French
stock market. These indices are obtained from an arithmetic mean weighted by market capi-
talisation:

1. The CAC 40 index is the main reference index for the Paris Bourse. It is calculated from a
sample of 40 French stocks on the primary market.22 The stocks are taken from among the
100 leading companies on the exchange in terms of market capitalisation.

2. The SBF 120 index was created in 1991. It is made up of the 120 most active and most liquid
stocks in the market, selected from the 200 leading firms in terms of market capitalisation.
It contains the 40 stocks from the CAC 40. These stocks are quoted on the primary and
secondary markets.

3. The SBF 80 index was created in 1997. It contains the 80 stocks from the SBF 120 that do
not figure in the CAC 40.

4. The SBF 250 index replaced the CAC 240 index. It is made up of 250 French stocks that
are quoted on the primary and secondary markets. It contains the 120 stocks from the SBF
120 index. The stocks are chosen for the degree to which they represent 12 economic sectors
and the regularity of their prices.

5. The MIDCAC index is made up of 100 securities that are representative of the mid-
capitalisation stocks quoted on the Paris Bourse. It contains securities that belong to the
SBF 120 and SBF 250 indices, alongside securities that do not figure in any of the other
indices. The goal of this index is to offer fund managers who are specialised in mid-cap
stocks a reference database for qualifying their performance.

European stock exchange indices

In the United Kingdom, the Financial Times and the London Stock Exchange joined forces to
produce the FTSE indices. There are a whole series of these, containing different numbers of
securities:

� The FTSE 100 (or FOOTSIE) is the best known and most widely used index. It serves as a
market indicator. It is made up of 100 stocks on the London Stock Exchange (LSE).

� The FTSE MID 250 is made up of 250 stocks on the LSE.
� The FTSE Actuaries MID 350 index combines the stocks from the FTSE 100 and the MID

250.
� The FTSE Small Cap index is made up of around 500 small company stocks.
� The FTSE Actuaries All-Share index contains around 600 stocks from the LSE. Its objective

is to represent the whole market.

In Germany the indices quoted on the Frankfurt Stock Exchange are the DAX indices:

� The DAX 30 index is made up of 30 stocks selected from among the largest market capital-
isations and the largest trading volumes.

� The DAX 100 index is made up of 100 continuously traded stocks.
� The MDAX index contains the 70 stocks that are in the DAX 100 and not in the DAX 30.
� The CDAX index is an index that is broadly composed.

22 Until September 2000, the primary market was divided into a monthly settlement market and a spot market. The CAC 40 stocks
were at that time taken from the monthly settlement market only.
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We also find the FAZ index, developed by the Frankfurter Allgemeine Zeitung, and made
up of the 100 largest listed stocks.

Finally, the following are the reference indices for some other European stock exchanges:

� In Amsterdam, the AEX index, made up of 25 stocks.
� In Brussels, the BEL 20 index, made up of 20 stocks.
� In Milan, the MIB 30 index, made up of 30 stocks.
� In Madrid, the IBEX 35 index, made up of 35 stocks.
� In Zurich, the SMI index, made up of 25 stocks.

American stock exchange indices

There are several stock exchanges in the United States and each one is evaluated by an index.
The two dominant marketplaces are New York, with its two exchanges, the NYSE and AMEX,
and Chicago. Another important exchange, the NASDAQ (National Association of Securities
Dealers Automated Quotation), the exchange for high technology stocks, has no geographical
location. All the transactions are carried out electronically. The best-known and most widely
used indices are those produced by the newspapers (which is the case for the Dow Jones) and
the ratings agencies (Standard & Poor’s). The indices are constructed with firms that are quoted
on several markets:

1. The Dow Jones Industrial Average (DJIA) index is the oldest index, created in 1884. It is
published in the Wall Street Journal. It contains 30 industrial stocks and is used to measure
the performance of the NYSE. It provides, however, biased information owing to its reduced
size and its calculation method, since it is a simple average of the asset prices.

2. Another index that is limited in terms of size, the Major Market Index (MMI), was created by
the Chicago Board of Trade (CBOT) to serve as a support for futures following Dow Jones &
Company’s refusal to allow its index to fill that role. It is made up of 20 securities with
17 belonging to the DJIA. This index is also dollar-weighted. Its objective is to reproduce
the movements of the Dow Jones and its correlation with that index is around 97%.

The American agency Standard & Poor’s has developed a whole range of indices. These
indices are obtained from an arithmetic mean weighted by market capitalisation, which ensures
better representation of market movements:

1. The S&P500 (Standard & Poor’s Composite Index of 500 Stocks) is made up of 500 stocks
that are traded on the NYSE with some stocks from the AMEX. This index is a reference
index for the market. It is a medium-sized index.

2. The S&P100 contains 100 stocks from the S&P500 for which options are traded on the
Chicago Board Options Exchange (CBOE) and the Chicago Mercantile Exchange (CME).

3. We could also mention the S&P400 and the S&P Small Caps.

The American market possesses several large-sized indices:

1. The NYSE Composite Index contains all the stocks on the NYSE, or more than
1700 securities grouped into 50 categories.

2. The Wilshire 5000 Equity Index is the largest of all the indices. Its objective is to represent
virtually the entire capitalisation of the market and it contains all the stocks quoted on
the NYSE and the AMEX along with a significant number of securities quoted on the
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NASDAQ. In view of the number of stocks it contains, it is of limited use. Its size leads to
large calculation requirements. For that reason it is only updated once a week.

3. The NASDAQ Composite is NASDAQ’s best-known index. It contains more than
5500 firms, or all the American and foreign stocks quoted on the NASDAQ.

4. The Value Line index is calculated from a geometric mean. It is made up of more than
1700 stocks from the NYSE and the AMEX.

Finally, we will mention an index that was created recently, the Global Titan Index, which
was launched in July 1999 and contains the 50 largest multinationals which are supposed to
dominate the world economy in the twenty-first century.

Japanese stock exchange indices

The index that is used to measure the performance of the Tokyo Stock Exchange is the Nikkei
Stock Average, or Nikkei 225. It contains 225 stocks selected from the Kabutocho. It is a
price-weighted index. Two other indices are calculated from an arithmetic mean weighted by
market capitalisation:

1. The Nikkei 300 index contains 300 securities from the first section of the Tokyo exchange.
It was launched in October 1993.

2. The Topix index contains all the securities from the first section of the Tokyo exchange, or
around 1250 securities.

International indices

There are several international indices issued by the major index-creating firms:

� the Morgan Stanley Capital International (MSCI) index;
� the FT/S&P Actuaries World Index issued by the Financial Times and Standard & Poor’s;

and
� the Dow Jones World Index.

These indices are calculated for every country that has a significant level of stock exchange
activity. The weighting of each exchange in the index is proportional to the market capitalisation
of the exchanges taken individually.

The European indices

The European indices were created recently. They enable the whole of the European market
to be evaluated and complete the indices that evaluate each stock exchange individually. The
indices are divided into two categories: the indices that contain the European Union countries
and the indices that contain the euro zone countries only. There are several major families of
European indices, with each of the major index-creating firms having its own indices.

Dow Jones Stoxx indices

These indices were created in February 1998. They are published by Dow Jones & Company
in partnership with the German, French and Swiss Stock Exchanges. Luxembourg is not part
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of the composition of these indices, which do however contain Norwegian and Swiss stocks.
This family of indices contains broad indices and narrow indices:

1. The Dow Jones Stoxx 50 index contains 50 stocks from 14 European Union countries
(Luxembourg does not figure in the index) along with stocks from Switzerland and Norway.

2. The Dow Jones Euro Stoxx 50 contains 50 stocks from the 12 euro zone countries.
3. The Dow Jones Stoxx index contains 665 stocks that come from the same countries as the

Dow Jones Stoxx 50.
4. The Dow Jones Euro Stoxx index contains 326 stocks from the 12 euro zone countries.

Securities to which foreigners do not have access are excluded from these indices.

FT/S&P Europe indices

These are the result of an association between the Financial Times group and Standard &
Poor’s and are divided into two FT/S&P indices and two S&P indices:

1. The FT/S&P Europe index is made up of the respective indices of the European Union
countries plus Switzerland. It contains 702 stocks divided into seven economic sectors. The
stocks are selected by decreasing order of market capitalisation in each sector. Only quoted
stocks are retained.

2. The FT/S&P Eurobloc index brings together 353 stocks from the euro zone countries,
excluding Luxembourg. Its composition follows the same principle as the FT/S&P Europe
index.

3. The S&P Euroindex contains 158 companies from 10 euro zone countries (Luxembourg is
not included). The securities are selected according to the same principle as for the S&P500.

4. The S&P Euro Plus index contains 200 companies from 14 countries (the euro countries,
except Luxembourg, plus Denmark, Norway, Sweden and Switzerland).

FTSE indices

Two indices have been created by the FTSE Company in partnership with the Amsterdam
Stock Exchange, the FTSE Eurotop 100 and the FTSE Eurotop 300, with the latter further
divided into two categories, giving three indices:

1. The FTSE Eurotop 100 index is not exclusively devoted to the euro zone. It contains
securities from 14 European Union countries (Luxembourg is not included). It is made up
of the 100 most frequently exchanged European stocks on the basis of volumes handled
over the previous three years.

2. The FTSE Eurotop 300 Eurobloc index contains the 130 largest market capitalisations in the
euro zone, classified in decreasing order, without really taking into account their respective
weightings within the European market.

3. The FTSE Eurotop 300 index for Europe contains 313 stocks from 14 countries. Its objective
is to cover 65% of European capitalisation. Like its homologue for the euro zone, this index
mainly takes into account the capitalisation of the stock.

Securities to which foreigners do not have access are excluded from these indices. British
fund managers essentially use the two Eurotop 300 indices.



Basic Performance Analysis Concepts 73

MSCI Europe indices

These indices were developed by Morgan Stanley Capital International and seek to account,
as precisely as possible, for investment opportunities in all European Union and all euro zone
countries respectively. The indices take all categories of stocks and therefore all capitalisation
sizes into account:

1. The MSCI Europe index contains 561 stocks from the 15 European Union countries.
2. The MSCI EMU index contains 323 stocks from 11 euro zone countries.

The disadvantage of these indices is that the selection method could lead to the introduction
of securities that are not very liquid, which constitutes an obstacle for index management.

European bond indices

Up until 1998, the main references in France for evaluating the performance of bond managers
were the CNO (Comité de Normalisation Obligataire) indices, because French bond managers
invested for the most part in the domestic market. From 1 January 1999 the domestic market
is the euro market, which consisted of 11 countries in theory, but 10 in practice, because
Luxembourg is not a recurring issuer. The CNO created two distinct indices for the market
in government bonds in the euro zone. The broad index contains almost 270 securities and
is intended to serve as a benchmark for fund managers. The restricted index is intended for
front offices and is limited to the loans that are most representative of the yield curve in
euros.

Apart from the CNO indices, all the other indices are produced by private investment firms:
Salomon Smith Barney, JP Morgan, Lehman Brothers and Morgan Stanley.

Salomon Smith Barney indices

Salomon Smith Barney have been producing government indices on the American market
for many years. They became interested in the European market when the euro was being
implemented. Salomon Smith Barney calculate two euro indices:

1. The EGBI (Emu Government Bond Index) is a government index that is exclusively con-
cerned with government loans from euro member countries.

2. The EBIGBI (Euro Broad Investment Grade Bond Index) is a non-government index that
includes euro issues from non-sovereign issuers.

JP Morgan indices

JP Morgan only produces one category of bond index, for government securities, in most bond
markets, including a certain number of emerging markets. JP Morgan now disseminates a bond
index for the euro zone, the JPM EMU Bond Index, which, like the CNO and EGBI indices, is
divided into segments according to the maturity of the security. It contains 228 loans and covers
all government securities for nine European countries (Belgium, Finland, France, Germany,
Ireland, Italy, The Netherlands, Portugal and Spain).
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Lehman Brothers indices

Lehman Brothers produces government indices for developed and emerging countries, and
also private sector indices. For Europe, the generic Lehman Brothers Euro-Aggregate Index is
broken down into a multitude of sub-indices according to the nature of the issuer, the maturity
and the sector of activity. This allows investors to break down the performance into the different
market segments, notably government securities. There are approximately 7000 bonds, selected
according to criteria relating to the liquidity and the total amount.

Morgan Stanley indices

Morgan Stanley has decided to produce European government and non-government bond
indices through its subsidiary Morgan Stanley Capital International (MSCI), which already
produces share indices. The bond indices are constructed according to the same logic as the
SSB indices. The name used by MSCI for the indices will be MSCI ECI. Indices should soon
be calculated for each of the countries in the euro zone, together with an aggregate index. All
of the indices will be published in the press.
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Malaise, P., “L’émergence de normes internationales en matière de mesure de performance”, MTF-

L’Agefi, no. 80, April 1996.
Marteau, D., “La Value at Risk est-elle un indicateur pertinent de mesure des risques ?”, Revue Banque,

no. 584, September 1997.
Melnikoff, M., “Investment Performance Analysis for Investors”, Journal of Portfolio Management,

vol. 25, no. 1, fall 1998, pp. 95–107.
Nawrocki, D., “Market Theory and the Use of Downside Risk Measures”, CHI Investment Software

Research Paper Series, 1996.
Nawrocki, D., “A Brief History of Downside Risk Measures”, Journal of Investing, vol. 8, no. 3, fall

1999a, pp. 9–26.
Nawrocki, D., “The Case for the Relevancy of Downside Risk Measures”, Working Paper, 1999b.
Peyrard, J., Les marchés des changes : opérations et couvertures, Vuibert, 1995.
Poncet, P., “Le point sur . . . Value at Risk”, Banque et Marchés, no. 37, November–December 1998.



76 Portfolio Theory and Performance Analysis

Rennie, E.P. and Cowhey, T.J., “The Successful Use of Benchmark Portfolios”, Improving Portfolio
Performance with Quantitative Models, AIMR, 1989.

Rizk, G. and Mahjoub, C., “Value at Risk : mode, garde-fou, ou indicateur efficient ?”, Revue Banque,
no. 572, July–August 1996.

Roll, R., “A Critique of the Asset Pricing Theory’s Tests: On Past and on Potential Testability of the
Theory”, Journal of Financial Economics, no. 4, 1977, pp. 129–176.

Rosenberg, M., “Currency Forecasting: Theory and Practice”, Global Fixed Income Research, Merrill
Lynch, 1996.
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3
The Basic Elements of Modern Portfolio

Theory1

In the previous chapter we presented the characteristic parameters of a portfolio, namely its
return and risk, and described the measures that enable us to evaluate the results of portfolio
management ex post. In the current chapter we discuss rational portfolio choice criteria and in
particular arbitrage between risk and return. Markowitz was the first to quantify the link that
exists between portfolio risk and portfolio return. By so doing, he founded modern portfolio
theory.

The Markowitz model was the starting point for numerous developments in finance. It
contains, in particular, the fundamental elements of the Capital Asset Pricing Model (CAPM),
which was the basis for the first performance analysis models, and which will be the subject
of Chapter 4.

3.1 PRINCIPLES2

An article by Markowitz, published in 1952, is the source of modern portfolio theory. Together
with Sharpe and Miller he was awarded the Nobel Prize for his research in 1990. Markowitz
developed a theory of portfolio choice in an uncertain future. He quantified the difference
between the risk of portfolio assets taken individually and the overall risk of the portfolio.
He demonstrated that the portfolio risk came from the covariances of the assets that made up
the portfolio. The marginal contribution of a security to the portfolio return variance is therefore
measured by the covariance between the security’s return and the portfolio’s return and not
by the variance of the security itself. Markowitz thus established that the risk of a portfolio
is lower than the average of the risks of each asset taken individually and gave quantitative
evidence of the contribution of diversification.

The theory developed by Markowitz is based on maximising the utility of the investor’s
terminal wealth. This utility function is defined according to the expected return and the
standard deviation of the wealth. The theory offers a solution to the problem of portfolio
choice for a risk-averse investor: the optimal portfolios, from the rational investor’s point of
view, are defined as those that have the lowest risk for a given return. These portfolios are said
to be mean–variance efficient.

To simplify matters, the model assumes that there is only one investment period. Before
giving details on the Markowitz model itself, we will initially define the notions of utility
functions and risk aversion.

1 Cf. Briys and Viala (1995) and Charest (1997). For a brief historical overview of the theories developed in the wake of Markowitz,
see the series of articles “The people who changed global investing” which appeared in Global Custodian, fall 1999, “Harry Markowitz”
and “William Sharpe”.

2 Cf. Chapter 4 of Fabozzi (1995) and Chapter 4 of Broquet and van den Berg (1992).
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3.1.1 Utility functions and indifference curves3

To develop utility theory it is first necessary to define the rules of rational behaviour. Von
Neumann and Morgenstern (1947) characterised rational choices in uncertain situations in the
form of axioms. A detailed formulation of these axioms is given in Fama and Miller (1972).
Following these principles, investors know how to compare the different alternatives presented
and establish an order of preference. They then remain consistent with regard to their choices.
To those principles we can add the fact that investors always prefer having more to having
less: the marginal utility of wealth, which is defined as the growth rate of the utility function,
is therefore always positive.

The definition of a utility function involves reducing each situation to a value, so that
investors can make their choice according to that value. The utility function must respect a
certain number of properties, which must conserve the order, i.e. if x is preferred to y, then the
utility of x must be greater than the utility of y. The utility function enables risky alternatives
to be classified.

Generally speaking, the expected utility of an investor’s wealth is written as follows:

E [U (W )] =
∑

i

piU (wi )

where pi denotes the probability of obtaining wealth equal to wi at the end of the period; and
i denotes the summation index for all the possible occurrences.

According to the axioms that characterise the rational behaviour of investors, and the fact
that the latter prefer having more to having less, investors always seek to maximise the expected
utility of their wealth. This expected utility is therefore the investor’s natural objective function.
The principle is thus to calculate the expected utility of the wealth in all possible situations,
and then to choose the one for which the quantity is maximal.

Utility functions are specific for given individuals. They should not be compared with each
other. They enable the investor’s choices to be characterised and the investor’s preferences to be
defined by associating the portfolio’s risk and return values. The set of risk/return combinations
that gives the same level of utility forms an indifference curve. Markowitz’s mean–variance
approach assumes that investors have a quadratic utility function or that the distribution of
portfolio returns is normal, i.e. that the moments with an order that is strictly greater than two
are null. However, quadratic utility functions present the disadvantage of not respecting the
condition of decreasing aversion to risk, as we will show in the following section.

3.1.2 Risk aversion4

Translating the preference axioms into a utility function enables us to define the risk premium
and risk aversion with the help of the derivatives of the utility function. Markowitz defines the
risk premium as being the maximum amount that an individual is prepared to give up to avoid
uncertainty. It is calculated as the difference between the utility of the expected wealth and the
expected utility of the wealth, or

U[E(W )] − E[U (W )]

The sign of the difference allows us to qualify the investor’s behaviour with regard to risk:

3 Cf. Chapter 4 of Copeland and Weston (1988), and Chapter 3 of Briys and Viala (1995).
4 Cf. Chapter 4 of Briys and Viala (1995) and Chapter 10 of Elton and Gruber (1995).
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� if U[E(W )] > E[U (W )], then the utility function is concave and the individual is risk averse;
� if U[E(W )] = E[U (W )], then the utility function is linear and the individual is risk neutral;
� if U[E(W )] < E[U (W )], then the utility function is convex and the individual is risk seeking.

These definitions are given in Markowitz (1959). Within the framework of portfolio choice,
investors are assumed to be risk averse.

The measure of absolute risk aversion (ARA) is given by5

ARA = −U ′′(W )

U ′(W )

This measures the risk aversion for a given level of wealth.
The measure of relative risk aversion (RRA) is given by

RRA = −W
U ′′(W )

U ′(W )

Constant relative risk aversion means that the loss amount tolerated by an individual increases
in proportion to the increase in the individual’s wealth.

Let us now consider the example of a quadratic utility function, or

U (W ) = aW − bW2

and calculate its first two derivatives, or

U ′(W ) = a − 2bW

and

U ′′(W ) = −2b

We deduce that

ARA = 2b

a − 2bW

and

RRA = 2bW

a − 2bW
= 2b

a

W
− 2b

Calculation of the first derivative of ARA compared with the wealth W gives

d(ARA)

dW
= 4b2

(a − 2bW )2
> 0

Absolute risk aversion is therefore an increasing function of W. In the same way

d(RRA)

dW
=

a

W 2
2b( a

W
− 2b

)2 > 0

Therefore, relative risk aversion is also an increasing function of W. This means that an
individual becomes more risk averse as his wealth increases, which is counterintuitive. That

5 This result and the following one are demonstrated in Elton and Gruber (1995).
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is one of the disadvantages of the quadratic utility function. We would wish to have a utility
function that leads to a decreasing absolute risk aversion and a constant relative risk aversion.

Let us now consider the example of a logarithmic utility function, or

U (W ) = ln(W )

Calculation of its first two derivatives leads to

U ′(W ) = 1

W

and

U ′′(W ) = − 1

W 2

and hence

ARA = 1

W

and

RRA = 1

The ARA function is then a decreasing function and the RRA function is constant.
The logarithmic utility function is therefore consistent with the behaviour of a risk-averse
investor.

Markowitz nevertheless chose the quadratic utility function for his model because it enables
an expression that only uses the first two moments of the return distribution to be obtained.
This greatly simplifies the problem posed and enables a mean–variance approach to be used
to determine the optimal portfolio, as we shall explain below.

3.2 THE MARKOWITZ MODEL

Markowitz introduced a new concept that involved considering the portfolio as a whole, whereas
previously investors had been interested in securities on an individual basis. It therefore con-
siderably modified the practice of investment methods. Within the framework of this approach,
the role of financial analysts nevertheless remains essential, since they provide the evaluation
of the data used by the model. The Markowitz theory does not speak of efficient markets, but
of efficient portfolios. An efficient portfolio is defined as a portfolio with minimal risk for a
given return, or, equivalently, as the portfolio with the highest return for a given level of risk.
The complete set of these portfolios forms the efficient frontier, which constitutes the convex
envelope of all the portfolios that can be produced. Each investor uses his own forecasts and
deduces his efficient frontier from these. Two investors who use different forecasts will not
therefore have the same efficient frontier. We shall see in Chapter 4 that we only consider that
all investors make the same forecasts within the framework of the CAPM.

The Markowitz model is based on the following assumptions. Individuals construct their
portfolios in order to maximise the expected utility of their terminal wealth. Their utility func-
tion is an increasing function of their wealth and they are risk averse. They make their choice
based only on the first two moments of the random distribution of their wealth: the expecta-
tion and the variance. Since the final wealth is determined by the return on the investment,
it is therefore equivalent to basing it on the expected portfolio return and the variance of the
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portfolio return. The expected utility of an individual’s terminal wealth is therefore a function
of the mean and the variance of the portfolio return. Portfolios that result from maximising the
investor’s utility are, by definition, efficient portfolios.

The Markowitz approach is described as a mean–variance approach because it only takes
those two parameters, mean return and return variance, into account, i.e. the first two moments
of their distribution, to characterise the investor’s portfolio. This is the same as assuming that
higher order moments are null. This is only respected if the returns are normally distributed or
if the investor’s utility function is quadratic. The mean–variance approach is therefore based
on a restrictive assumption.

The expected return of the portfolio is measured by the mean return. The risk, which corre-
sponds to the uncertainty of obtaining the return, is measured by the variance. This measure
of risk is not the one that best corresponds to the investors’ viewpoint, because the risk of
obtaining a result that is above average is considered in the same way as the risk of obtaining
a result that is below average. Investors have a skewed approach to risk. They are only worried
about the risk of below-average returns. Moreover, Markowitz proposed semi-variance as a
good measure of risk in his article, but finally chose variance for practical implementation
reasons. The variance facilitates simple modelling. It is also a good measure of risk under the
assumption that returns are distributed normally, an assumption that is respected over a short
time horizon. Over a longer time period, it can be useful to consider the risk of loss (shortfall
risk). This notion was defined in Chapter 2.

3.2.1 Formulation of the model

Since a portfolio is a linear combination of assets, its expected return and variance are expressed
as a function of its composition, or

E(RP ) =
n∑

i=1

xi E(Ri )

var(RP ) =
n∑

i=1

n∑
j=1

xi x j cov(Ri ,R j )

where

xi denotes the proportion of asset i held in the portfolio;
E(Ri ) denotes the expected return of asset i; and
cov(Ri ,R j ) denotes the covariance between asset i and asset j.

The variance expression reveals the usefulness of diversification in reducing risk thanks to
the correlation that exists between asset returns.

To achieve optimal diversification, Markowitz developed a mathematical portfolio selection
model. This model enabled him to find the composition of all the portfolios that corresponded
to the efficiency criterion he had defined, for a given set of securities, and thereby to construct
the corresponding efficient frontier. Taking the definition of portfolio return and portfolio risk
into account, the model involves minimising the variance for a given return or maximising the
return for a given variance.

In its simplest version, the model is written as follows:

minimise var(RP )
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under the following conditions:

E(RP ) = E
n∑

i=1

xi = 1

The efficient frontier calculation involves finding the weightings of the assets that make
up each portfolio. When there are no constraints, this problem is solved easily by using
the Lagrange multiplier method. Appendix 3.1 presents the resolution method developed by
Merton (1972).

We can define more elaborate models by adding linear constraints on the proportions of
assets to hold, in particular non-negativity constraints. Elton and Gruber (1995) present the
different cases in detail. In the presence of constraints, the exact methods for solving the
problem use quadratic programming algorithms and the calculations can be time-consuming.
We will come to that point in Section 3.3. We shall then see, in Section 3.4, that there are
simplified resolution methods.

We should mention that all the points on the efficient frontier can be obtained with the help of
two efficient portfolios only. Every portfolio on the efficient frontier can be written in the form
of a linear combination of two distinct portfolios that are situated on the frontier. This result6

is known as Black’s theorem (1972). The theorem has interesting applications in the realm of
mutual funds. Investors who wish to hold an efficient mean–variance portfolio can achieve this
by spreading their investment over two efficient mutual funds. The risk/return combination is
determined by the relative share attributed to each fund. Black’s theorem is described as being
a separation theorem because, following this principle, the selection of the investor’s portfolio
results from two successive stages. The individual securities are initially combined in order to
form two funds that enable the whole of the efficient frontier to be generated, and the investor
then chooses the allocation between the two funds.

3.2.2 Choosing a particular portfolio on the efficient frontier

The choice of a particular point on the efficient frontier is a function of the utility of each
investor and the investor’s aversion to risk. The investor chooses a portfolio that is at the point
of tangent between the efficient frontier and the indifference curve. The portfolio is obtained
by maximising the expectation of a function of his wealth’s utility. We have seen that quadratic
utility functions are often chosen because their expected utility is only expressed as a function
of the portfolio’s mean and variance.

The problem therefore involves maximising

U (RP ) = E(RP ) − 1/2λ var(RP )

where λ denotes the investor’s aversion to risk. The higher is λ, the more the investor is risk
averse. As soon as λ is set, the investor’s optimal portfolio is uniquely characterised.

The aversion to risk is difficult to define and can be characterised by the notion of shortfall
constraints. This approach, which was presented in Farrell (1997), results from the work of
Henriksson and Leibowitz (1989). The notion of “safety first” presented by Elton and Gruber
(1995) is equivalent. It actually involves limiting the risk of bad occurrences. To do that, we

6 For a demonstration of this result, see Chapter 7 of Briys and Viala (1995).
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can define several criteria. The first criterion states that the best portfolio is the one that has
the lowest probability of falling below a target return. The second criterion is to choose the
portfolio that maximises the floor value of the return, with the constraint that the probability of
falling below that floor should be lower than a target value. The third criterion is to choose the
portfolio with the maximal expected return, with the constraint that the probability of falling
below a floor value should be lower than a target value.

3.2.3 Impact of transaction costs when determining the optimal portfolio

The model developed by Markowitz does not take transaction costs into account. These costs
nevertheless have a significant impact on portfolio performance. An active manager who plans
to modify a portfolio periodically, to adhere to the new asset allocation proposed by the
Markowitz model, should only reallocate the portfolio if the benefit procured by the modifi-
cation outweighs the costs generated by the requisite transactions.

Transaction costs are difficult to estimate because they are not fixed. It is not in fact possible
to know their exact value until the security trade has taken place. The costs can be broken down
into three terms:

1. The commission, which is the tax per security paid to execute the transaction. This compo-
nent is the lowest and the easiest to evaluate.

2. The differential between the requested price and the offered price (bid/ask spread), which
is the cost inherent in trading the security. It cannot be known precisely until the transaction
has taken place.

3. The liquidity or market impact cost, which is the additional cost of trading several securities
compared with the cost of trading a single security. This last term is difficult to estimate
because the two situations can never be observed at the same time.

For want of being able to value transaction costs precisely, we can give them a mean value
based on historical observations. A result that is correct on average can be obtained by using
the same value for all securities. A figure of 2% per security is considered to be a reasonable
value.

To optimise the portfolio while taking transaction costs into account, one simply modifies
the utility function in the following way:

U (RP ) = E(RP ) − 1/2λ var(RP ) − T C

where TC denotes the amount of the transaction costs.
Introducing a penalty on the transaction costs into the utility function enables us to avoid

selecting portfolios that would lead to a turnover that would be too high compared with the initial
portfolio. The higher the chosen value of TC, the less the portfolio will evolve. If the TC value
chosen is zero, then the optimal portfolio given by the model is independent of the transactions
carried out to obtain it.

3.2.4 International diversification and currency risk7

International diversification can be useful in reducing risk through diversification because
it enables the universe of securities to be enlarged. By investing in international assets that

7 For a more detailed approach, see Fontaine (1997), Chapter 11 of Farrell (1997) and Chapter 26 of Elton and Gruber (1995).
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have a low correlation with domestic assets, we can improve portfolio performance. However,
the additional risks, such as currency risk or political risk, must be taken into account. As
long as the portfolio is broadly diversified, the risk of an international portfolio is lower than
that of a national portfolio. The efficient frontier of portfolios that invest in international
assets dominates that of portfolios that only invest in domestic assets. In certain cases it is
nevertheless useful to implement hedging against currency risk, the cost of which will be taken
off the portfolio return.

3.3 EFFICIENT FRONTIER CALCULATION ALGORITHM

In Section 3.2, we discussed the Markowitz problem for the simple case where the proportions
of assets held in the portfolios are not subject to any constraints. In practice, constraints
frequently exist. For example, when short selling is not authorised, it is necessary to assume
that all the assets have positive weights. We could also wish to limit the amount invested per
security in order to ensure a certain amount of portfolio diversification. It is therefore essential
to be able to integrate these types of constraint into the resolution methods.

Generally speaking, the constraints are written as follows:

ai ≤ xi ≤ bi , i = 1, . . . , n

The impossibility of short selling corresponds to a specific case where

ai = 0 and bi = 1, i = 1, . . . , n

In his 1952 article, Markowitz proposed an algorithm, called the critical line algorithm,
which allowed the composition of efficient frontier portfolios to be determined when the
proportions of assets are subject to constraints. Sharpe gave a description of this algorithm in
a publication in 1970. This is the earliest exact resolution method with constraints.

3.3.1 The Markowitz–Sharpe critical line algorithm8

We only present the principles of the resolution method here. The interested reader should
consult the Reference list at the end of the chapter.

We first define the investor’s objective function, as a function of the λ parameter, which
measures the investor’s aversion to risk. By varying λ, we obtain the characterisation of the
complete efficient frontier. In the absence of constraints, the resolution is achieved by defining
the Lagrangian associated with the problem and equating all its partial derivatives to zero. We
thus obtain a linear system for which the resolution gives, for each value of λ, the proportions
of the optimal portfolio being sought. If there are constraints on the proportions of assets, then
for each value of λ, the solution will contain xi values that will be equal to their lower limit, xi

values that will be located between their lower limit and their upper limit and xi values that will
have reached their upper limit. These variables will have down, in and up status, respectively.

Instead of equating all the partial derivatives of the Lagrangian to zero, we now assume that
the derivatives are strictly positive compared with the variables with down status, and strictly
negative compared with variables with up status. This is a specific case of the Kühn–Tucker
conditions. Assuming that the status of each variable is known, it is easy to write the system of
linear equations that allows the solution to the problem to be calculated. The problem actually

8 A detailed presentation is given in Chapter 4 of Broquet and van den Berg (1992).
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involves determining the status of each of the variables. The status depends on the value of λ.
For each variable there is a critical value of λ for which the status of the variable changes.
This value is calculated according to the parameters of the problem. We can then sequence
the critical λ obtained for all the variables. The resolution algorithm involves giving an initial
status to the variables in order to calculate a first solution that is valid up to the first critical λ.
We then proceed sequentially by carrying out the necessary modifications each time a variable
changes status. The portfolios that correspond to the critical λ are called “corner” portfolios.
They are sufficient for calculating the whole efficient frontier.

3.3.2 Other algorithms

The main difficulty presented by the resolution of the Markowitz problem is the time required to
calculate and invert the correlation matrix. At the time when Markowitz developed his model,
this posed an even greater problem because the processing power of calculators was limited.

Among the different algorithms proposed for solving the Markowitz problem, we should
mention the Wolfe method (1959). This is an exact resolution method that enables problems
that use linear constraints on the weightings of assets to be handled. The principle involves
reducing the initial quadratic problem to a linear problem, which can then be resolved by the
simplex method, the advantage being to reduce the calculation time.

Research has also been directed at the use of gradient methods to resolve the problem.
The advantage of these methods is that they allow large dimension problems to be resolved
without storing the matrix completely. The reader wishing to obtain more detailed information
on optimisation methods, can refer, for example, to Boots (1964) and Luenberger (1984).

The most interesting methods in terms of saving calculation time are those that are based on a
simplification of the model. Sharpe worked on this subject and developed his empirical market
model. This model allows the number of calculations to be reduced by proposing a simplified
asset correlation structure. Furthermore, quadratic resolution methods are very sensitive to
the quality of data (cf. Michaud, 1989) and do not always enable us to interpret the result
obtained or understand why certain securities have been selected instead of others. A simpler
optimisation method is described in Elton and Gruber (1995). This method is also based on
Sharpe’s market model. Before describing the simplified portfolio selection models, we first
present the market model from which they were developed.

3.4 SIMPLIFIED PORTFOLIO MODELLING METHODS

3.4.1 Sharpe’s single-index model9

The algorithms presented above are evidence of the extensive calculations required to construct
the efficient frontier. Sharpe (1963) studied Markowitz’s research and worked on the possibility
of simplifying the calculations in order to develop the practical use of the model. The time
needed to calculate the complete correlation matrix was an obstacle to the implementation of
the model. Sharpe therefore postulated that the asset returns were made up of a factor that was
common to all assets and a component that was unique for each security. Studies showed that
the best explicative factor was the return of the market as a whole. This model is called the
empirical market model or Sharpe’s single-index model. It has no theoretical basis, unlike the

9 Cf. Chapter 5 of Broquet and van den Berg (1992), Chapter 5 of Fabozzi (1995), Chapter 3 of Farrell (1997) and Chapter 7 of
Elton and Gruber (1995).
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CAPM which will be presented in the next chapter. This model does not contain the notion of
equilibrium and does not make any particular assumption about the market or about investors.
It only proposes a simplified view. This principle was used again in Arbitrage Pricing Theory
(APT) which we will discuss in Chapter 6. The model is also used for testing the CAPM
relationship empirically: it is used to estimate the beta empirically. It therefore allows the
theory to be rendered operational.

3.4.1.1 Formulation of the model

Variations in asset returns have a linear dependency on factors that are common to the whole
market and factors that are unique to each firm. The factors that are common to the whole
market are represented by a market index. The empirical market model is therefore written as
follows:

Rit = αi + βi RMt + εi t

where

Rit denotes the return on asset i;
RMt denotes the return on the market index;
εi t denotes the specific return on asset i; and
αi and βi are the coefficients to be determined.

The coefficients of the line, αi and βi , are obtained by linear regression of the market returns
on the asset returns for the same period. The method used is that of the ordinary least squares.
The beta coefficient is given by

βi = cov(Rit , RMt )

var(RMt )

Following on from the model definition, the residual terms εi t are non-correlated with the
market return. The total risk of an asset is therefore broken down into a term for systematic
risk (or market risk) and a term for non-systematic risk (or diversifiable risk), or

var(Rit ) = β2
i var(RMt ) + var(εi t )

This relationship, when applied to a portfolio containing n securities in the same proportions,
highlights the usefulness of diversification in reducing risk. The risk of this portfolio is written
as follows:

var(RPt ) = β2
P var(RMt ) + 1

n2

n∑
i=1

var(εi t )

The second term of this relationship tends towards 0 for a sufficiently large n. Therefore,
the risk of a broadly diversified portfolio is only made up of the market risk.

For all portfolios, the correlation coefficient between the index and the portfolio, raised to
the square, gives the percentage of the total variance of the portfolio returns that is explained
by the index movements.
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3.4.1.2 Application to the resolution of the Markowitz problem

The use of this model allows the Markowitz problem correlation matrix calculation to be
simplified considerably. We have:

cov(Rit , R jt ) = σi j = βiβ jσ
2
M , if i �= j

since cov(εi , ε j ) = 0, the residual returns are non-correlated, and:

var(Rit ) = σ 2
i = β2

i σ 2
M + var(εi t )

Instead of having to calculate the n(n + 1)/2 terms from the complete matrix, only (2n + 1)
terms remain to be determined, or

βi , i = 1, . . . , n

var(εi t ) = σ 2
εi
, i = 1, . . . , n

var(RMt ) = σ 2
M

The αi , βi and σ 2
εi

terms are estimated through regression. The variance–covariance matrix
is written as follows:


β2
1σ 2

m + σ 2
ε1

. . . β1βnσ
2
m

β2β1σ
2
m . . . .

. . . . .

. . . . .

. . . . βn−1βnσ
2
m

βnβ1σ
2
m . . . β2

nσ 2
m + σ 2

εn




= σ 2
m




β2
1 . . . β1βn

β2β1 . . . .
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. . . . .
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βnβ1 . . . β2
n




+




σ 2
ε1

0 . . . 0
0 σ 2

ε2
. . . 0

. . . . . .
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. . . . . .

0 . . . . σ 2
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If we consider the specific case of a broadly diversified portfolio, the value of its risk is
simply

σ 2
P = β2

Pσ 2
M

or

σP = βPσM =
n∑

i=1

xiβiσM

and its expected return is given by

E(RP ) = αP + βP E(RM ) =
n∑

i=1

xiαi +
n∑

i=1

xiβi E(RM )

since the residual returns have a null mean. We therefore come back to a completely linear
problem.

3.4.2 Multi-index models10

These models are a generalisation of the single-index model. They will be developed in more
detail in Chapter 6 within the framework of factor models. In this chapter we shall only discuss

10 Cf. Chapter 4 of Farrell (1997) and Chapter 8 of Elton and Gruber (1995).
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their application to portfolio modelling. The principle is the same as in the case of a single-
index model, namely to obtain a simplified representation of the assets’ variance–covariance
matrix. The covariances between assets are evaluated with the help of the covariances between
indices. The multi-index models enable us to obtain a more accurate result than the single-
index model, while still keeping the number of calculations to a reasonable level. This is also
an empirical model.

If we assume that the returns are explained with the help of K indices, then the model is
written as follows:

Rit = ai +
K∑

k=1

bik Ikt + εi t

By means of a rotation, it is always possible to come back to the case where indices are
orthogonal, i.e. non-correlated between indices. The variance of an asset i is then written as
follows:

var(Rit ) =
K∑

k=1

b2
ik var(Ikt ) + var(εi t )

and the covariance between two assets is written

cov(Rit , R jt ) =
K∑

k=1

bikb jkvar(Ikt )

The number of terms to calculate to determine the variance–covariance matrix is now kn +
n + k, or n betas for each of the k factors, n residual risks and k index variances. Since the
value of k is always well below the value of n, these models enable the number of calculations
to be reduced.

3.4.3 Simplified methods proposed by Elton and Gruber11

Elton and Gruber proposed techniques for determining optimal portfolios that give a better
understanding of the choice of securities to be included in a portfolio. The calculations are easy
to carry out and lead to similar results to those given by the Markowitz model with the complete
matrix. These techniques also use the single-index model as their basis. The method is based
on an optimal ranking of the assets, established with the help of the simplified correlation
representation model. We determine a threshold in the list. All the securities located above
the threshold will be part of the optimal portfolio. Those that are below the threshold will be
excluded. The problem is to determine the value of the threshold. We subsequently determine
the percentage to be assigned to each security, according to the characteristic parameters of
each security and the value of the threshold.

The ratio used to rank the assets is given by

E(Ri ) − RF

βi

11 Cf. the appendix to Chapter 10 of Farrell (1997) and, for more details, Chapter 9 of Elton and Gruber (1995).
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where

E(Ri ) denotes the expected return of asset i;
RF denotes the risk-free rate; and
βi denotes the beta of asset i defined by Sharpe’s market model.

This is the return above the risk-free rate compared with the non-diversifiable risk. We will
see in Chapter 4 that this quantity is called the Treynor ratio and is used to evaluate portfolio
performance.

The ratio is calculated for all the assets from which the investor is liable to choose. The
results are classified from the highest value to the lowest value. The higher the value of the
ratio, the more desirable it is to hold the security in the portfolio. As a result, if a security
is held in an optimal portfolio, then all the securities for which this ratio is higher are also
held in the portfolio. In the same way, if a security is excluded from the portfolio, then all the
securities with a lower ratio will also be excluded. There is therefore a threshold value above
which we select securities, and below which we exclude them. This value is denoted by C∗.
The procedure is therefore simple to implement, as long as we know the value of C∗. We can
then select the securities to include in the portfolio and calculate the proportions to hold.

C*is calculated through an iterative procedure, by successively introducing the securities
from the list into the portfolio and by calculating the Ci value associated with a portfolio
containing i securities. Ci is expressed as follows:

Ci =
σ 2

M

i∑
j=1

(E(R j ) − RF)β j
var(ε j )

1 + σ 2
M

i∑
j=1

β2
j

var(εj)

with the notation being the same as that used to present the single-index model.
We stop adding securities when the ratio associated with the candidate security is lower than

the value of Ci that was calculated for the portfolio. At the end of this procedure we know
the list of assets that will figure in the optimal portfolio. What remains is to determine the
proportion to attribute to each of them. Denoting by xi the proportion of asset i to hold, we
have:

xi = Zi∑
j∈P

Z j

where

Zi = βi

var(εi )

(
E(Ri ) − RF

βi
− C∗

)
An optimal portfolio can be constructed using this method with the simple help of a spreadsheet.

3.5 CONCLUSION

The Markowitz model certainly represents a considerable conceptual advance in the area of
portfolio theory, even though it is not easy to use it to select assets. The use of simplified
models for asset returns enables the calculation time to be reduced. In addition, studies have
shown that the results obtained with the index models were close to those obtained with the
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traditional Markowitz model. The Markowitz model is actually more commonly used to choose
the allocation between the different asset classes in a portfolio, rather than for stock picking.
The number of asset classes is limited and leads to a reasonable number of calculations. At
this stage, we also wish to underline the extreme difficulty in estimating expected returns from
historical data. The optimal nature of the estimators can be called into question and, as Merton
(1980) and Jorion (1985) have shown, the statistical noise is significant within the framework
of a final sample of data. Although the covariance estimation converges easily, that of the
expected returns is very sensitive to the choice of historical data used. The Markowitz model
also contains the foundations of the CAPM12, the reference model for valuing assets, which
will be presented in Chapter 4, and which contains all the basic elements of performance
measurement theory.

APPENDIX 3.1 RESOLUTION OF THE MARKOWITZ PROBLEM

In this appendix we present a calculation method for determining the composition of portfolios
on the efficient frontier, when there are no constraints on the proportions of assets. This method
is developed in Merton (1972).

We take n risky securities. Let E(Ri ) be the expected return of security i, σ 2
i be the variance

of its returns and σi j be the covariance between the returns of security i and security j. Since
the securities are risky, the variances are all non-null. We additionally assume that no security
can be expressed as a linear combination of the other securities. This ensures that the variance–
covariance matrix associated with the n securities, and written 	, is non-singular, a necessary
assumption to be able to invert it.

The efficient frontier associated with these n securities is defined as the location of the
feasible portfolios with the smallest variance for a given expected return. We denote by xi the
proportion of the portfolio invested in asset i. Let E(RP ) be the expected portfolio return and
σ 2

P its variance. The efficient frontier is the set of portfolios that are a solution to the following
problem of minimisation under constraints:

minimise1/2σ 2
P

under the following conditions:

σ 2
P =

n∑
i=1

n∑
j=1

xi x jσi j

E(RP ) =
n∑

i=1

xi E(Ri )

n∑
i=1

xi = 1

It should be noted that there is no restriction on the xi . The solutions could therefore
contain proportions of negative assets, which corresponds to a situation where short selling is
authorised.

12 An interesting presentation showing how Sharpe’s model leads on from the Markowitz model is given in Miller (1999).
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We define the Lagrangian associated with the problem, or

L =
n∑

i=1

n∑
j=1

xi x jσi j + γ1

(
E(RP ) −

n∑
i=1

xi E(Ri )

)
+ γ2

(
1 −

n∑
i=1

xi

)

where γ1 and γ2 are Lagrange multipliers.
A condition that is respected by the solution to the problem is to cancel the first derivatives

of L compared with each variable. Let

∂L

∂xi
=

n∑
j=1

x jσi j − γ1E(Ri ) − γ2 = 0, i = 1, . . . , n (A.1)

∂L

∂γ1
= E(RP ) −

n∑
i=1

xi E(Ri ) = 0 (A.2)

∂L

∂γ2
= 1 −

n∑
i=1

xi = 0 (A.3)

Since 	 was assumed to be non-singular, the xi that respect these conditions minimise
var(RP ) and are unique. Equation (A.1) defines a linear system of n equations, where the
unknown n are xi , i = 1, . . . , n. If we denote the elements of 	−1, the inverse of matrix 	, as
νi j , then the system solutions are given by

xk = γ1

n∑
j=1

νk j E(R j ) + γ2

n∑
j=1

νk j , k = 1, . . . , n (A.4)

To use (A.2) and (A.3) we multiply, on the one hand, (A.4) by E(Rk) and we sum from
k = 1 to n, or

n∑
k=1

xkE(Rk) = γ1

n∑
k=1

n∑
j=1

νk j E(R j )E(Rk) + γ2

n∑
k=1

n∑
j=1

νk j E(Rk), k = 1, . . . , n (A.5)

and, on the other hand, we sum (A.4) from k = 1 to n, or

n∑
k=1

xk = γ1

n∑
k=1

n∑
j=1

νk j E(R j ) + γ2

n∑
k=1

n∑
j=1

νk j , k = 1, . . . , n (A.6)

In order to pare down the notation, we define the following constants:

A =
n∑

k=1

n∑
j=1

νk j E(R j )

B =
n∑

k=1

n∑
j=1

νk j E(R j )E(Rk)

C =
n∑

k=1

n∑
j=1

νk j
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From (A.2), (A.3), (A.5) and (A.6), we obtain the following linear equation system:

E(RP ) = Bγ1 + Aγ2

1 = Aγ1 + Cγ2

which enables γ1 and γ2 to be calculated:

γ1 = CE(RP ) − A

BC − A2

γ2 = B − AE(RP )

BC − A2

By replacing γ1 and γ2 with their value in (A.4), we finally obtain:

xk =
E(RP )

n∑
j=1

νk j (CE(R j ) − A) +
n∑

j=1
νk j (B − AE(R j ))

BC − A2
, k = 1, . . . , n

which completely characterises the composition of the smallest variance portfolio for a given
level of return.

We can then define the efficient frontier equation, i.e. the relationship between σ 2
P and E(RP ).

To do that, we use (A.1), multiplied by xi and summed from i = 1 to n, which gives

n∑
i=1

n∑
j=1

xi x jσi j = γ1

n∑
i=1

xi E(Ri ) + γ2

n∑
i=1

xi

or, by replacing with the relationships that define the initial problem:

σ 2
P = γ1E(RP ) + γ2

By now replacing γ1 and γ2 with their value, we obtain:

σ 2
P = CE2(RP ) − 2AE(RP ) + B

BC − A2

which is the equation of a parabola.
The extremum of the parabola defines the minimum variance portfolio. It is the point that

cancels the first derivative of σ 2
P compared with E(RP ), or

dσ 2
P

dE(RP )
= 2(CE(RP ) − A)

BC − A2
= 0

hence:

E(RPmin ) = A

C

By replacing in the expression for σ 2
P , we calculate:

σ 2
Pmin

= 1

C
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We can express E(RP ) as a function of σP in order to represent the efficient frontier on the
(σP ,E(RP )) plane. We then obtain a hyperbola characterised by

E(RP ) = A

C
± 1

C

√
(BC − A2)C

(
σ 2

P − 1

C

)

Only the upper part of the hyperbola defines the efficient frontier, which we can also write
with the help of the minimum variance portfolio characteristics, or

E(RP ) = E
(
RPmin

)+ 1

C

√
(BC − A2)C

(
σ 2

P − σ 2
Pmin

)
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4
The Capital Asset Pricing Model and

its Application to Performance
Measurement1

In Chapter 3 we described Markowitz’s portfolio analysis model and presented the empirical
market model. The latter was developed by Sharpe in order to simplify the calculations involved
in the Markowitz model and thereby render it more operational. The next step in financial
modelling was to study the influence of the behaviour of investors, taken as a whole, on asset
prices. What resulted was a theory of asset valuation in an equilibrium situation, drawing
together risk and return.

The model that was developed is called the Capital Asset Pricing Model (CAPM). Several
authors have contributed to this model. Sharpe (1963, 1964) is considered to be the forerunner
and received the Nobel Prize in 1990. Treynor (1961) independently developed a model that
was quite similar to Sharpe’s. Finally, Mossin (1966), Lintner (1965, 1969) and Black (1972)
made contributions a few years later.

This model was the first to introduce the notion of risk into the valuation of assets. It evaluates
the asset return in relation to the market return and the sensitivity of the security to the market.
It is the source of the first risk-adjusted performance measures. Unlike the empirical market
line model, the CAPM is based on a set of axioms and concepts that resulted from financial
theory.

The first part of this chapter describes the successive stages that produced the model, together
with the different versions of the model that were developed subsequently. The following
sections discuss the use of the model in measuring portfolio performance.

4.1 THE CAPM

4.1.1 Context in which the model was developed

4.1.1.1 Investor behaviour when there is a risk-free asset

Markowitz studied the case of an investor who acted in isolation and only possessed risky
assets. This investor constructs the risky assets’ efficient frontier from forecasts on expected
returns, variance and covariance, and then selects the optimal portfolio, which corresponds to
his/her level of risk aversion on the frontier.

We always assume that the Markowitz assumptions are respected. Investors are therefore
risk averse and seek to maximise the expected utility of their wealth at the end of the period.
They choose their portfolios by considering the first two moments of the return distribution
only, i.e. the expected return and the variance. They only consider one investment period and
that period is the same for everyone.

1 Numerous publications describe the CAPM and its application to performance measurement. Notable inclusions are Broquet
and van den Berg (1992), Fabozzi (1995), Elton and Gruber (1995) and Farrell (1997).
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M

A

RF B

E (RP)

(RP)σ

Figure 4.1 Construction of the efficient frontier in presence of a risk-free asset

Let us now consider a case where there is a risk-free asset. An asset is said to be risk-free
when it allows a pre-determined level of income to be obtained with certainty. We shall write
this asset’s rate of return as RF. Its risk is nil by definition. The investor can now spread his
wealth between a portfolio of risky assets, from the efficient frontier, and this risk-free asset.

We take x to be the proportion of wealth invested in the risk-free asset. The remainder,
or (1 − x), is invested in the portfolio of risky assets, denoted as A. The expected return of
the investor’s portfolio P is obtained as a linear combination of the expected returns of its
component parts, or

E(RP ) = x RF + (1 − x)E(RA)

and its risk is simply equal to

σP = (1 − x)σA

since the variance of the risk-free asset is nil and its covariance with the risky portfolio is
also nil.

We can then eliminate x from the two equations and establish the following relationship:

E(RP ) = RF +
(

E(RA) − RF

σA

)
σP (4.1)

This is the equation of a straight line linking point RF and point A. To be more explicit,
let us see what happens graphically (see Figure 4.1). If we consider the representation of the
Markowitz frontier on the plane (σP , E(RP )), the point corresponding to the risk-free asset is
located on the y-axis. We can therefore trace straight lines from RF that link up with the different
points on the efficient frontier.2 The equation of all these lines is equation (4.1). Among this
set of lines there is one that dominates all the others and also dominates the frontier of risky
assets at every point. This is the only line that forms a tangent with the efficient frontier. The
point of tangent is denoted as M.

The RF M line represents all the linear combinations of the efficient portfolio of risky assets
M with a risk-free investment. It characterises the efficient frontier in the case where one of

2 We assume that the return RF is lower than the return on the minimal variance portfolio (located at the summit of the hyperbola).
Otherwise, the principle that a risky investment must procure higher revenue than a risk-free investment would not be respected.
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Figure 4.2 Efficient frontier in presence of a risk-free asset

the assets is risk-free. The introduction of a risk-free asset therefore simplifies the result, since
the efficient frontier is now a straight line. In addition, the risk of the portfolios is reduced for
a given return, since the straight line dominates the efficient frontier of risky assets at every
point. Investors therefore benefit from having such an asset in their portfolio.

The choice of a particular portfolio on the line depends on the investor’s level of risk aversion.
The more risk averse the investor, the greater the proportion of the portfolio that he/she will
invest in the risk-free asset. If the opposite is true, then the investor puts most of the portfolio
into risky assets. Two cases are possible. (1) The investor has a limitless capacity to borrow, i.e.
to invest negatively in the risk-free asset, in order to invest a sum that is greater than his wealth in
risky assets. In this case, the efficient frontier is the line to the right of point M. (2) The borrowing
is limited, in which case the efficient frontier is a straight line up to the point of tangency with
the risky asset frontier and is then the curved portion of the risky asset frontier, since the
segment of the line located above no longer corresponds to feasible portfolios (Figure 4.2).

The previous study assumed that the borrowing interest rate was equal to the lending interest
rate. This assumes that the markets are frictionless, i.e. that the assets are infinitely divisible
and that there are no taxes or transaction costs. This assumption will also be used in developing
equilibrium theory.

It has therefore been established that when there is a risk-free asset, the investor’s optimal
portfolio P is always made up of portfolio M with x proportion of risky assets and proportion
(1 − x) of the risk-free asset. This shows that the investment decision can be divided into two
parts: first, the choice of the optimal risky asset portfolio and secondly the choice of the split
between the risk-free asset and the risky portfolio, depending on the desired level of risk. This
result, which comes from Tobin (1958), is known as the two-fund separation theorem.

This theorem, and Black’s theorem, which was mentioned in Chapter 3, have important
consequences for fund management. Showing that all efficient portfolios can be written in
the form of a combination of a limited number of portfolios or investment funds made up
of available securities greatly simplifies the problem of portfolio selection. The problem of
allocating the investor’s wealth then comes down to the choice of a linear combination of
mutual funds.

The position of the optimal risky asset portfolio M has been defined graphically. We now
establish its composition by reasoning in terms of equilibrium.
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4.1.1.2 Equilibrium theory

Up until now we have only considered the case of an isolated investor. By now assuming that
all investors have the same expectations concerning assets, they all then have the same return,
variance and covariance values and construct the same efficient frontier of risky assets. In the
presence of a risk-free asset, the reasoning employed for one investor is applied to all investors.
The latter therefore all choose to divide their investment between the risk-free asset and the
same risky asset portfolio M.

Now, for the market to be at equilibrium, all the available assets must be held in portfolios.
The risky asset portfolio M, in which all investors choose to have a share, must therefore
contain all the assets traded on the market in proportion to their stock market capitalisation.
This portfolio is therefore the market portfolio. This result comes from Fama (1970).

In the presence of a risky asset, the efficient frontier that is common to all investors is the
straight line of the following equation:

E(RP ) = RF +
(

E(RM ) − RF

σM

)
σP

This line links the risk and return of efficient portfolios linearly. It is known as the capital
market line.

These results, associated with the notion of equilibrium, will now allow us to establish a
relationship for individual securities.

4.1.2 Presentation of the CAPM

We now come to the CAPM itself (cf. Briys and Viala, 1995, and Sharpe, 1964). This model
will help us to define an appropriate measure of risk for individual assets, and also to evaluate
their prices while taking the risk into account. This notion of the “price” of risk is one of the
essential contributions of the model.

The development of the model required a certain number of assumptions. These involve
the Markowitz model assumptions on the one hand and assumptions that are necessary for
market equilibrium on the other. Some of these assumptions may seem unrealistic, but later
versions of the model, which we shall present below, allowed them to be scaled down. All of
the assumptions are included below.

4.1.2.1 CAPM assumptions3

The CAPM assumptions are sometimes described in detail in the literature, and sometimes
not, depending on how the model is presented. Jensen (1972a) formulated the assumptions
with precision. The main assumptions are as follows:

1. Investors are risk averse and seek to maximise the expected utility of their wealth at the end
of the period.

2. When choosing their portfolios, investors only consider the first two moments of return
distribution: the expected return and the variance.

3. Investors only consider one investment period and that period is the same for all investors.

3 These assumptions are described well in Chapter 5 of Fabozzi (1995), in Cobbaut (1997), in Elton and Gruber (1995) and in
Farrell (1997), who clearly distinguishes between the Markowitz assumptions and the additional assumptions.
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4. Investors have a limitless capacity to borrow and lend at the risk-free rate.
5. Information is accessible cost-free and is available simultaneously to all investors. All

investors therefore have the same forecast return, variance and covariance expectations for
all assets.

6. Markets are perfect: there are no taxes and no transaction costs. All assets are traded and
are infinitely divisible.

4.1.2.2 Demonstration of the CAPM

The demonstration chosen is the one given by Sharpe (1964). See also Poncet et al. (1996). It
is the simplest and the most intuitive, since it is based on graphical considerations.4

We take the risk-free asset and the market portfolio. These two points define the capital
market line. When the market is at equilibrium, the prices of assets adjust so that all assets will
be held by investors: supply is then equal to demand. In theory, therefore, the market portfolio
is made up of all traded assets, in proportion to their market capitalisation, even though in
practice we use the return on a stock exchange index as an approximation of the market return.

We now take any risky asset i. Asset i is located below the market line, which represents all
efficient portfolios.

We define a portfolio P with a proportion x invested in asset i and a proportion (1 − x) in
the market portfolio. The expected return of portfolio P is given by

E(RP ) = xE(Ri ) + (1 − x)E(RM )

and its risk is given by

σP = [x2σ 2
i + (1 − x)2σ 2

M + 2x(1 − x)σi M
]1/2

where

σ 2
i denotes the variance of the risky asset i;

σ 2
M denotes the variance of the market portfolio; and

σi M denotes the covariance between asset i and the market portfolio.

By varying x, we construct the curve of all possible portfolios obtained by combining asset
i and portfolio M. This curve goes through the two points i and M (see Figure 4.3).

The leading coefficient of the tangent to this curve at any point is given by

∂E(RP )

∂σP
= ∂E(RP )/∂x

∂σP/∂x

Now

∂E(RP )

∂x
= E(Ri ) − E(RM )

and

∂σP

∂x
= 2xσ 2

i − 2σ 2
M (1 − x) + 2σi M (1 − 2x)

2σP

4 The interested reader could refer to a more comprehensive demonstration in Chapter 9 of Briys and Viala (1995).



100 Portfolio Theory and Performance Analysis

M

RF

E (RP)

σ

i

  (RP)

Figure 4.3 Curve of all portfolios made of the market portfolio and a risky asset

After simplifying, we obtain the following

∂E(RP )

∂σP
= (E(Ri ) − E(RM ))σP

x
(
σ 2

i + σ 2
M − 2σi M

)+ σi M − σ 2
M

The equilibrium market portfolio already contains asset i since it contains all assets. Portfolio
P is therefore made up of an excess of asset i, in proportion x, compared with the market
portfolio. Since this excess must be nil at equilibrium, point M is characterised by x = 0 and
σP = σM .

When the market is at equilibrium, the slope of the tangent to the efficient frontier at point
M is thus given by

∂E(RP )

∂σP
(M) = (E(Ri ) − E(RM ))σM

σi M − σ 2
M

Furthermore, the slope of the market line is given by

b = E(RM ) − RF

σM

where σM denotes the standard deviation of the market portfolio.
At point M the tangent to the curve must be equal to the slope of the market line. Hence, we

deduce the following relationship:

(E(Ri ) − E(RM ))σM

σi M − σ 2
M

= E(RM ) − RF

σM

which can also be written as

E(Ri ) = RF + (E(RM ) − RF)

σ 2
M

σi M

The latter relationship characterises the CAPM. The line that is thereby defined is called the
security market line. At equilibrium, all assets are located on this line.

This relationship means that at equilibrium the rate of return of every asset is equal to the
rate of return of the risk-free asset plus a risk premium. The premium is equal to the price of
the risk multiplied by the quantity of risk, using the CAPM terminology. The price of the risk
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is the difference between the expected rate of return for the market portfolio, and the return on
the risk-free asset. The quantity of risk, which is called the beta, is defined by

βi = σi M

σ 2
M

Beta is therefore equal to the covariance between the return on asset i and the return on the
market portfolio, divided by the variance of the market portfolio. The risk-free asset therefore
has a beta of zero, and the market portfolio has a beta of one. The beta thus defined is the one
that already appeared in Sharpe’s empirical market model.

By using the beta expression, the CAPM relationship is then written as follows:

E(Ri ) = RF + βi (E(RM ) − RF)

The CAPM has allowed us to establish that at equilibrium the returns on assets, less the risk-
free rate, have a linear link to the return on the market portfolio, with the market portfolio
being built according to Markowitz’s principles.

This original version of the CAPM is based on assumptions that the financial markets do not
completely respect. This first formula was followed by several other versions, which enabled
the realities of the market to be taken into account to a greater degree. The different versions
will be discussed in Section 4.1.3 below.

4.1.2.3 The contribution of the CAPM

The CAPM established a theory for valuing individual securities and contributed to a better
understanding of market behaviour and how asset prices were fixed (cf. Chapter 3 of Farrell,
1997). The model highlighted the relationship between the risk and return of an asset and
showed the importance of taking the risk into account. It allowed the correct measure of asset
risk to be determined and provided an operational theory that allowed the return on an asset to
be evaluated relative to the risk. The total risk of a security is broken down into two parts: the
systematic risk, called the beta, which measures the variation of the asset in relation to market
movements, and the unsystematic risk, which is unique for each asset. This breakdown could
already be established with the help of the empirical market model, as we saw in Chapter 3.
The unsystematic risk, which is also called the diversifiable risk, is not rewarded by the market.
In fact, it can be eliminated by constructing diversified portfolios. The correct measure of risk
for an individual asset is therefore the beta, and its reward is called the risk premium. The
asset betas can be aggregated: the beta of a portfolio is obtained as a linear combination of the
betas of the assets that make up the portfolio. According to the CAPM, the diversifiable risk
component of each security is zero at equilibrium, while within the framework of the empirical
market model only the average of the specific asset risks in the portfolio is nil.

The CAPM provides a reference for evaluating the relative attractiveness of securities by
evaluating the price differentials compared with the equilibrium value. We should note that the
individual assets are not on the efficient frontier, but they are all located on the same line at
equilibrium. The CAPM theory also provided a context for developing manager performance
evaluation, as we will show in Sections 4.2 and 4.3, by introducing the essential notion of
risk-adjusted return.

By proposing an asset valuation model with the exclusive help of the market factor, Sharpe
simplified the portfolio selection model considerably. He showed that optimal portfolios are
obtained as a linear combination of the risk-free asset and the market portfolio, which, in
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practice, is approximated by a well-diversified portfolio. Equilibrium theory, which underlies
the model, favoured the development of passive management and index funds, since it shows
that the market portfolio is the optimal portfolio. The model also paved the way for the
development of more elaborate models based on the use of several factors.

4.1.2.4 Market efficiency and market equilibrium

An equilibrium model can only exist in the context of market efficiency. Studying market
efficiency enables the way in which prices of financial assets evolve towards their equilibrium
value to be analysed. Let us first of all define market efficiency and its different forms.

The first definition of market efficiency was given by Fama (1970): markets are efficient if
the prices of assets immediately reflect all available information. Jensen (1978) gave a more
precise definition: in an efficient market, a forecast leads to zero profits, i.e. the expenses
incurred in searching for information and putting the information to use offset the additional
profit procured (cf. Hamon, 1997).

There are several degrees of market efficiency. Efficiency is said to be weak if the information
only includes past prices; efficiency is semi-strong if the information also includes public
information; efficiency is strong if all information, public and private, is included in the present
prices of assets. Markets tend to respect the weak or semi-strong form of efficiency, but the
CAPM’s assumption of perfect markets refers in fact to the strong form.

The demonstration of the CAPM is based on the efficiency of the market portfolio at equi-
librium. This efficiency is a consequence of the assumption that all investors make the same
forecasts concerning the assets. They all construct the same efficient frontier of risky assets
and choose to invest only in the efficient portfolios on this frontier. Since the market is the
aggregation of the individual investors’ portfolios, i.e. a set of efficient portfolios, the market
portfolio is efficient.

In the absence of this assumption of homogeneous investor forecasts, we are no longer
assured of the efficiency of the market portfolio, and consequently of the validity of the
equilibrium model. The theory of market efficiency is therefore closely linked to that of the
CAPM. It is not possible to test the validity of one without the other. This problem constitutes
an important point in Roll’s criticism of the model. We will come back to this in more detail
at the end of the chapter.

The empirical tests of the CAPM involve verifying, from the empirical formulation of the
market model, that the ex-post value of alpha is nil.

4.1.3 Modified versions of the CAPM5

Since the original assumptions of the CAPM are very restrictive, several authors have studied
the consequences for the model of not respecting the assumptions. The studies address one
assumption at a time. Chapter 14 of Elton and Gruber (1995) is very exhaustive on the subject.
Among the versions of the model that were developed in this way, the most interesting from a
practical application viewpoint are Black’s zero-beta model and Brennan’s model, which takes

5 We can refer to Chapter 7 of Copeland and Weston (1988) for a detailed presentation with a demonstration of the Black and
Merton models and to Chapter 8 for the Brennan model. Poncet et al. (1996) give a description without a demonstration of the Black
and Merton models, Chapter 3 of Farrell (1997) presents the Black and Brennan models, and Chapter 14 of Elton and Gruber (1995)
is devoted to the non-standard forms of the CAPM.
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Figure 4.4 Minimum variance zero-beta portfolio (Z)

taxes into account. These two models will be shown in particular detail. This presentation is
useful because it shows how the CAPM is adapted to the realities of the market. The different
versions of the model are then applied in the area of portfolio performance measurement by
allowing extensions to the Jensen measure. This will be developed in Section 4.2.

4.1.3.1 Black’s zero-beta model6

Apart from the original version, this is the model that is most frequently used. This version was
developed because two of the model’s assumptions were called into question: (1) the existence
of a risk-free asset, and therefore the possibility of borrowing or lending at that rate, and (2) the
assumption of a single rate for borrowing and lending. Black (1972) showed that the CAPM
theory was still valid without the existence of a risk-free asset, and developed a version of
the model by replacing it with an asset or portfolio with a beta of zero. Instead of lending or
borrowing at the risk-free rate, it is possible to take short positions on the risky assets.

The structure of the reasoning that enables this model to be produced is very close to that
used to develop the basic model. We have the efficient frontier of risky assets, on which the
market portfolio M is placed. We assume that we know how to determine the set of portfolios
with zero beta, i.e. non-correlated with the market portfolio. These portfolios all have the same
expected return E(RZ ), since they all have the same systematic risk, namely a beta equal to
zero. Among all these portfolios, only one is located on the efficient frontier: this is the portfolio
with the minimum risk (see Figure 4.4).

We therefore have two portfolios on the efficient frontier: the market portfolio and the zero-
beta portfolio, denoted by Z, with minimum variance. The complete efficient frontier can be
obtained by combining these two portfolios. We invest x in portfolio Z and (1 − x) in portfolio
M. The expected return of this portfolio is written as follows:

E(RP ) = xE(RZ ) + (1 − x)E(RM )

6 For this model, we can also refer to Chapter 6 of Fabozzi (1995).
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and its risk is

σ (RP ) = (x2σ 2
Z + (1 − x)2σ 2

M

)1/2

since the correlation between the market portfolio and portfolio Z is nil.
We then look for the slope of the tangent to point M that intersects the y-axis at point E(RZ ).

This slope is given by

∂E(RP )

∂σ (RP )
= ∂E(RP )/∂x

∂σ (RP )/∂x

We therefore calculate the partial derivatives of the expected return and risk of the portfolio,
or:

∂E(RP )

∂x
= E(RZ ) − E(RM )

and:

∂σ (RP )

∂x
= 2xσ 2

Z − 2σ 2
M (1 − x)

2σ (RP )

At point M, x = 0 and σ (RP ) = σM so

∂E(RP )

∂σ (RP )
= E(RM ) − E(RZ )

σM

Furthermore, this line intersects the y-axis at the point E(RZ ). Its equation is therefore finally
written as follows:

E(RP ) = E(RZ ) +
(

E(RM ) − E(RZ )

σM

)
σ (RP )

The equation that is thereby established is identical in form to that of the capital market line
of the basic model. The return on the risk-free asset is simply replaced by that of the zero-beta
portfolio.

It is now possible to show that the return on any risky asset can be written using the return
on the zero-beta portfolio and the return on the market portfolio. To do so, we proceed in the
same way as when establishing the CAPM in the presence of a risk-free asset.

We consider the curve representing all the portfolios made up of a risky asset and the market
portfolio. The slope of the tangent to this curve at point M is given by

(E(Ri ) − E(RM ))σM

σi M − σ 2
M

This slope must be equal to the slope of our new market line, or

E(RM ) − E(RZ )

σM

Hence

(E(Ri ) − E(RM ))σM

σi M − σ 2
M

= E(RM ) − E(RZ )

σM
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which finally gives the following:

E(Ri ) = E(RZ ) + σi M

σ 2
M

(E(RM ) − E(RZ ))

or

E(Ri ) = E(RZ ) + βi (E(RM ) − E(RZ ))

since

βi = σi M

σ 2
M

The formula established is similar to that of the original CAPM, except that the return on the
risk-free asset is replaced with the return on the zero-beta portfolio. The form of the CAPM
is therefore conserved in the absence of a risk-free asset. This model is called the two-factor
model.

Let us now return to the construction of zero-beta portfolios in more detail. A zero-beta
portfolio is a portfolio with variations that are totally independent of market variations. We
observe that most risky assets are positively correlated with each other. The best way to obtain
a zero-beta portfolio is therefore to associate long and short positions on the assets, i.e. to carry
out short selling on assets. The construction of zero-beta portfolios is not therefore possible
unless short selling is authorised without any restrictions.

The CAPM cannot therefore be established without one or other of the following assump-
tions: the existence of a risk-free asset, which we can sell short without any limitations; or the
absence of constraints on short selling of risky assets. It should be noted that generally there
are restrictions on short selling. As a result, although this version of the model widens the
framework for using the CAPM, it does not provide a solution in every case.

4.1.3.2 Model taking taxes into account: Brennan version

The basic CAPM model assumes that there are no taxes. The investor is therefore indifferent
to receiving income as a dividend or a capital gain and all investors hold the same portfolio of
risky assets. However, taxation of dividends and capital gains is generally different, and this
is liable to influence the composition of the investors’ portfolio of risky assets. Taking these
taxes into account can therefore modify the equilibrium prices of the assets.

As a response to this problem, Brennan (1970) developed a version of the CAPM that allows
the impact of taxes on the model to be taken into account. His model is formulated as follows:

E(Ri ) = RF + βi (E(RM ) − RF − T(DM − RF)) + T(Di − RF)

where

T = Td − Tg

1 − Tg

and where

Td denotes the average taxation rate for dividends;
Tg denotes the average taxation rate for capital gains;
DM denotes the dividend yield of the market portfolio; and
Di denotes the dividend yield of asset i.
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By presenting this formula slightly differently, we have.

E(Ri ) − RF − T(Di − RF) = βi (E(RM ) − RF − T(DM − RF))

and we come back to a structure that is very similar to the basic CAPM. The returns on the
asset and on the market are respectively decreased (or increased if T is negative) by a term
proportional to the dividend yield and the taxes. When the tax rate on the dividends is equal to
the tax rate on the capital gains, or T = 0, we do come back to the original model.

Investors can, for example, seek to avoid stocks that pay out large dividends. Such a strategy
enables the return on the portfolio to be increased after deducting taxes, but, by distancing it
from the market portfolio, it reintroduces a residual risk component.

4.1.3.3 Merton’s continuous time version

Merton (1973) developed a continuous time version of the CAPM. His model is called the
Intertemporal Capital Asset Pricing Model (ICAPM). In this model it is assumed that a state
variable, for example the risk-free interest rate, evolves randomly over time. In this case,
Merton shows that investors hold portfolios that result from three funds: the risk-free asset,
the market portfolio and a third portfolio, chosen in such a way that its return is perfectly
negatively correlated with the return on the risk-free asset. The two-fund separation model is
replaced with a three-fund separation model. This third fund allows hedging against the risk
of an unanticipated change in the future value of the risk-free rate (see also Elton and Gruber,
1995, and Copeland and Weston, 1998).

The expected return of an asset i at equilibrium is then written:

E(Ri ) = RF + λi1(E(RM ) − RF) + λi2(E(RNF) − RF)

where

λ1i = βi M − βi,NFβNF,M

1 − ρ2
NF,M

and λ2i = βi,NF − βi MβNF,M

1 − ρ2
NF,M

and where βx,y and ρNF,M are defined as follows:

βx,y = σxy

σ 2
y

and ρNF,M = σNF,M

σNFσM

E(RNF) denotes the expected rate of return of a portfolio that has perfect negative correlation
with the risk-free asset RF. All the rates of return are used in this model are continuous rates.

If the risk-free rate is not stochastic, or if it is not correlated with the market risk, then the
third fund disappears, βi,NF = βNF,M = 0. We then come back to the standard formulation of
the CAPM, except that the rates of return are instantaneous and the distribution of returns is
lognormal instead of being normal.

The Merton model is a multi-period version of the CAPM. Assuming that the risk-free rate
is stochastic leads to establishing a multi-factor (or multi-beta) version of the CAPM. Such a
model can then be generalised to take other sources of extra-market risk into account, with the
principle still being to make up a hedging portfolio for each source of risk and to determine
the sensitivity of the assets to these portfolios. Nevertheless, this general theoretical approach
does not specify the nature of the risk factors, or how to construct the portfolios to hedge the
risks.
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4.1.3.4 Model taking inflation into account

This model is a simple example of a generalisation of the CAPM for several factors. Here we
assume that inflation is uncertain, which constitutes an additional risk factor on top of the basic
model’s market risk factor. The expected return at equilibrium of an asset i is now written as
follows:

E(Ri ) − RF = βi M (E(RM ) − RF) + βi I (E(RI) − RF)

where βiI denotes the sensitivity of security i to the portfolio of securities held to hedge the
inflation risk and (E(RI) − RF) is the price of the inflation risk.

4.1.3.5 Model based on consumption: Breeden’s (1979) CCAPM model

Here again we are dealing with a multi-period model, but one that is removed from the basic
model since the returns on assets are no longer explained through the market return, but with
the help of the consumption growth rate.

For each period t the return on asset i is written as follows:

Rit = αi + βi Ct + eit

where Ct denotes the consumption growth rate.
We also assume that the following conditions are respected:

E(eit ) = 0

E(eit , Ct ) = 0

βi = cov(Rit , Ct )

var(Ct )

We can then establish the following equilibrium condition:

E(Ri ) = E(RZ ) + βiγ1

where
γ1 denotes the market remuneration for the consumption risk, with this risk being measured

by the beta; and E(RZ )denotes the expected return on a zero-beta portfolio.

4.1.4 Conclusion

The presentation of some modified forms of the CAPM has allowed us to observe that the
general structure of the basic model was quite well respected. We should however stress that
these models were established by only modifying one assumption at a time. The advantage of
these models is to be able to suggest improvements to the performance measurement indicators
of the portfolios, while conserving a simple formula. We shall see the relevant applications
in Section 4.2. The multi-factor forms of the model are already quite similar to the APT type
models, to which Chapter 6 will be devoted.
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4.2 APPLYING THE CAPM TO PERFORMANCE
MEASUREMENT: SINGLE-INDEX PERFORMANCE

MEASUREMENT INDICATORS7

When we presented the methods for calculating the return on a portfolio or investment fund
in Chapter 2, we noted that the return value on its own was not a sufficient criterion for
appreciating the performance and that it was necessary to associate a measure of the risk taken.
Risk is an essential part of the investment. It can differ considerably from one portfolio to
another. In addition, it is liable to evolve over time. Modern portfolio theory and the CAPM
have established the link that exists between the risk and return of an investment quantitatively.
More specifically, these theories highlighted the notion of rewarding risk. Therefore, we now
possess the elements necessary for calculating indicators while taking both risk and return into
account.

The first indicators developed came from portfolio theory and the CAPM. They are therefore
more specifically related to equity portfolios. They enable a risk-adjusted performance value
to be calculated. It is thus possible to compare the performance of funds with different levels
of risk, while the return alone only enabled comparisons between funds with the same level of
risk.

This section describes the different indicators and specifies, for each, their area of use. It
again involves elementary measures because the risk is considered globally. We will see later
on that the risk can be broken down into several areas, enabling a more thorough analysis.

4.2.1 The Treynor measure

The Treynor (1965) ratio is defined by

TP = E(RP ) − RF

βP

where

E(RP ) denotes the expected return of the portfolio;
RF denotes the return on the risk-free asset; and
βP denotes the beta of the portfolio.

This indicator measures the relationship between the return on the portfolio, above the risk-
free rate, and its systematic risk. This ratio is drawn directly from the CAPM. By rearranging
the terms, the CAPM relationship for a portfolio is written as follows:

E(RP ) − RF

βP
= E(RM ) − RF

The term on the left is the Treynor ratio for the portfolio, and the term on the right can be
seen as the Treynor ratio for the market portfolio, since the beta of the market portfolio is 1 by
definition. Comparing the Treynor ratio for the portfolio with the Treynor ratio for the market
portfolio enables us to check whether the portfolio risk is sufficiently rewarded.

The Treynor ratio is particularly appropriate for appreciating the performance of a well-
diversified portfolio, since it only takes the systematic risk of the portfolio into account, i.e.

7 On this subject, the interested reader could consult Broquet and van den Berg (1992), Elton and Gruber (1995), Fabozzi (1995),
Grandin (1998), Jacquillat and Solnik (1997), and Gallais-Hamonno and Grandin (1999).
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the share of the risk that is not eliminated by diversification. It is also for that reason that the
Treynor ratio is the most appropriate indicator for evaluating the performance of a portfolio that
only constitutes a part of the investor’s assets. Since the investor has diversified his investments,
the systematic risk of his portfolio is all that matters.

Calculating this indicator requires a reference index to be chosen to estimate the beta of the
portfolio. The results can then depend heavily on that choice, a fact that has been criticised by
Roll. We shall return to this point at the end of the chapter.

4.2.2 The Sharpe measure

Sharpe (1966) defined this ratio as the reward-to-variability ratio, but it was soon called the
Sharpe ratio in articles that mentioned it. It is defined by

SP = E(RP ) − RF

σ (RP )

where

E(RP ) denotes the expected return of the portfolio;
RF denotes the return on the risk-free asset; and
σ (RP ) denotes the standard deviation of the portfolio returns.

This ratio measures the excess return, or risk premium, of a portfolio compared with the
risk-free rate, compared, this time, with the total risk of the portfolio, measured by its standard
deviation. It is drawn from the capital market line. The equation of this line, which was
presented at the beginning of the chapter, can be written as follows:

E(RP ) − RF

σ (RP )
= E(RM ) − RF

σ (RM )

This relationship indicates that, at equilibrium, the Sharpe ratio of the portfolio to be evaluated
and the Sharpe ratio of the market portfolio are equal. The Sharpe ratio actually corresponds
to the slope of the market line. If the portfolio is well diversified, then its Sharpe ratio will be
close to that of the market. By comparing the Sharpe ratio of the managed portfolio and the
Sharpe ratio of the market portfolio, the manager can check whether the expected return on
the portfolio is sufficient to compensate for the additional share of total risk that he is taking.

Since this measure is based on the total risk, it enables the relative performance of portfolios
that are not very diversified to be evaluated, because the unsystematic risk taken by the manager
is included in this measure. This measure is also suitable for evaluating the performance of a
portfolio that represents an individual’s total investment.

The Sharpe ratio is widely used by investment firms for measuring portfolio performance.
The index is drawn from portfolio theory, and not the CAPM like the Treynor and Jensen
indices. It does not refer to a market index and is not therefore subject to Roll’s criticism.

This ratio has also been subject to generalisations since it was initially defined. It thus
offers significant possibilities for evaluating portfolio performance, while remaining simple
to calculate. Sharpe (1994) sums up the variations on this measure. One of the most common
involves replacing the risk-free asset with a benchmark portfolio. The measure is then called
the information ratio. We will describe it in more detail later in the chapter.
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4.2.3 The Jensen measure

Jensen’s alpha (Jensen, 1968) is defined as the differential between the return on the portfolio
in excess of the risk-free rate and the return explained by the market model, or

E(RP ) − RF = αP + βP (E(RM ) − RF)

It is calculated by carrying out the following regression:

RPt − RFt = αP + βP (RMt − RFt ) + εPt

The Jensen measure is based on the CAPM. The term βP (E(RM ) − RF) measures the return
on the portfolio forecast by the model. αP measures the share of additional return that is due
to the manager’s choices.

In order to evaluate the statistical significance of alpha, we calculate the t-statistic of the
regression, which is equal to the estimated value of the alpha divided by its standard deviation.
This value is obtained from the results of the regression. If the alpha values are assumed to be
normally distributed, then a t-statistic greater than 2 indicates that the probability of having
obtained the result through luck, and not through skill, is strictly less than 5%. In this case, the
average value of alpha is significantly different from zero.

Unlike the Sharpe and Treynor measures, the Jensen measure contains the benchmark. As
for the Treynor measure, only the systematic risk is taken into account. This third method,
unlike the first two, does not allow portfolios with different levels of risk to be compared.
The value of alpha is actually proportional to the level of risk taken, measured by the beta.
To compare portfolios with different levels of risk, we can calculate the Black–Treynor ratio8

defined by

αP

βP

The Jensen alpha can be used to rank portfolios within peer groups. Peer groups were
presented in Chapter 2. They group together portfolios that are managed in a similar manner,
and that therefore have comparable levels of risk.

The Jensen measure is subject to the same criticism as the Treynor measure: the result
depends on the choice of reference index. In addition, when managers practise a market timing
strategy, which involves varying the beta according to anticipated movements in the market,
the Jensen alpha often becomes negative, and does not then reflect the real performance of the
manager. In what follows we present methods that allow this problem to be corrected by taking
variations in beta into account.

4.2.4 Relationships between the different indicators and use of the indicators

It is possible to formulate the relationships between the Treynor, Sharpe and Jensen indicators.

4.2.4.1 Treynor and Jensen

If we take the equation defining the Jensen alpha, or

E(RP ) − RF = αP + βP (E(RM ) − RF) (4.2)

8 This ratio is defined in Salvati (1997). See also Treynor and Black (1973).
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and we divide on each side by βP , then we obtain the following:

E(RP ) − RF

βP
= αP

βP
+ (E(RM ) − RF)

We then recognise the Treynor indicator on the left-hand side of the equation. The Jensen indi-
cator and the Treynor indicator are therefore linked by the following exact linear relationship:

TP = αP

βP
+ (E(RM ) − RF)

4.2.4.2 Sharpe and Jensen

It is also possible to establish a relationship between the Sharpe indicator and the Jensen
indicator, but this time using an approximation. To do that we replace beta with its
definition, or

βP = ρPMσPσM

σ 2
M

where ρP M denotes the correlation coefficient between the return on the portfolio and the return
on the market index.

If the portfolio is well diversified, then the correlation coefficient ρP M is very close to 1. By
replacing βP with its approximate expression in equation (4.2) and simplifying, we obtain:

E(RP ) − RF ≈ αP + σP

σM
(E(RM ) − RF)

By dividing each side by σP , we finally obtain:

E(RP ) − RF

σP
≈ αP

σP
+ (E(RM ) − RF)

σM

The portfolio’s Sharpe indicator appears on the left-hand side, so

SP ≈ αP

σP
+ (E(RM ) − RF)

σM

4.2.4.3 Treynor and Sharpe

The formulas for these two indicators are very similar. If we consider the case of a well-
diversified portfolio again, we can still use the following approximation for beta:

βP ≈ σP

σM

The Treynor indicator is then written as follows:

TP ≈ E(RP ) − RF

σP
σM

Hence

SP ≈ TP

σM
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Table 4.1 Characteristics of the Sharpe, Treynor and Jenson indicators

Criticised
Name Risk used Source by Roll Usage

Sharpe Total Portfolio No Ranking portfolios with different levels of risk
(sigma) theory Not very well-diversified portfolios

Portfolios that constitute an individual’s total
personal wealth

Treynor Systematic CAPM Yes Ranking portfolios with different levels of risk
(beta) Well-diversified portfolios

Portfolios that constitute part of an
individual’s personal wealth

Jensen Systematic CAPM Yes Ranking portfolios with the same beta
(beta)

It should be noted that only the relationship between the Treynor indicator and the Jensen
indicator is exact. The other two are approximations that are only valid for a well-diversified
portfolio.

4.2.4.4 Using the different measures

The three indicators allow us to rank portfolios for a given period. The higher the value of the
indicator, the more interesting the investment. The Sharpe ratio and the Treynor ratio are based
on the same principle, but use a different definition of risk. The Sharpe ratio can be used for
all portfolios. The use of the Treynor ratio must be limited to well-diversified portfolios. The
Jensen measure is limited to the relative study of portfolios with the same beta.

In this group of indicators the Sharpe ratio is the one that is most widely used and has the
simplest interpretation: the additional return obtained is compared with a risk indicator taking
into account the additional risk taken to obtain it.

These indicators are more particularly related to equity portfolios. They are calculated by
using the return on the portfolio calculated for the desired period. The return on the market
is approximated by the return on a representative index for the same period. The beta of the
portfolio is calculated as a linear combination of the betas of the assets that make up the
portfolio, with these being calculated in relation to a reference index over the study period.
The value of the indicators depends on the calculation period and performance results obtained
in the past are no guarantee of future performance. Sharpe wrote that the Sharpe ratio gave
a better evaluation of the past and the Treynor ratio was more suitable for anticipating future
performance. Table 4.1 summarises the characteristics of the three indicators.

4.2.5 Extensions to the Jensen measure

Elton and Gruber (1995) present an additional portfolio performance measurement indicator.
The principle used is the same as that of the Jensen measure, namely measuring the differ-
ential between the managed portfolio and a theoretical reference portfolio. However, the risk
considered is now the total risk and the reference portfolio is no longer a portfolio located on
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the security market line, but a portfolio on the capital market line, with the same total risk as
the portfolio to be evaluated.

More specifically, this involves evaluating a manager who has to construct a portfolio with
a total risk of σP . He can obtain this level of risk by splitting the investment between the
market portfolio and the risk-free asset. Let A be the portfolio thereby obtained. This portfolio
is situated on the capital market line. Its return and risk respect the following relationship:

E(RA) = RF +
(

E(RM ) − RF

σM

)
σP

since σA = σP . This portfolio is the reference portfolio.
If the manager thinks that he possesses particular stock picking skills, he can attempt to

construct a portfolio with a higher return for the fixed level of risk. Let P be his portfolio. The
share of performance that results from the manager’s choices is then given by

E(RP ) − E(RA) = E(RP ) − RF −
(

E(RM ) − RF

σM

)
σP

The return differential between portfolio P and portfolio A measures the manager’s stock
picking skills. The result can be negative if the manager does not obtain the expected result.

The idea of measuring managers’ selectivity can be found in the Fama decomposition,
which will be presented in Chapter 7. But Fama compares the performance of the portfolio
with portfolios situated on the security market line, i.e. portfolios that respect the CAPM
relationship.

The Jensen measure has been the object of a certain number of generalisations, which enable
the management strategy used to be included in the evaluation of the manager’s value-added.
Among these extensions are the models that enable a market timing strategy to be evaluated.
These will be developed in Section 4.3, where we will also discuss multi-factor models. The
latter involve using a more precise benchmark, and will be handled in Chapter 6.

Finally, the modified versions of the CAPM, presented at the end of Section 4.1, can be used
instead of the traditional CAPM to calculate the Jensen alpha. The principle remains the same:
the share of the return that is not explained by the model gives the value of the Jensen alpha.

With the Black model, the alpha is characterised by

E(RP ) − E(RZ ) = αP + βP (E(RM ) − E(RZ ))

With the Brennan model, the alpha is characterised by

E(RP ) − RF = αP + βP (E(RM ) − RF − T (DM − RF)) + T (DP − RF)

where DP is equal to the weighted sum of the dividend yields of the assets in the portfolio, or

DP =
n∑

i=1

xi Di

xi denotes the weight of asset i in the portfolio. The other notations are those that were used
earlier.

We can go through all the models cited in this way. For each case, the value of αP is estimated
through regression.
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4.2.6 The tracking-error

The tracking-error is a risk indicator that is used in the analysis of benchmarked funds. Bench-
marked management involves constructing portfolios with the same level of risk as an index,
or a portfolio chosen as a benchmark, while giving the manager the chance to deviate from
the benchmark composition, with the aim of obtaining a higher return. This assumes that
the manager possesses particular stock picking skills. The tracking-error then allows the risk
differentials between the managed portfolio and the benchmark portfolio to be measured. It
is defined by the standard deviation of the difference in return between the portfolio and the
benchmark it is replicating, or

TE = σ (RP − RB)

where RB denotes the return on the benchmark portfolio.
The lower the value, the closer the risk of the portfolio to the risk of the benchmark.

Benchmarked management requires the tracking-error to remain below a certain threshold,
which is fixed in advance. To respect this constraint, the portfolio must be reallocated regularly
as the market evolves. It is necessary however to find the right balance between the frequency
of the reallocations and the transaction costs that they incur, which have a negative impact
on portfolio performance. The additional return obtained, measured by alpha, must also be
sufficient to make up for the additional risk taken on by the portfolio. To check this, we use
another indicator: the information ratio.

4.2.7 The information ratio

The information ratio, which is sometimes called the appraisal ratio, is defined by the residual
return of the portfolio compared with its residual risk. The residual return of a portfolio
corresponds to the share of the return that is not explained by the benchmark. It results from
the choices made by the manager to overweight securities that he hopes will have a return
greater than that of the benchmark. The residual, or diversifiable, risk measures the residual
return variations. Sharpe (1994) presents the information ratio as a generalisation of his ratio,
in which the risk-free asset is replaced by a benchmark portfolio. The information ratio is
defined through the following relationship:

IR = E(RP ) − E(RB)

σ (RP − RB)

We recognise the tracking-error in the denominator. The ratio can also be written as follows:

IR = αP

σ (eP )

where αP denotes the residual portfolio return, as defined by Jensen, and σ (eP ) denotes the
standard deviation of this residual return.

As specified above, this ratio is used in the area of benchmarked management. It allows us
to check that the risk taken by the manager, in deviating from the benchmark, is sufficiently
rewarded. It constitutes a criterion for evaluating the manager. Managers seek to maximise its
value, i.e. to reconcile a high residual return and a low tracking-error. It is important to look
at the value of the information ratio and the value of the tracking-error together. For the same
information ratio value, the lower the tracking-error the higher the chance that the manager’s
performance will persist over time.
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The information ratio is therefore an indicator that allows us to evaluate the manager’s
level of information compared with the public information available, together with his skill
in achieving a performance that is better than that of the average manager. Since this ratio
does not take the systematic portfolio risk into account, it is not appropriate for comparing
the performance of a well-diversified portfolio with that of a portfolio with a low degree of
diversification.

The information ratio also allows us to estimate a suitable number of years for observing
the performance, in order to obtain a certain confidence level for the result. To do so, we note
that there is a link between the t-statistic of the regression, which provides the alpha value, and
the information ratio. The t-statistic is equal to the quotient of alpha and its standard deviation,
and the information ratio is equal to the same quotient, but this time using annualised values.
We therefore have

IR ≈ tstat√
T

where T denotes the length of the period, expressed in years, during which we observed the
returns. The number of years required for the result obtained to be significant, with a given
level of probability, is therefore calculated by the following relationship:

T =
[

tstat

I R

]2

For example, a manager who obtains an average alpha of 2.5% with a tracking-error of 4%
has an information ratio equal to 0.625. If we wish the result to be significant to 95%, then the
value of the t-statistic is 1.96, according to the normal distribution table, and the number of
years it is necessary to observe the portfolio returns is

T =
[

1.96

0.625

]2

= 9.8 years

This shows clearly that the results must persist over a long period to be truly significant. We
should note, however, that the higher the manager’s information ratio, the more the number of
years decreases. The number of years also decreases if we consider a lower level of probability,
by going down, for example, to 80%.

The calculation of the information ratio has been presented by assuming that the residual
return came from the Jensen model. More generally, this return can come from a multi-index
or multi-factor model. We will discuss these models in Chapter 6.

4.2.8 The Sortino ratio

An indicator such as the Sharpe ratio, based on the standard deviation, does not allow us to
know whether the differentials compared with the mean were produced above or below the
mean.

In Chapter 2 we introduced the notion of semi-variance and its more general versions.
This notion can then be used to calculate the risk-adjusted return indicators that are more
specifically appropriate for asymmetrical return distributions. This allows us to evaluate the
portfolios obtained through an optimisation algorithm using the semi-variance instead of the
variance. The best known indicator is the Sortino ratio (cf. Sortino and Price, 1994). It is
defined on the same principle as the Sharpe ratio. However, the risk-free rate is replaced with
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the minimum acceptable return (MAR), i.e. the return below which the investor does not wish
to drop, and the standard deviation of the returns is replaced with the standard deviation of the
returns that are below the MAR, or

Sortino ratio = E(RP ) − M AR√√√√√√
1

T

T∑
t=0

RPt <M AR

(RPt − M AR)2

4.2.9 Recently developed risk-adjusted return measures

Specialised firms that study investment fund performance develop variations on the traditional
measures, essentially on the Sharpe ratio. These measures are used to rank the funds and
attribute management quality labels. We can cite, for example, Morningstar’s rankings.

4.2.9.1 The Morningstar rating system9

The Morningstar measure, which is called a risk-adjusted rating (RAR), is very widely used in
the United States. This ranking system was first developed in 1985 by the firm Morningstar.
In July 2002, Morningstar introduced some modifications to improve its methodology. The
measure differs significantly from more traditional measures such as the Sharpe ratio and its
different forms. The evaluation of funds is based on a system of stars. Sharpe (1998) presents
the method used by Morningstar and describes its properties. He compares it with other types
of measure and describes the limitations of the ranking system.

The principle of the Morningstar measure is to rank different funds that belong to the same
peer group. The RAR for a fund is calculated as the difference between its relative return and
its relative risk, or

RARPi = RRPi − RRiskPi

where R RPi denotes the relative return for fund Pi ; and R RiskPi denotes the relative risk for
fund Pi .

The relative return and the relative risk for the fund are obtained by dividing, respectively,
the return and the risk of the fund by a quantity, called the base, which is common to all the
funds in the peer group, or

RRPi = RPi

BRg

and

RRiskPi = RiskPi

BRiskg

where g denotes the peer group containing the fund Pi ;

9 Cf. Melnikoff (1998) and see Sharpe’s web site (http://www.stanford.edu/∼wfsharpe/home.htm) for a series of articles describing
the calculation methods.
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RPi denotes the return on fund Pi , in excess of the risk-free rate;
RiskPi denotes the risk of fund Pi ;
B Rg denotes the base used to calculate the relative returns of all the funds in the group;
B Riskg denotes the base used to calculate the relative risks of all the funds in the group.

In the first version of the methodology, the risk of a fund was measured by calculating the
average of the negative values of the fund’s monthly returns in excess of the short-term risk-free
rate and by taking the opposite sign to obtain a positive quantity:

RiskPi = − 1

T

T∑
t=1

min
(
RPi t , 0

)
where T denotes the number of months in the period being studied; and RPi t denotes the
monthly return of fund Pi , in excess of the risk-free rate.

Risk calculation has been modified in the new version of the star rating. Risk is measured
by monthly variations in fund returns and now takes not only downside risk but also upside
volatility into account, but with more emphasis on downward volatility. Funds with highly
volatile returns are penalised, whether the volatility is upside or downside. The advantages
of this improvement can be understood by looking at Internet funds. These funds were not
considered risky in 1999, as they only exhibited upside volatility. But their extreme gains
indicated a serious potential for extreme losses, as has been demonstrated since. The new risk
measure would have attributed a higher level of risk to those funds than the previous measure
did. As a result, the possibility of strong short-term performance masking the inherent risk of a
fund has now been reduced and it is more difficult for high-risk funds to earn high star ratings.

The base that is used to calculate the relative return of the funds is obtained by calculating
the average return of the funds in the group. If the value obtained is greater than the risk-free
rate for the period, then we use the result obtained, otherwise we use the value of the risk-free
rate. We therefore have

BRg = max

(
1

n

n∑
i=1

RPi , RF

)

where n denotes the number of funds contained in the peer group; and RF denotes the risk-free
rate.

The base used to calculate the relative risk is obtained by calculating the average of the risks
of the funds in the peer group, or

BRiskg = 1

n

n∑
i=1

RiskPi

In 1985, Morningstar defined four peer groups to establish its rankings: domestic stock
funds, international stock funds, taxable bond funds and tax-exempt municipal bond funds.
However, these four categories appear to be too few to make truly adequate comparisons. The
improved star rating methodology10 now uses 48 specific equity and debt peer groups. For
example, equity funds are classified according to their capitalisation (large-cap, mid-cap and
small-cap) and whether they are growth, value or blend. International stock funds are now
subdivided into different parts of the world. By only comparing funds with funds from the

10 For more details, see Morningstar’s web site www.morningstar.com, from which it is possible to visit the specific web sites for
each country.
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same well-defined category, those that are providing superior risk-adjusted performance will
be more accurately identified. For example, during periods favourable to large-cap stocks,
large-cap funds received a high percentage of five-star rankings when evaluated in the broad
domestic equity group. With the new system, only the best funds will receive five stars, as
large-cap funds will only be compared with large-cap funds.

The ranking is then produced as follows. Each fund is attached to a single peer group. The
funds in a peer group are ranked in descending order of their RAR. A number of stars is then
attributed to each fund according to its position in the distribution of RAR values. The funds
in the top 10% of the distribution obtain five stars; those in the following 22.5% obtain four
stars; those in the following 35% obtain three stars; those in the next 22.5% obtain two stars;
and, finally, those in the bottom 10% obtain one star.

The Morningstar measure is based on an investment period of one month, although funds
are in fact held for longer periods, and a decrease in one month can be compensated for by an
increase in the following month. This measure is not therefore very appropriate for measuring
the risk of funds that are held over a long period.

4.2.9.2 Actuarial approach

In this approach (see Melnikoff, 1998) the investor’s aversion to risk is characterised by a
constant, W , which measures his gain–shortfall equilibrium, i.e. the relationship between the
expected gain desired by the investor to make up for a fixed shortfall risk. The average annual
risk-adjusted return is then given by

RAR = R − (W − 1)S

where

S denotes the average annual shortfall rate;
W denotes the weight of the gain–shortfall aversion; and
R denotes the average annual rate of return obtained by taking all the observed returns.

For an average individual, W is equal to two, which means that the individual will agree to
invest if the expected amount of his gain is double the shortfall. In this case, we have simply

RAR = R − S

4.2.9.3 Analysis based on the VaR

The VaR was defined in Chapter 2 and the different methods for calculating it were briefly
presented. As a reminder, the VaR measures the risk of a portfolio as the maximum amount
of loss that the portfolio can sustain for a given level of confidence. We may then wish to use
this definition of risk to calculate a risk-adjusted return indicator to evaluate the performance
of a portfolio. In order to define a logical indicator, we divide the VaR by the initial value of
the portfolio and thus obtain a percentage loss compared with the total value of the portfolio.
We then calculate a Sharpe-like type of indicator in which the standard deviation is replaced
with a risk indicator based on the VaR, or

RP − RF

V a R P

V 0
P
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where

RP denotes the return on the portfolio;
RF denotes the return on the risk-free asset;
VaRP denotes the VaR of the portfolio;
V 0

P denotes the initial value of the portfolio.

This type of ratio can only be compared for different portfolios if the portfolios’ VaR has been
evaluated for the same confidence threshold.

Furthermore, Dowd (1999) proposes an approach based on the VaR to evaluate an invest-
ment decision. We consider the case of an investor who holds a portfolio that he is thinking
of modifying, by introducing, for example, a new asset. He will study the risk and return
possibilities linked to a modification of the portfolio and choose the situation for which the
risk-return balance seems to be sufficiently favourable. To do that, he could decide to define the
risk in terms of the increase in the portfolio’s VaR. He will change the portfolio if the resulting
incremental VaR (IVaR) is sufficiently low compared with the return that he can expect. This
can be formalised as a decision rule based on Sharpe’s decision rule.

Sharpe’s rule states that the most interesting asset in a set of assets is the one that has
the highest Sharpe ratio. By calculating the existing Sharpe ratio and the Sharpe ratio for
the modified portfolio and comparing the results, we can then judge whether the planned
modification of the portfolio is desirable.

By using the definition of the Sharpe ratio, we find that it is useful to modify the portfolio if
the returns and standard deviations of the portfolio before and after the modification are linked
by the following relationship:

Rnew
P

σRnew
P

≥ Rold
P

σRold
P

where Rold
P and Rnew

P denote, respectively, the return on the portfolio before and after the
modification; and σRold

P
and σRnew

P
denote, respectively, the standard deviation of the portfolio

before and after the modification.
We assume that part of the new portfolio is made up of the existing portfolio, in proportion

(1 − a), and the other part is made up of asset A in proportion a.
The return on this portfolio is written as follows:

Rnew
P = a RA + (1 − a)Rold

P

where RA denotes the return on asset A.
By replacing Rnew

P with its expression in the inequality between the Sharpe ratios, we obtain:

a RA + (1 − a)Rold
P

σRnew
P

≥ Rold
P

σRold
P

which finally gives

RA ≥ Rold
P + Rold

P

a

(
σRnew

P

σRold
P

− 1

)

This relationship indicates the inequality that the return on asset A must respect for it to be
advantageous to introduce it into the portfolio. The relationship depends on proportion a. It
shows that the return on asset A must be at least equal to the return on the portfolio before the
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modification, to which is added a factor that depends on the risk associated with the acquisition
of asset A. The higher the risk, the higher the adjustment factor and the higher the return on
asset A will have to be.

Under certain assumptions, this relationship can be expressed through the VaR instead of
the standard deviation. If the portfolio returns are normally distributed, then the VaR of the
portfolio is proportional to its standard deviation, or

VaR = −ασRP W

where

α denotes the confidence parameter for which the VaR is estimated;
W is a parameter that represents the size of the portfolio; and
σRP is the standard deviation of the portfolio returns.

By using this expression of the VaR, we can calculate

VaRnew

VaRold = W newσRnew
P

W oldσRold
P

which enables us to obtain the following relationship:

σRnew
P

σRold
P

= VaRnew

VaRold

W old

W new

We assume that the size of the portfolio is conserved. We therefore have W old = W new.
We therefore obtain simply, after substituting into the return on A relationship:

RA ≥ Rold
P + Rold

P

a

(
VaRnew

VaRold − 1

)

The incremental VaR between the new portfolio and the old portfolio, denoted by IVaR, is
equal to the difference between the old and new value, or IVaR = VaRnew − VaRold.

By replacing in the inequality according to the IVaR, we obtain:

RA ≥ Rold
P + Rold

P

a

(
IVaR

VaRold

)
= Rold

P

(
1 + 1

a

IVaR

VaRold

)

By defining the function ηA as

ηA(VaR) = 1

a

IVaR

VaRold

we can write

RA ≥ (1 + ηA(VaR))Rold
P

where ηA(VaR) denotes the percentage increase in the VaR occasioned by the acquisition of
asset A, divided by the proportion invested in asset A.

4.2.9.4 Measure taking the management style into account

The risk-adjusted performance measures enable a fund to be evaluated in comparison with
the market portfolio, but do not take the manager’s investment style into account. The style,
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however, may be imposed by the management mandate constraints rather than chosen by the
manager. In this case it is more useful to compare management results with a benchmark that
accurately represents the manager’s style, rather than comparing them with a broad benchmark
representing the market (cf. Lobosco, 1999). The idea of using tailored benchmarks that are
adapted to the manager’s investment style comes from the work of Sharpe (1992). We have
already mentioned these benchmarks in the section devoted to benchmarks in Chapter 2, and
we will come back to them in Chapter 6 with multi-factor models.

Lobosco (1999) proposes a measure called SRAP (Style/Risk-Adjusted Performance). This
is a risk-adjusted performance measure that includes the management style as defined by
Sharpe. It was inspired by the work of Modigliani and Modigliani (1997), who defined an
equation that enabled the annualised risk-adjusted performance (RAP) of a fund to be measured
in relation to the market benchmark, or

RAPP = σM

σP
(RP − RF) + RF

where

σM denotes the annualised standard deviation of the market returns;
σP denotes the annualised standard deviation of the returns of fund P;
RP denotes the annualised return of fund P; and
RF denotes the risk-free rate.

This relationship is drawn directly from the capital market line. If we were at equilibrium,
we would have R APP = RM , where RM denotes the annualised average market return.

The relationship therefore allows us to look at the performance of the fund in relation to that
of the market. The most interesting funds are those with the highest RAP value. To obtain a
relative measure, one just calculates the difference between the RAP for the fund and the RAP
for the benchmark, with the benchmark’s RAP measure being simply equal to its return.

The first step in measuring the performance of a fund, when taking the investment style into
account, is to identify the combination of indices that best represents the manager’s style. We
then calculate the differential between the fund’s RAP measure and the RAP measure of its
Sharpe benchmark.

Lobosco gives the example of a fund with an annualised performance of −1.72% and a
standard deviation of 17.48%. The market portfolio is represented by the Russell 3000 index,
the performance of which for the same period is 16.54% with a standard deviation of 11.52%.
The risk-free rate is 5.21%.

The risk-adjusted performance of this fund is therefore

RAP(Fund) = 11.52

17.48
(−1.72 − 5.21) + 5.21 = 0.64%

Its performance in relation to the market portfolio is

RelativeRAP = RAP(Fund ) − RAP(Market) = 0.64 − 16.54 = −15.90%

If we now observe that the style of this fund corresponds to a benchmark, 61% of which
is made up of the Russell 2000 index of growth stocks and 39% of the Russell 2000 index of
growth stocks, the performance of this benchmark is now 2.73% with a standard deviation of
13.44%.
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The risk-adjusted performance of this benchmark is given by

RAP(SharpeBenchmark) = 11.52

13.44
(2.73 − 5.21) + 5.21 = 3.08%

and the relative performance of the portfolio compared to this benchmark is given by

RelativeRAP = RAP(Fund ) − RAP(SharpeBenchmark) = 0.64 − 3.08 = −2.44%

The relative performance of the fund is again negative, but the differential is much lower than
compared with the whole market. The management style-adjusted performance measure is
therefore a useful additional measure.

4.2.9.5 Risk-adjusted performance measure in the area of multimanagement

Muralidhar (2001) has developed a new risk-adjusted performance measure that allows us
to compare the performance of different managers within a group of funds with the same
objectives (a peer group). This measure can be grouped with the existing information ratio, the
Sharpe ratio and the Modigliani and Modigliani measure, but it does contribute new elements.
It includes not only the standard deviations of each portfolio, but also the correlation of
each portfolio with the benchmark and the correlations between the portfolios themselves.
The method proposed by Muralidhar allows us to construct portfolios that are split optimally
between a risk-free asset, a benchmark and several managers, while taking the investors’
objectives into account, both in terms of risk and, above all, the relative risk compared with
the benchmark.

The principle involves reducing the portfolios to those with the same risk in order to be able
to compare their performance. This is the same idea as in Modigliani and Modigliani (1997)
who compared the performance of a portfolio and its benchmark by defining transformations
in such a way that the transformed portfolio and benchmark had the same standard deviation.

To create a correlation-adjusted performance measure, Muralidhar considers an investor
who splits his portfolio between a risk-free asset, a benchmark and an investment fund. We
assume that this investor accepts a certain level of annualised tracking-error compared with his
benchmark, which we call the objective tracking-error. The investor wishes to obtain the highest
risk-adjusted value of alpha for a given portfolio tracking-error and variance. We define as
a, b and (1 − a − b) the proportions invested respectively in the investment fund, the benchmark
B and the risk-free asset F. The portfolio thereby obtained is said to be correlation-adjusted. It
is denoted by the initials CAP (for correlation-adjusted portfolio). The return on this portfolio
is given by

R(CAP) = a R(manager ) + bR(B) + (1 − a − b)R(F)

The proportions to be held must be chosen in an appropriate manner so that the portfolio
obtained has a tracking-error equal to the objective tracking-error and its standard deviation is
equal to the standard deviation of the benchmark.

The search for the best return, in view of the constraints, leads to the calculation of optimal
proportions that depend on the standard deviations and correlations of the different elements
in the portfolio. The problem is considered here with a single fund, but it can be generalised
to the case of several funds, to handle the case of portfolios split between several managers,
and to find the optimal allocation between the different managers. The formulas that give the
optimal weightings in the case of several managers have the same structure as those obtained
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in the case of a single manager, but they use the weightings attributed to each manager together
with the correlations between the managers.

Once the optimal proportions have been calculated, the return on the CAP has been deter-
mined entirely. By carrying out the calculation for each fund being studied, we can rank the
different funds.

The Muralidhar measure is certainly useful compared with the risk-adjusted performance
measure that had been developed previously. We observe that the Sharpe ratio, the information
ratio and the Modigliani and Modigliani measure turn out to be insufficient to allow investors
to rank different funds and to construct their optimal portfolio. These risk-adjusted measures
only include the standard deviations of the portfolios and the benchmark, even though it is also
necessary to include the correlations between the portfolios and between the portfolios and
the benchmark. The Muralidhar model therefore provides a more appropriate risk-adjusted
performance measure because it takes into account both the differences in standard deviation
and the differences in correlations between the portfolios. We see that it produces a ranking
of funds that is different from that obtained with the other measures. In addition, neither
the information ratio nor the Sharpe ratio indicates how to construct portfolios in order to
produce the objective tracking-error, while the Muralidhar measure provides the composition
of the portfolios that satisfy the investors’ objectives.

The composition of the portfolio obtained through the Muralidhar method enables us to solve
the problem of an institutional investor’s optimal allocation between active and passive man-
agement, with the possible use of a leverage effect to improve the risk-adjusted performance.

All the measures described in this section enable different investment funds to be ranked
based on past performance. The calculations can be carried out over several successive periods
on the basis that the more stable the ranking, the easier it will be to anticipate consistent results
in the future.

4.3 EVALUATING THE MANAGEMENT STRATEGY WITH
THE HELP OF MODELS DERIVED FROM THE CAPM:

TIMING ANALYSIS

The first performance measurement indicators, which were drawn from portfolio theory and the
CAPM (Sharpe, Treynor and Jensen), assume that portfolio risk is stationary. They measure the
additional return obtained, compared with the level of risk taken, by considering the average
value of the risk over the evaluation period. As a result, the measures only take the stock
picking aspect into account. However, there is an investment management strategy, namely
market timing, that involves modifying the level of the portfolio’s exposure to market risk,
measured by its beta, according to its anticipated evolution. To evaluate this type of strategy,
one must turn to other models.

In this section we first present two performance analysis models, again based on the CAPM,
which enable variations in the portfolio’s beta over the investment period to be taken into
account. They actually involve statistical tests, which allow for qualitative evaluation of a
market timing strategy, when that strategy is followed for the portfolio. These models allow us
to measure the portfolio’s Jensen alpha, and to assess whether the result was obtained through
the right investment decisions being taken at the right time or through luck. This section also
presents a decomposition of the Jensen measure, which enables timing to be evaluated. The
methods for implementing the market timing strategy itself will be presented in Chapter 7,
which is devoted to the description and quantitative evaluation of the investment process.
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4.3.1 The Treynor and Mazuy (1966) method11

This model is a quadratic version of the CAPM, which provides us with a better framework
for taking into account the adjustments made to the portfolio’s beta, and thus for evaluating a
manager’s market timing capacity. A manager who anticipates market evolutions correctly will
lower his portfolio’s beta when the market falls. His portfolio will thus depreciate less than if he
had not made the adjustment. Similarly, when he anticipates a rise in the market, he increases
his portfolio’s beta, which enables him to make higher profits. The relationship between the
portfolio return and the market return, in excess of the risk-free rate, should therefore be better
approximated by a curve than by a straight line. The model is formulated as follows:

RPt − RFt = αP + βP (RMt − RFt ) + δP (RMt − RFt )
2 + εPt

where

RPt denotes the portfolio return vector for the period studied;
RMt denotes the vector of the market returns for the same period, measured with the same

frequency as the portfolio returns; and
RFt denotes the rate of the risk-free asset over the same period.

The αP , βP and δP coefficients in the equation are estimated through regression. If δP

is positive and significantly different from zero, then we can conclude that the manager has
successfully practised a market timing strategy.

This model was formulated empirically by Treynor and Mazuy (1966). It was then theoret-
ically validated by Jensen (1972b) and Bhattacharya and Pfleiderer (1983).

4.3.2 The Henriksson and Merton (1981) and Henriksson (1984) models12

There are in fact two models: a non-parametric model and a parametric model. They are based
on the same principle, but the parametric model seems to be more natural to implement. The
non-parametric model is less frequently mentioned in the literature: we find it in Farrell (1997)
and in Philips et al. (1996).

The non-parametric version of the model is older, and does not use the CAPM. It was
developed by Merton (1981) and uses options theory. The principle is that of an investor who
can split his portfolio between a risky asset and a risk-free asset, and who modifies the split over
time according to his anticipations on the relative performance of the two assets. If the strategy
is perfect, then the investor only holds stocks when their performance is better than that of the
risk-free asset and only holds cash in the opposite case. The portfolio can be modelled by an
investment in cash and a call on the better of the two assets. If the forecasts are not perfect,
then the manager will only hold a fraction of options f, situated between –1 and 1. The value
of f allows us to evaluate the manager. To do so, we define two conditional probabilities:

P1 denotes the probability of making an accurate forecast, given that the stocks beat the
risk-free asset;

11 Cf. Broquet and van den Berg (1992), Elton and Gruber (1995), Farrell (1997), Grandin (1998), Jacquillat and Solnik (1997),
Sharpe (1985), Taggart (1996), and Lhabitant (1994).

12 Cf. Merton (1981), Henriksson and Merton (1981) and Henriksson (1984), and also Broquet and van den Berg (1992), Elton and
Gruber (1995), Farrell (1997), Grandin (1998), Grinold and Kahn (1995), Jacquillat and Solnik (1997), Sharpe (1985), Taggart (1996),
and Lhabitant (1994).
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P2 denotes the probability of making an accurate forecast, given that the risk-free asset
beats the stocks.

We then have f = P1 + P2 − 1 and the manager has a market timing capacity if f > 0, i.e.
if the sum of the two conditional probabilities is greater than one.

f can be estimated by using the following formula:

It−1 = α0 + α1 yt + εt

where It−1 = 1 if the manager forecasts that the stocks will perform better than the risk-free
asset during month t, otherwise 0; and yt = 1 if the stocks actually did perform better than the
risk-free asset, otherwise 0.

The coefficients in the equation are estimated through regression. α0 gives the estimation of
1 − P1 and α1 gives the estimation of P1 + P2 − 1. We then test the hypothesis α1 > 0.

Henriksson and Merton (1981) then developed a parametric model. The idea is still the same,
but the formulation is different. It consists of a modified version of the CAPM which takes the
manager’s two risk objectives into account, depending on whether he forecasts that the market
return will or will not be better than the risk-free asset return. The model is presented in the
following form:

RPt − RFt = αP + β1P (RMt − RFt ) + β2P Dt (RMt − RFt ) + εPt

where

Dt = 0, if RMt − RFt > 0

Dt = −1, if RMt − RFt < 0

The αP , β1P and β2P coefficients in the equation are estimated through regression. The β2P

coefficient allows us to evaluate the manager’s capacity to anticipate market evolution. If β2P

is positive and significantly different from zero, then the manager has a good timing capacity.
These models have been presented while assuming that the portfolio was invested in stocks

and cash. More generally, they are valid for a portfolio that is split between two categories of
assets, with one riskier than the other, for example stocks and bonds, and for which we adjust
the composition according to anticipations on their relative performance.

4.3.3 Decomposition of the Jensen measure and evaluation of timing

The Jensen measure has been subject to numerous criticisms, the main one being that a negative
performance can be attributed to a manager who practices market timing. As we mentioned
above, this comes from the fact that the model uses an average value for beta, which tends
to overestimate the portfolio risk, while the manager varies his beta between a high beta and
a low beta according to his expectations for the market. Grinblatt and Titman (1989) present
a decomposition of the Jensen measure in three terms: a term measuring the bias in the beta
evaluation, a timing term and a selectivity term.

In order to establish this decomposition, we assume that there are n risky assets traded on a
frictionless market, i.e. no transaction costs, no taxes and no restrictions on short selling. We
assume that there is a risk-free asset. The assumptions are therefore those of the CAPM. We
seek to evaluate the investor’s performance over T time periods, by looking at the risk-adjusted
returns of his portfolio. We denote rit as the return on asset i in excess of the risk-free rate for
period t; and xit as the weight of asset i in the investor’s portfolio for period t.
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The return on the investor’s portfolio for period t, in excess of the risk-free rate, is then
given by

rPt =
n∑

i=1

xitrit

We denote by rBt the return in excess of the risk-free rate of a portfolio that is mean–variance
efficient from an uninformed investor’s viewpoint. We can then write

rit = βi rBt + εi t

where

βi = cov(rit , rBt )

var(rBt )

and

E(εi t ) = 0

The portfolio return is then written as

rPt = βPtrBt + εPt

where

βPt =
n∑

i=1

xitβi

and

εPt =
n∑

i=1

xitεi t

In order to establish the decomposition, we consider the limit, in the probabilistic sense, of
the Jensen measure, which is written as follows:

JP = r̂P − bPr̂B

where

bp is the probability limit of the coefficient from the time-series regression of the portfolio
returns against the reference portfolio series of returns;

r̂ P is the probability limit of the sample mean of the rPt series; and
r̂ B is the probability limit of the sample mean of the rBt series.

Formally, the probability limit of a variable is defined as

r̂P = p lim

[
1

T

T∑
t=1

rPt

]

It should be noted that bP can be different from β̂ P . This is the case when a manager
practises market timing. β̂ P is then a weighted mean of the two betas used for the portfolio,
while bP is the regression coefficient obtained, without concerning oneself with the fact that
the manager practises market timing.
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We can write

r̂ P = p lim

[
1

T

T∑
t=1

rPt

]

or, by replacing rPt with its expression:

r̂ P = p lim

[
1

T

T∑
t=1

(βPtrBt + εPt )

]

By arranging the terms in the expression we obtain:

r̂ P = β̂ Pr̂ B + p lim

[
1

T

T∑
t=1

βPt (rBt − r̂ B)

]
+ ε̂P

By using this formula in the Jensen measure expression we obtain:

JP = (β̂ P − bP )r̂ B + p lim

[
1

T

T∑
t=1

βPt (rBt − r̂ B)

]
+ ε̂P

This expression reveals three distinct terms:

1. a term that results from the bias in estimated beta: (β̂ P − bP )r̂ B ;
2. a term that measures timing:

p lim

[
1

T

T∑
t=1

βPt (rBt − r̂ B)

]
;

3. a term that measures selectivity: ε̂P .

If the weightings of the portfolio to be evaluated are known, then the three terms can be
evaluated separately. When the manager has no particular information in terms of timing,
β̂ P = bP .

4.4 MEASURING THE PERFORMANCE OF INTERNATIONALLY
DIVERSIFIED PORTFOLIOS: EXTENSIONS TO THE CAPM

Modern portfolio theory has demonstrated the usefulness of diversification in reducing port-
folio risk. By enlarging the universe of available securities, international investment13 offers
additional diversification possibilities. Assets from different countries often have low levels
of correlation. It is therefore possible to put together less risky portfolios than by limiting
oneself to a single country. However, currency risk, which was defined in Chapter 2, has to
be taken into consideration. The performance of international portfolios can then be evaluated
with specific models, based on an international version of the CAPM.

13 The advantages of international diversification are detailed in Chapter 11 of Jacquillat and Solnik (1997) and Chapter 11 of
Farrell (1997).
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4.4.1 International Asset Pricing Model14

Several authors have developed international versions of the CAPM. Among these, we could
mention Solnik’s model (1974a, 1974b), which is called the International Asset Pricing Model
(IAPM). This model was established by following a similar framework to that used to obtain
the continuous time version of the CAPM in the national case. The reference portfolio is
now the worldwide market portfolio. The most widely used index in the United States, as an
approximation of this portfolio, is the Morgan Stanley Capital Index (MSCI) Europe, Asia and
Far East (EAFE). This is an index that is weighted according to the stock market capitalisations
of each country. It covers more than 2000 companies from 21 countries. This model uses a
risk-free rate from the country of asset i and an average worldwide risk-free rate, obtained by
making up a portfolio of risk-free assets from different countries in the world. The weightings
used are again the same as those used for the worldwide market portfolio. Solnik establishes
the following relationship:

E(Ri ) = RFi + βi
(
E
(
RMM

)− RFM

)
where

βi denotes the international systematic risk of security i, i.e. calculated in relation to the
worldwide market portfolio;

RFi denotes the rate of the risk-free asset in the country of security i;
RFM denotes the rate of the average worldwide risk-free asset; and
RMM denotes the return on the worldwide market portfolio.

All the rates of return are expressed in the currency of the asset i country.

4.4.2 McDonald’s model15

McDonald (1973) proposed a performance measure which is an extension to the Jensen mea-
sure. His model applies to a portfolio of stocks invested in the French and American markets.
It is written as follows:

RPt − RFt = �P + β∗
P1(RM1,t − RFt ) + β∗

P2(RM2,t − RFt ) + ePt

where

RM1,t denotes the rate of return of the French market in period t;
RM2,t denotes the rate of return of the American market in period t;
RFt denotes the rate of return of the risk-free asset in the French market in period t;
β∗

P1 = x1βP1 and β∗
P2 = x2βP2, with x1 and x2 the proportions of the fund invested in each

of the two markets and βP1 and βP2 the fund’s coefficients of systematic risk compared to
each of the two markets.

The overall excess performance of the fund �P is broken down into

�P = x1dP1 + x2dP2

where dP1 and dP2 denote the excess performance of each of the two markets.

14 See Poncet et al. (1996) and Chapter 22 of Copeland and Weston (1988).
15 Cf. Grandin (1998), Jacquillat and Solnik (1987) and Broquet and van den Berg (1992).
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With this method we can attribute the contribution of each market to the total performance
of the portfolio. This in turn allows us to evaluate the manager’s capacity to select the best-
performing international securities and to invest in the most profitable markets.

McDonald’s model only considers investments in stocks and represents international invest-
ment in the American market alone. However, the model can be generalised for the case of
investment in several international markets, and for portfolios containing several asset classes.
This is what Pogue et al. (1974) propose.

4.4.3 Pogue, Solnik and Rousselin’s model

Pogue et al. (1974) also proposed an extension to the Jensen measure for international port-
folios (see also Grandin, 1998, and Jacquillat and Solnik, 1987). Their model measures the
performance of funds invested in French and international stocks, without any limit on the
number of countries, and in French bonds. The model is written as follows:

RPt = αP + xOF,PβOF,P (IOF,t − RFt ) + xAF,PβAF,P (IAF,t − RFt )

+ xWPβWP(IW t − RW t ) + ePt

where

RFt denotes the interest rate of the risk-free asset in the French market;
RW t denotes the eurodollar rate;
IOF,t , IAF,t , IW,t denote the returns on the three representative indices: the French bond

market index, the French stock market index and the worldwide stock
market index for period t;

xOF,P , xAF,P and xWP denote the proportion of the portfolio invested in each market;
βOF,P , βAF,P and βW,P denote the systematic risk of each subset of the portfolio; and
αP denotes the portfolio’s overall excess performance.

The result measures the manager’s capacity to choose the most promising markets and his
skill in selecting the best stocks in each market.

It is possible to go further into the analysis and breakdown of performance by using multi-
factor models for international investment. These models will be presented in Chapter 6.

4.5 THE LIMITATIONS OF THE CAPM

4.5.1 Roll’s criticism

Roll (1977) formulated a criticism of the CAPM. The core criticism relates to the fact that it
is impossible to measure the true market portfolio.

Roll showed that the CAPM relationship implied that the market portfolio was efficient in
the mean–variance sense. He deduced that to test the validity of the model, it was necessary
to show that the market portfolio was efficient. However, the true market portfolio cannot be
observed, because it must be comprised of all risky assets, including those that are not traded.
Instead, we use a stock exchange index. The results of empirical tests are dependent on the
index chosen as an approximation of the market portfolio. If this portfolio is efficient, then
we conclude that the CAPM is valid. If not, we will conclude that the model is not valid. But
these tests do not allow us to ascertain whether the true market portfolio is really efficient. Roll
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concludes from this that it is not possible to validate the CAPM empirically. This does not,
nevertheless, mean that the model is not valid.

This criticism had consequences for the performance measurement models that were derived
from the CAPM (Treynor and Jensen). If the index used as an approximation of the market
portfolio is not efficient, then the portfolio performance result will depend on the index. By
changing the index, the relative ranking of the portfolios is not necessarily maintained.

The fact that a portfolio which is not the true market portfolio is used leads to estimation errors
in the betas. Some authors, such as Shanken (1987, 1992), present methods for correcting the
measurement errors that are due to the fact that we are not observing the true market portfolio.

These criticisms have led to the development of other models. In the following chapter
we shall successively present heteroskedastic models that enable better beta calculation and
performance measurement models that do not depend on the market model. In Chapter 6 we
shall present multi-factor models, which are mainly applied to portfolio risk analysis.

4.5.2 Conclusion

In spite of the criticism, the CAPM is widely appreciated as an asset valuation model. It has the
advantage of being simple and is one of the best models for explaining returns. A consequence
of the model was the development of passive management and index funds, the idea being that
the best portfolio was the market portfolio. In the United States, Sharpe helped the firm Wells
Fargo to set up its first index funds in the 1970s. The model gave rise to the first risk-adjusted
performance measurement ratios. Among these, the Sharpe ratio is an indicator that is still
widely used by the professionals.

However, without calling into question the contribution of the CAPM, the current consensus
tends towards the idea that a single factor is not sufficient for explaining returns. Besides the
market factor, two other factors have been identified: the size of the company and its book-to-
market ratio. Fama and French16 have carried out research on this subject. The firm Barra, for
its part, has developed a more complete microeconomic model, which uses 13 fundamental
factors. These factors are perfectly well known and defined, because they are directly linked
to the securities (as such we speak of attributes), while in the case of the CAPM, the true
theoretical market factor cannot be measured and must be approximated by a well-diversified
market index. This approximation is one of the reasons for the criticism of the model formulated
by Roll. On the basis of Roll’s criticism, Ross proposed a multi-factor model that could be
tested empirically. This model, while it presents the advantage over the Barra model of being
based on an extension to the concepts of portfolio theory, proposes explaining the asset returns
with the help of macroeconomic factors, without the theory specifying the number and nature
of these factors, which makes it difficult to use. We will return to all of these models in detail
in Chapter 6.
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des Hautes Etudes Commerciales, October 1994.

Lintner, J., “The Valuation of Risk Assets and the Selection of Risky Investments in Stock Portfolios and
Capital Budgets”, Review of Economics and Statistics, February 1965, pp. 13–37.

Lintner, J., “The Aggregation of Investor’s Diverse Judgements and Preferences in Purely Competitive
Security Markets”, Journal of Financial and Quantitative Analysis, vol. 4, no. 4, December 1969,
pp. 347–400.



132 Portfolio Theory and Performance Analysis

Lobosco, A., “Style/Risk-Adjusted Performance”, Journal of Portfolio Management, vol. 25, no. 3, spring
1999, pp. 65–68.

McDonald, J., “French Mutual Fund Performance: Evaluation of Internationally Diversified Portfolios”,
Journal of Finance, vol. 28, no. 5, 1973, pp. 1161–1180.

Melnikoff, M., “Investment Performance Analysis for Investors”, Journal of Portfolio Management,
vol. 25, no. 1, fall 1998, pp. 95–107.

Merton, R.C., “An Intertemporal Capital Asset Pricing Model”, Econometrica, vol. 41, September 1973,
pp. 867–887.

Merton, R.C., “On Market Timing and Investment Performance I: An Equilibrium Theory of Value for
Market Forecasts”, Journal of Business, vol. 54, no. 3, 1981.

Miller, M.H., “The History of Finance: An Eyewitness Account”, Journal of Portfolio Management,
vol. 25, no. 4, summer 1999, pp. 95–101.

Modigliani, F. and Modigliani, L., “Risk-Adjusted Performance”, Journal of Portfolio Management,
winter 1997, pp. 45–54.

Mossin, J., “Equilibrium in a Capital Asset Market”, Econometrica, October 1966, pp. 768–783.
Muralidhar, A.S., “Optimal Risk-Adjusted Portfolios with Multiple Managers”, Journal of Portfolio

Management, vol. 27, no. 3, spring 2001, pp. 97–104.
Philips, T.K., Rogers, G.T. and Capaldi, R.E., “Tactical Asset Allocation 1977–1994: The Long-Term

Performance of TAA”, Journal of Portfolio Management, fall 1996, pp. 57–64.
Pogue, G., Solnik, B. and Rousselin, A., “International Diversification: A Study of the French Mutual

Funds”, MIT, Working Paper, 1974.
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5
Developments in the Field of
Performance Measurement

In this chapter and the next we propose responses to criticisms of the CAPM. This chapter
presents improvements to the model and alternative solutions. Chapter 6 addresses the difficulty
of testing the CAPM by proposing a model that can be verified empirically.

In this chapter we first describe two models that allow the traditional CAPM to be improved
and clarify certain elements of performance measurement. The first model is a heteroskedastic
model, where the volatility depends on the past values of the process. The second is a conditional
model, where the beta depends on economic variables, and which represents an evolution
towards factor models. This second approach has been the subject of articles, written by Ferson
and Schadt, which present its application to performance measurement. The application of the
first approach to performance measurement has not been developed in the literature. Finally,
this chapter ends with a presentation of performance measures that do not depend on the market
model.

5.1 HETEROSKEDASTIC MODELS1

Numerous empirical studies on the performance of investment funds have been carried out with
the help of traditional measures. The results of these studies often give negative Jensen alphas,
and the Treynor and Mazuy and Henriksson and Merton methods tend to attribute a negative
performance to informed investors. These studies also reveal that the results are not very
stable over time. The results are therefore relatively unsatisfactory. However, the measurement
methods used in these studies do not take into account the dynamic nature of the returns.
More recent studies have shown that the use of conditional performance measurement models
leads to more satisfactory results. Nevertheless, when we look at the modelling of returns with
the help of models that integrate variations over time since the beginning of the 1980s, the
application of these models to performance measurement has not been developed greatly in
the literature. Notwithstanding this, models that use stochastic volatility are potentially useful.

5.1.1 Presentation of the ARCH models

The ARCH (autoregressive conditional heteroskedasticity) models were developed by Engle
(1982) and generalised by Bollersev (1986), after the assumption of homoskedastic stock
market returns was called into question. They allow us to model volatility stochastically, i.e.
taking its variations over time into account, and therefore provide more detailed information.

There are several families of models. In what follows, rt , t = 1, . . . , T , denotes a series of
returns. It denotes the available information, which is made up of the present and past values
of the series.

1 For more details, the interested reader could refer to Gouriéroux (1997) and Cuthbertson (1996).
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5.1.1.1 The ARCH model

This model, which is the simplest, enables the conditional variance to be represented as a
function of the squares of past forecast errors. It is formulated as follows:

rt = εt

where

E(rt/It−1) = E(εt/It−1) = 0

and

V(rt/It−1) = ht = c +
q∑

i=1

aiε
2
t−i

E(rt/It−1) is a conditional expectation. It is the best forecast of rt based on the information
It−1. V (rt/It−1) measures the conditional variance of the forecast errors.

If the model is applied to a return rt defined in logarithmic form, or

rt = ln

(
Pt

Pt−1

)

where Pt denotes the price of the asset at date t, then we have

E(rt/It−1) = E(ln(Pt/Pt−1)/It−1)

or

E(rt/It−1) = E(ln(Pt )/It−1) − E(ln(Pt−1)/It−1)

so

E(ln(Pt−1)/It−1) = ln(Pt−1)

according to the properties of the conditional expectations.
Since E(rt/It−1) = 0, according to the first condition of the model, we deduce that

E(ln(Pt )/It−1) = ln(Pt−1)

The logarithm of the price is therefore optimally forecast by the logarithm of the price at
the previous date. This corresponds to the market efficiency condition. The risk depends on
evolutions in the past.

5.1.1.2 The GARCH model

This model is a generalisation of the previous model. The volatility now depends on both a
linear combination of the forecast error squares (an autoregressive term) and past conditional
variances (a moving average term). This model is written as follows:

rt = εt

with

E(rt/It−1) = 0
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and

V(rt/It−1) = ht = c +
q∑

i=1

aiε
2
t−i +

p∑
j=1

b j ht− j

5.1.1.3 The ARMA–GARCH model

This model, developed by Weiss (1986), allows us to be even more sophisticated by introduc-
ing dynamic modelling into the first-order moment. This moment is then represented by an
autoregressive moving average (ARMA) model. The model is written as follows:

rt = µ + ϕ1rt−1 + · · · + ϕprt−p + εt − θ1εt−1 − · · · − θqεt−q

with

E(εt/It−1) = 0

and

V(rt/It−1) = V (εt/It−1) = ht = c +
q∑

i=1

aiε
2
t−i +

p∑
j=1

b j ht− j

5.1.1.4 The ARCH-M model

Engle et al. (1987) extended the previous model to relate it more closely to financial theory and
reveal the existence of a risk premium. The model that they developed involves introducing
the volatility into the conditional mean. The name ARCH-M means that the ARCH effect is
situated in the mean. The model is written as follows:

rt = µ + ϕ1rt−1 + δ0ht + δ1ht−1 + εt

with

E(εt/It−1) = 0

and

V(εt/It−1) = ht = c +
q∑

i=1

aiε
2
t−i +

p∑
j=1

b j ht− j

The δ0 and δ1 coefficients enable the short-term and long-term price of the risk to be calculated.
This brief presentation aims to give an overview of the possibilities for this family of models.

But the formulas described above only involve assets that were studied independently. We now
turn our attention to the simultaneous study of several assets in order to apply these models to
portfolio management.

5.1.2 Formulation of the model for several assets

Although the formulation is relatively simple in the case of a single asset, as soon as we study
several assets together the number of calculations to be carried out to estimate the covariances
quickly becomes significant. The use of a factor model to explain the returns enables the
number of calculations to be reduced, since the number of factors is considerably lower than
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the number of assets. Instead of introducing the ARCH formula into the returns directly, we
introduce it into the factors, once the latter have been identified. The formula is therefore
written in two stages. First, the asset returns are expressed with the help of factors, and then
the ARCH modelling is applied to the factors. So as not to complicate the problem, we shall
limit our presentation to cases where the returns are explained by a single factor: the market
factor.

Let n be the number of assets under consideration. rt denotes the vector of the returns
associated with the assets. We seek to calculate the first- and second-order moments of rt ,
or E(rt/It−1) and V (rt/It−1), which are respectively a vector of dimension n and a matrix of
dimension (n,n). To do so we use the following model:

rt = β ft + ut

where

rt =




r1t

.

.

.

rnt


 ; ut =




u1t

.

.

.

unt


 ; β =




β1

.

.

.

βn




E(ut/It−1) = 0

V(ut/It−1) = σ 2

σ 2is a diagonal matrix of size (n,n) because, as in Sharpe’s diagonal model, the error terms of
each asset are independent of one another.

The factor ft is modelled as follows:

ft = µ + εt

with

E(εt/It−1) = 0

and

V(εt/It−1) = ht = c +
q∑

i=1

aiε
2
t−i +

p∑
j=1

b j ht− j

(ut ) and (εt ) are independent. With the help of this model, we can now calculate the conditional
expectation vector of the n assets.

Each of the components of this vector is given by

E(rit/It−1) = E((βi ft + uit )/It−1)

or, by developing the term:

E(rit/It−1) = βi E( ft/It−1) + E(uit/It−1)

from which, after calculation:

E(rit/It−1) = βiµ + E(εt/It−1) + E(uit/It−1) = βiµ
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since

E(εt/It−1) = 0

and

E(uit/It−1) = 0

We finally obtain:

E(rt/It−1) =




β1

.

.

.

βn


µ

where µ is a scalar.
The elements of the variance–covariance matrix for the n assets are calculated as follows:

cov(rit , r jt/It−1) = cov(βi ft + uit , β j ft + u jt/It−1)

By developing the above, we obtain:

cov(rit , r jt/It−1) = βiβ j var( ft/It−1) + βi cov( ft , u jt/It−1)

+ β j cov( ft , uit/It−1) + cov(uit , u jt/It−1)

or, after calculation:

cov(rit , r jt/It−1) = βiβ j V(εt/It−1)

for all i �= j , because

cov( ft , uit/It−1) = cov(εt , uit/It−1) = 0

since (ut ) and (εt ) are independent, and

cov(uit , u jt/It−1) = 0

since the assets’ residual return terms are independent from each other.
For i = j , we have

var(rit/It−1) = β2
i V(εt/It−1) + V(uit/It−1)

which finally gives:

var(rit/It−1) = β2
i V(εt/It−1) + σ 2

i

The variance-covariance matrix for the n assets is therefore written:

V(rt/It−1) =




β2
1 . . . β1βn

. . . . .

. . . . .

. . . . .

β1βn . . . β2
n


V(εt/It−1) +




σ 2
1 0 . . 0

0 . . . . .

. . . . 0 .

. .

. . . . . 0

0 . . . 0 σ 2
n
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5.1.3 Application to performance measurement

Let us consider a portfolio P made up of n assets, with each assigned a weighting xit ,

i = 1, . . . , n. The return on this portfolio is written as follows:

rPt =
n∑

i=1

xitrit

or, by replacing rit with its expression:

rPt =
n∑

i=1

xit (βi ft + uit )

which gives, by developing the above:

rPt =
(

n∑
i=1

xitβi

)
ft +

n∑
i=1

xit uit

hence, finally:

rPt = βPt ft + u Pt

by setting

βPt =
n∑

i=1

xitβi

and

u Pt =
n∑

i=1

xit uit

To estimate the Jensen measure, we consider the following formula:

rPt = αP + βPt ft + u Pt

αP and βP are estimated through regression from time series on the portfolio and the market.
Using a stochastic formula for the market factor provides a more accurate result.

5.2 PERFORMANCE MEASUREMENT METHOD USING
A CONDITIONAL BETA

5.2.1 The model

The method is based on a conditional version of the CAPM (cf. Ferson and Schadt, 1996),
which is consistent with the semi-strong form of market efficiency in the Fama (1970) sense.

The conditional formulation of the CAPM allows the return of each asset i to be written as
follows:

ri,t+1 = βim(It )rm,t+1 + ui,t+1 (5.1a)

with

E(ui,t+1/It ) = 0 (5.1b)
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and

E(ui,t+1rm,t+1/It ) = 0 (5.1c)

rit denotes the return on asset i in excess of the risk-free rate, or

rit = Rit − RFt

where RFt denotes the risk-free interest rate for period t.
In the same way, rmt denotes the return on the market in excess of the risk-free rate, or

rmt = Rmt − RFt

These relationships are valid for i = 0, . . . , n, where n denotes the number of assets and for
t = 0, . . . , T − 1, where T denotes the number of periods.

It denotes the vector that represents the public information at time t. The beta of the re-
gression, βim(It ), is a conditional beta, i.e. it depends on the information vector It . Beta will
therefore vary over time depending on a certain number of factors. When It is the only in-
formation used, no alpha term appears in the regression equation because the latter is null.
The error term in the regression is independent from the information, which is translated by
relationship (5.1b). This corresponds to the efficient market hypothesis.

Using asset return relationships, we can establish a portfolio return relationship. By hypoth-
esising that the investor uses no information other than the public information, we deduce that
the investor’s portfolio beta, βPm , only depends on It . By using a development from Taylor,
we can approximate this beta through a linear function, or

βPm(It ) = b0P + B ′
Pit

In this relationship, b0P can be interpreted as an average beta. It corresponds to the unconditional
mean of the conditional beta, or

b0P = E(βPm(It ))

The elements of the vector Bp are the response coefficients of the conditional beta with respect
to the information variables It . it denotes the vector of the differentials of It compared with its
mean, or

it = It − E(I )

From this we deduce a conditional formulation of the portfolio return:

rP,t+1 = b0Prm,t+1 + B ′
Pitrm,t+1 + u P,t+1

with

E(u P,t+1/It ) = 0

and

E(u P,t+1rm,t+1/It ) = 0

The model’s stochastic factor is a linear function of the market return, in excess of the
risk-free rate, the coefficients of which depend linearly on It .
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The model thereby developed enables the traditional performance measures, which came
from the CAPM, to be adapted by integrating a time component. These applications are dis-
cussed in the following section.

5.2.2 Application to performance measurement2

5.2.2.1 The Jensen measure

The traditional Jensen measure does not provide satisfactory results when the risk and return
are not constant over time. The model proposed enables this problem to be solved.

To evaluate the performance of portfolios, we employ an empirical formulation of the model
which uses the term αC P , or

rP,t+1 = αC P + b0Prm,t+1 + B ′
pitrm,t+1 + eP,t+1

αC P represents the average difference between the excess return of the managed portfolio and
the excess return of a dynamic reference strategy. This model provides a better forecast of
alpha. A manager with a positive conditional alpha is a manager who has a higher return than
the average return of the dynamic reference strategy.

The first step involves determining the content of the information to be used. This is the same
as using explanatory factors. Ferson and Schadt (1996) propose linking the portfolio risk to
market indicators, such as the market index dividend yield (DYt ) and the return on short-term
T-bills (TBt ), lagged by one period compared with the estimation period.

The dyt and tbt variables denote the differentials compared with the average of the variables
DYt and TBt , or {

dyt = DYt − E(DY )
tbt = TBt − E(TB)

We therefore have

it =
[

dyt

tbt

]
or

Bp =
(

b1P

b2P

)

The conditional beta is then written as follows:

βP = b0 + b1dyt + b2tbt

From which we have the conditional formulation of the Jensen model:

rP,t+1 = αcp + b0prm,t+1 + b1pdytrm,t+1 + b2ptbtrm,t+1 + ep,t+1

where αcp represents the conditional performance measure, b0p denotes the conditional beta,
and b1p and b2p measure the variations in the conditional beta compared with the dividend
yield and the return on the T-bills.

The coefficients are evaluated through regression from the time series of the variables.

2 Cf. Ferson and Schadt (1996) and Christopherson et al. (1999).
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5.2.2.2 The Treynor and Mazuy model

The non-conditional approach does not draw a distinction between the skill in using macroeco-
nomic information that is available to everybody and a manager’s specific stock picking skill.
The conditional approach allows these to be separated.

The conditional formulation, applied to the Treynor and Mazuy model, involves adding a
conditional term to the first-order term, or

rP,t+1 = αC P + b0Prm,t+1 + B ′
Pitrm,t+1 + γPr2

m,t+1 + eP,t+1

where γP denotes the market timing coefficient. The conditional formulation is only used in
the part that is shared with the Jensen measure and not in the model’s additional term.

By using an information vector with two components, we obtain:

rP,t+1 = αC P + b0Prm,t+1 + b1P dytrm,t+1 + b2P tbtrm,t+1 + γPr2
m,t+1 + eP,t+1

The coefficients of the relationship are estimated through ordinary regressions.

5.2.2.3 The Henriksson and Merton model

The manager seeks to forecast the differential between the market return and the expectation
of the return that is conditional on the available information, or

um,t+1 = rm,t+1 − E(rm,t+1/It )

Depending on whether the result of this forecast is positive or negative, the manager chooses
a different value for the conditional beta of his portfolio.

If the forecast is positive, then

βup(It ) = b0up + B ′
upit

If the forecast is negative, then

βd (It ) = b0d + B ′
d it

Henriksson and Merton’s conditional model is written as follows:

rP,t+1 = αC P + b0drm,t+1 + B ′
d itrm,t+1 + γcr

∗
m,t+1 + �′itr

∗
m,t+1 + u P,t+1

with

γc = b0up − b0d

� = Bup − Bd

and

r∗
m,t+1 = rm,t+1 I {rm,t+1 − E(rm,t+1/It ) > 0}

where I {·} denotes the indicator function.
More explicitly, if rm,t+1 − E(rm,t+1/It ) > 0, then

rP,t+1 = αC P + b0uprm,t+1 + B ′
upitrm,t+1 + u P,t+1

and if rm,t+1 − E(rm,t+1/It ) ≤ 0, then

rP,t+1 = αC P + b0drm,t+1 + B ′
d itrm,t+1 + u P,t+1
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By again taking our example of an information vector with two components, the model is
written:

rP,t+1 = αC P + b0drm,t+1 + b1ddytrm,t+1 + b2d tbtrm,t+1

+ γcr
∗
m,t+1 + δ1dytr

∗
m,t+1 + δ2tbtr

∗
m,t+1 + u P,t+1

with

Bup =
(

b1up

b2up

)

Bd =
(

b1d

b2d

)

� =
(

δ1

δ2

)
=
(

b1up − b1d

b2up − b2d

)

The market timing strategy is evaluated by determining the coefficients of the equation
through regression. In the absence of market timing, γc and the components of � are null. If
the manager successfully practises market timing, we must have γc + �′it > 0, which means
that the conditional beta is higher when the market is above its conditional mean, given the
public information, than when it is below its conditional mean.

5.2.3 Model with a conditional alpha

The evaluation of conditional performance enables the portfolio risk and return to be forecast
with more accuracy. A better estimation of the beta leads to a better estimation of the alpha.
But to be more specific in evaluating portfolio performance, we can assume that the alpha also
follows a conditional process (cf. Christopherson et al., 1999). This allows us to evaluate excess
performance that varies over time, instead of assuming that it is constant. The relationship given
by the conditional alpha is written as follows:

αC P = aP (it ) = a0P + A′
Pit

The regression equation that enables the Jensen alpha to be evaluated is then written

rP,t+1 = a0P + A′
Pit + b0Prm,t+1 + B ′

Pitrm,t+1 + u P,t+1

By again taking the information model that is made up of two variables, the alpha component
is written

αC P = a0P + a1P dyt + a2P tbt

with

AP =
(

a1P

a2P

)

The model is then written

rP,t+1 = a0P + a1P dyt + a2P tbt + b0Prm,t+1 + b1Prm,t+1dyt + b2Prm,t+1tbt + u P,t+1

The coefficients of the equation are estimated through regression.
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5.2.4 The contribution of conditional models

This section has examined the usefulness of introducing information variables into perfor-
mance analysis. The study of mutual funds shows that their exposure to risk changes in line
with available information on the economy. The use of a conditional measure eliminates the
negative Jensen alphas. Their value is brought back to around zero. The viewpoint developed
in Christopherson et al. (1999) is that a strategy that only uses public information should not
generate superior performance. The methods for measuring the performance of market timing
strategies, such as Treynor and Mazuy’s and Henriksson and Merton’s, are also improved by
introducing a conditional component into the model.

5.2.5 Extensions to the model

The analysis can be extended to the case of an APT-type multifactor model, or

E(Ri,t+1/It ) = λ0(It ) +
K∑

j=1

bi j (It )λ j (It )

for i = 0, . . . , N and t = 0, . . . , T − 1.
The bi j (It ) represent the conditional betas that measure the systematic risk of the asset

compared with the K risk factors. λ j (It ), j = 1, . . . , K , are the risk premiums that correspond
to the market’s remuneration for each source of systematic risk. Each conditional beta is then
modelled by a linear function of the information. The non-conditional version of the Arbritrage
Pricing Theory (APT) model will be presented in detail in Chapter 6.

5.2.6 Comparison with the first model

The models presented in Sections 5.1 and 5.2 both involve a modified version of the CAPM.
What they have in common is the use of expectations that are conditional on a piece of
information. In the first approach, the beta of the model is constant, but the common factor,
on which the return on the assets depends, varies over time. The evolution of this factor is
modelled with the exclusive help of its past values. In the second case, the beta coefficient is
no longer constant. Its evolution over time is modelled with the help of available information
on the economic environment.

5.3 PERFORMANCE ANALYSIS METHODS THAT ARE NOT
DEPENDENT ON THE MARKET MODEL

The Roll criticism, by underlining the impossibility of measuring the true market portfolio,
cast doubt over the performance measurement models that refer to the market portfolio. Mea-
sures that were independent from the market model were therefore developed to respond to
the criticisms of the model and propose an alternative. These measures are mainly used for
evaluating a manager’s market timing strategy.

5.3.1 The Cornell measure

The Cornell measure (cf. Cornell, 1979, and Grinblatt and Titman, 1989b) involves evaluating
a manager’s superiority as his capacity to pick stocks that have a higher return than their
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normal return. This measure does not use the market portfolio. The asset returns are the direct
references used. The difficulty is to define the return that is considered to be “normal” for each
asset.

In practice, the Cornell measure is calculated as the average difference between the return
on the investor’s portfolio, during the period the portfolio is held, and the return on a reference
portfolio with the same weightings, but considered for a different period than the investor’s
holding period. The calculation can therefore only be carried out when the securities are no
longer held in the investor’s portfolio, i.e. at the end of the investment management period.
The limitations of this measure relate to the number of calculations required to implement it
and the possibility that certain securities will disappear during the period.

Formally, by using the notation from Section 4.3.3 in Chapter 4, presenting the decompo-
sition of the Jensen measure, the asymptotic value of the Cornell measure can be written as
follows:

C = r̂P − β̂ Pr̂B

By replacing r̂P with its expression established in the previous chapter, or

r̂P = β̂ Pr̂B + p lim

[
1

T

T∑
t=1

βPt (rBt − r̂B)

]
+ ε̂P

we obtain:

C = p lim

[
1

T

T∑
t=1

βPt (rBt − r̂B)

]
+ ε̂P

i.e. the sum of the selectivity and timing components from the decomposition of the Jensen
measure.

The Jensen and Cornell measures both attribute a null performance to an investor who has
no particular skill in terms of timing or in terms of selectivity.

5.3.2 The Grinblatt and Titman measure and the positive period weighting measure

The Cornell measure does correct the problem of the Jensen measure, which wrongly attributes
a negative performance to managers who practise market timing. But this measure requires
the weightings of the assets that make up the managed portfolio to be known. Grinblatt and
Titman (1989a, 1989b) proposed a measure that is an improvement on the Jensen measure,
enabling the performance of market timers to be evaluated correctly, but which does not require
information on portfolio weightings (see also Grandin, 1998, and Taggart, 1996).

This model is based on the following principle. When a manager truly possesses market
timing skills, his performance should tend to repeat over several periods. The method therefore
involves taking portfolio returns over several periods, and attributing a positive weighting to
each of them. The weighted average of the reference portfolio returns in excess of the risk-free
rate must be null. This condition reflects the fact that the measure attributes a null performance
to uninformed investors.

The Grinblatt and Titman measure is thus defined by:

G B =
T∑

t=1

wt (RPt − RFt )
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with

T∑
t=1

wt = 1

and

T∑
t=1

wt (RBt − RFt ) = 0

where

RPt denotes the return on the portfolio for period t;
RBt denotes the return on the reference portfolio for period t;
RFt denotes the risk-free rate for period t; and
wt denotes the weighting attributed to the return for period t.

A positive Grinblatt and Titman measure indicates that the manager accurately forecasts the
evolution of the market.

This method presents the disadvantage of not being very intuitive. In addition, in order to
implement it we need to determine the weightings to be assigned to the portfolio returns for
each period.

5.3.3 Performance measure based on the composition of the portfolio: Grinblatt and
Titman study

Grinblatt and Titman (1993) also proposed a method for evaluating market timing based on
studying the evolution of the portfolio’s composition (see also Grandin, 1998, and Taggart,
1996). The method is therefore fairly different from most other performance measurement
methods. The methodology is similar to Cornell’s (1979). The measure is based on the study
of changes in the composition of the portfolio. It relies on the principle that an informed investor
changes the weightings in his portfolio according to his forecast on the evolution of the returns.
He overweights the stocks for which he expects a high return and lowers the weightings of
the other stocks. A non-null covariance between the weightings of the assets in the portfolio
and the returns on the same assets must ensue. The measure is put together by aggregating the
covariances.

It is defined by

n∑
i=1

T∑
t=1

(rit (xit − xi,t−k))/T

where rit denotes the return on security i, in excess of the risk-free rate, for period t; and xit

and xi,t−k denote the weighting of security i at the beginning of each of the periods t and t − k.
The expectation of this measure will be null if an uninformed manager modifies the portfolio.

It will be positive if the manager is informed.
This measure does not use reference portfolios. It requires the returns on the assets and their

weightings within the portfolio to be known. Like the Cornell measure, this method is limited
by the significant number of calculations and data required to implement it.
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5.4 CONCLUSION

In this chapter we have described a certain number of performance measurement models that
tend to provide solutions to the criticisms of the traditional measures drawn from the CAPM.
We have presented heteroskedastic models that allow the non-stability of betas over time to be
taken into account and performance analysis methods that do not depend on the market model.
The heteroskedastic models are much more onerous to implement than the models presented
in Chapter 4. As far as the models that do not depend on the market model are concerned, they
require a large amount of data to be used and stored. For the moment, none of these methods is
very widely used in evaluating managed funds. They are more frequently found in theoretical
studies than used by professionals. The indicators based on the market model are still the most
widely used. Improvements in performance measurement are more likely to be found in the
area of multi-factor models, which are discussed in the next chapter.
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6
Multi-Factor Models and their
Application to Performance

Measurement1

In Chapter 4 we described the Capital Asset Pricing Model (CAPM) and presented the asso-
ciated criticisms. The model is based on very strong theoretical assumptions which are not
entirely respected by the markets in practice. We have seen that the model assumes that the
market portfolio is efficient in the mean–variance sense. However, the efficiency can only be
ensured if the portfolio returns are normally distributed, or if the investors have a quadratic
utility function. These assumptions are restrictive and difficult to justify. It has therefore not
been possible to validate the model empirically in a rigorous fashion. The modified versions of
the CAPM only provided partial solutions. The theorists thus sought to develop a more general
model, while at the same time simplifying the assumptions. The result was a family of models
that was referred to collectively as multi-factor models. These models constitute an alternative
theory to the CAPM, but do not replace it. They are also linear models but, unlike the CAPM,
there are no assumptions about the behaviour of investors. They also allow asset returns to be
explained by factors other than the market index, and thus provide more specific information
on risk analysis and the evaluation of manager performance.

In this chapter we begin by presenting multi-factor models from a theoretical point of view,
and then describe the methods for choosing the factors and estimating the model parame-
ters. Finally, we present the two main applications of these models, namely risk analysis and
evaluation of portfolio performance.

6.1 PRESENTATION OF THE MULTI-FACTOR MODELS

The earliest model, which comes from Ross, is based on a key concept in financial theory:
arbitrage valuation. A second category of models, based only on empirical considerations, was
developed later. This section presents the structure of these two types of model.

6.1.1 Arbitrage models

In 1976, Ross proposed a model based on the principle of valuing assets through arbitrage
theory (see also Roll and Ross, 1980). This model, called the Arbitrage Pricing Theory (APT)
model, is based on less restrictive assumptions than the CAPM. While the CAPM assumes
that asset returns are normally distributed, the APT does not hypothesise on the nature of
the distribution. The APT model does not include any assumptions on individuals’ utility
functions either, but simply assumes that individuals are risk averse. This simplification of the
assumptions allows the model to be validated empirically.

1 For more details, the interested reader could consult Batteau and Lasgouttes (1997), Fedrigo et al. (1996), Marsh and Pfleiderer
(1997), Chapters 8 and 16 of Elton and Gruber (1995), Chapter 4 of Farrell (1997) and Fontaine (1987).
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The APT model still seeks to explain asset returns through common factors, but instead of
the well-defined single factor in the CAPM, the model employs K factors and consequently
constitutes a more general theory. The problem then consists of determining the value of K and
the nature of the factors. That will be the subject of Section 6.2 of this chapter. The present
section simply describes the theory underlying the model.

The APT model first postulates that a linear relationship exists between the realised returns
of the assets and the K factors common to those assets, or

Rit = E(Ri ) +
K∑

k=1

bik Fkt + εi t

where

Rit denotes the rate of return for asset i;
E(Ri ) denotes the expected return for asset i;
bik denotes the sensitivity (or exposure) of asset i to factor k;
Fkt denotes the return of factor k with E(Fk) = 0; and
εi t denotes the residual (or specific) return of asset i, i.e. the share of the return that is

not explained by the factors, with E(εi ) = 0.

The APT model assumes that markets are perfectly efficient and that the factor model for
explaining the asset returns is the same for all individuals. The number of assets n is assumed
to be very large compared with the number of factors K.

The residual returns of the different assets are independent from each other and independent
from the factors. We therefore have

cov(εi , ε j ) = 0, for i �= j

cov(εi , Fk) = 0, for all i and k

Arbitrage reasoning then allows us to end up with the following equilibrium relationship:

E(Ri ) − RF =
K∑

k=1

λkbik

where RF denotes the risk-free rate.
The details that allow us to obtain this relationship are presented in Appendix 6.1 at the end

of this chapter. This relationship explains the average asset return as a function of the exposure
to different risk factors and the market’s remuneration for those factors.

λk is interpreted as the factor k risk premium at equilibrium. We define δk as the expected
return of a portfolio with a sensitivity to factor k equal to 1, and null sensitivity to the other
factors. We then have the following relationship:

λk = δk − RF

which allows us to write the arbitrage relationship in the following form:

E(Ri ) − RF =
K∑

k=1

(δk − RF )bik
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This relationship can be interpreted as the equation of a linear regression, where the bik are
defined as

bik = cov(Rit , δk)

var(δk)

The bik are the sensitivities to the factors (factor loadings).
This formula shows the CAPM as a specific case of the APT model, as long as we assume that

the returns are normally distributed. We then simply take the market portfolio as the only factor.
The APT model allows us to use several factors to explain the returns, which gives it an

advantage, in theory, over the CAPM. The market portfolio no longer has any particular role.
It is simply one factor among many. The APT model does not require it to be efficient, as was
the case for the CAPM. Finally, the APT model can be extended to the case of investment over
several periods, while the CAPM only considers a single period.

Since the theory does not give the number and the nature of the factors, this model has been
the object of numerous empirical validation tests to identify the most significant factors. The
results of these tests will be presented in Section 6.2, which discusses the choice of factors and
model estimation.

The models in this category are called longitudinal, or chronological, models, a reference
to the fact that the returns are explained for each period.

6.1.2 Empirical models

The models drawn from arbitrage theory associate a risk premium λk with each factor. This
risk premium is a characteristic of the factor and is completely independent from the securities.
Another approach, which is empirical, proposes making the expected returns dependent on
security-specific factors. In the first case the risk premiums constitute responses to outside
influences. They reflect the link that exists between economic forces and the securities markets.
The sensitivity of assets is evaluated in relation to factors that are qualified as macroeconomic,
such as the return on the bond market, unanticipated changes in inflation, changes in exchange
rates and changes in industrial production. In the second case the factors are security-specific
attributes and are not linked to the economy. This type of factor will be described more precisely
later in the chapter, when the Barra model is presented.

The empirical models make less restrictive assumptions than the APT-type models and
no longer use arbitrage theory. They do not presume that there is an explanatory factorial
relationship for the returns realised in each period t. They directly postulate that the average
returns on the assets, or more precisely the average risk premiums, can be decomposed with the
help of factors. Therefore, only one calculation stage remains, while the APT model required
two. For each asset i, the relationship is written as follows:

E(Ri ) − RF =
K∑

k=1

bikαk + εi

where

bik denotes the value of factor k that is specific to firm i;
αk denotes the coefficient associated with factor k, corresponding to the market’s

remuneration for that factor; and
εi denotes the specific return on asset i.
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The factors that are used in this model are derived from financial analysis. They consist of
financial ratios such as the P/E ratio, the dividend growth rate, the dividend yield, the earnings
yield, and also the return for a past period and the market capitalisation. They are given the
general term of fundamental factors. These models are called cross-sectional or fundamental,
in reference to the factors. In Section 6.2 we will present the model developed by the firm
Barra, which is the best known in this category of model.

The CAPM can also be seen as a specific case of this type of model. In this case the only
factor that explains the security’s risk premium is its beta, which does indeed constitute a
security-specific factor.

6.1.3 Link between the two types of model

From a formal point of view, the relationship that gives the factorial expression of an asset’s
average return is similar to the second APT equation, apart from the fact that it contains an
additional residual return term. As we saw previously, the empirical model is written as follows:

E(Ri ) − RF =
K∑

k=1

bikαk + εi

and the second APT equation is written as

E(Ri ) − RF =
K∑

k=1

λkbik

These two equations are cross-sectional. All that would be needed for the two equations to
be strictly identical, apart from the names of the variables, would be to add a residual term to
the APT equation. The empirical model is therefore drawn directly from the arbitrage model
formula. The difference between the two models is in the interpretation of the variables.

In the case of the APT model, bik denotes the sensitivity of asset i to factor k. These bik

have been estimated through regression with the help of the first APT equation. In the case of
the empirical models, bik denotes the value of factor k specific to firm i. These bik factors are
actually interpreted as the assets’ exposures to the attributes. The bik are known beforehand.
The αk in the empirical model and the λk in the APT model are then estimated through similar
procedures. These variables, called risk premiums, represent the market’s remuneration for the
factors.

We should stress that the variables that dominate in each of the two models are not the
same. The second APT equation focuses on the risk premiums (the lambdas) associated with
the economic factors that describe the market. The empirical models, for their part, favour
the betas, i.e. the exposures, that are characteristic of the firms. The two approaches thus
correspond to different philosophies.

6.2 CHOOSING THE FACTORS AND ESTIMATING
THE MODEL PARAMETERS

As we mentioned in Section 6.1, multi-factor model theory does not specify the number
or nature of the factors. That is where the main difficulty resides. The use of these models
therefore requires a prior phase for seeking and identifying the most significant factors, as well
as estimating the associated risk premiums. A certain number of empirical studies have been
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carried out on this subject. They give guidance on the choices, but the combinations of factors
that allow the returns on a group of assets to be explained are not necessarily unique.

In addition, two major techniques are opposed in identifying the common factors for the
assets. A first method, which is called an exogenous or explicit factor method, consists of
determining the factors in advance. The choice of factors at that stage is arbitrary and tests
are then carried out to conserve the most significant factors only. A second method, which is
called an endogenous or implicit factor method, involves extracting the factors directly from the
historical returns, with the help of methods drawn from factor analysis. Although the second
method enables the evolution of returns to be monitored, the problem of interpreting the factors
is posed.

In view of the nature of the factors considered and the identification method chosen, the
multi-factor models used in practice can be grouped into three categories:

1. The first category brings together models where the factors are macroeconomic variables.
The choice of these variables comes from empirical studies carried out to test the APT
model. The factor loadings are calculated through regression.

2. The second category comprises models where the factor loadings are functions of the firms’
attributes and the factors are estimated through regression. This is the approach used by the
American firm Barra. The factors are said to be fundamental factors.

3. The third category consists of models where the factors are extracted from the return database
through factor analysis or principal component analysis. This is the approach that was used
for the first tests on the APT model to determine the number of explanatory factors. The
principal application of this approach is in portfolio risk analysis and control. It is used by
the American firms Quantal and Advanced Portfolio Technology (APT). The latter has a
French subsidiary called Aptimum.

In the first two categories the factors are explicit. In the third, they are implicit. The empirical
formulation common to these models can be written as follows:

Rit = bi1 F1t + · · · + bi K FK t + uit

where i = 1, . . . , n, with n the number of assets, and t = 1, . . . , T , with T the number of
sub-periods. For the first category of models, we know F and we estimate b; for the second,
we know b and we estimate F ; and for the third, we estimate b and F simultaneously. Note
that for the first and third category models an additional stage is necessary to estimate the risk
premiums associated with the factors, once the b coefficients are known.

In this section we describe the characteristics of each model in detail and present the methods
for evaluating the parameters.

6.2.1 Explicit factor models

6.2.1.1 Explicit factor models based on macroeconomic variables

These models are derived directly from APT theory. The risk factors that affect asset returns are
approximated by observable macroeconomic variables that can be forecast by economists. The
choice of the number of factors, namely five macroeconomic factors and the market factor,
comes from the first empirical tests carried out by Roll and Ross with the help of a factor
analysis method. The classic factors in the APT models are industrial production, interest
rates, oil prices, differences in bond ratings and the market factor. In order to be able to use



154 Portfolio Theory and Performance Analysis

them as factors, the series of economic variables must be restated. They must first be centred,
so that their mean is null, and then we must calculate the innovations of each series, i.e. the
unanticipated changes in the series, which will enable the asset returns to be explained. The
innovations are obtained by taking the residuals of the autoregressive processes adapted to
each series. The principle behind this method is described clearly in Chen et al. (1986).

The procedure for estimating the model for a given market and period can then lead to the
retention of certain factors only. This procedure, inspired by that used by Fama and MacBeth
(1973) to test the CAPM, is carried out in two stages.

The first stage uses the first APT equation, or

Rit = αi +
K∑

k=1

bik Fkt + εi t

The Rit returns for a set of assets are observed for a fixed period and with a certain frequency.
For example, we could consider the weekly returns on French stocks over the past five years.
The number of time periods must be greater than the number of assets. Roll and Ross worked
on the American market using daily returns. In view of the large number of assets, they grouped
them together into portfolios to perform the study. They constructed around 40 portfolios with
30 securities in each. The criterion chosen for making up the portfolios was a ranking of
the securities in descending order of market capitalisation. There was another advantage to
grouping the securities together in portfolios, which justified the fact that it was used by Fama
and MacBeth: it enabled the error introduced by using the results of the first regression to
carry out the second regression to be reduced. The Fkt are the series of innovations of the
factors obtained from the economic variables observed for the same period and with the same
frequency as the asset returns. The factor loadings bik for each asset are estimated through
regression. By developing the contents of the matrices, this regression is written as follows:


R11 . . . Rn1

. . . . .

. . . . .

. . . . .

R1T . . . RnT


= (α1 . . . αn

)+



F11 . . . FK 1

. . . . .

. . . . .

. . . . .

F1T . . . FK T







b11 . . . bn1

. . . . .

. . . . .

. . . . .
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+




ε11 . . . εn1

. . . . .

. . . . .

. . . . .

ε1T . . . εnT




Roll and Ross (1980) describe the econometric aspects of this regression.
The second stage then involves estimating, through regression, the risk premiums λk asso-

ciated with each factor. A cross-sectional regression of the expected asset returns against the
factor loadings obtained during the first regression is then performed. The equation for this
regression comes from the second APT equation, or

E(Rit ) = λ0 +
K∑

k=1

bikλk

where λ0 = RF is the rate of return of the risk-free asset. Explicitly, the second regression is
written


R11 . . . Rn1

. . . . .

. . . . .

. . . . .

R1T . . . RnT


 =




λ01
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λ0T
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+ ( u1 . . . un

)
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The result of this regression is a time series of λkt . The average premium for the period is
obtained by calculating

λ̄k = 1

T

T∑
t=1

λkt

We then carry out a statistical test to check whether this average premium is significantly
positive. At the end of this second stage we only retain, for the model, factors that have a
significant risk premium. To be rigorous, it is then necessary to carry out the whole procedure
again with the number of factors really identified and recalculate the factor loadings and risk
premiums for the factors retained only.

Empirical validation studies of the APT2 model highlight the fact that only a small number
of factors have a significantly positive risk premium. In addition, the results vary depending
on the period studied and the country. The research and identification phase for the model is
therefore essential, so that only the “right” factors are retained. It is also necessary to re-evaluate
the model periodically to ensure that it corresponds to the returns to be analysed.

At the end of the model’s research and identification stage, we have, for a given period, the
following relationship:

E(Ri ) = λ0 +
K∑

k=1

bikλk

in which all the parameters are known: the number of factors K, the factor loadings bik and the
risk premiums λk . The risk premiums do not depend on the assets, only on the factors.

By replacing E(Ri ) with its expression in the first APT equation, we obtain the following:

Rit = λ0 +
K∑

k=1

bikλk +
K∑

k=1

bik Fkt + εi t

Assuming that the loadings and risk premiums of the factors are stable, we can forecast,
in theory, the return on the asset for the upcoming period with the help of forecasts on the
factors, since the factors are well-defined variables. εi t then measures the differential between
the forecast and realised variable. This should however be used with care, because empirical
studies tend to prove that factor loadings and risk premiums are not stable over time.

The use of the APT model for analysing portfolio risk and performance is discussed in
Section 6.4.

6.2.1.2 Explicit factor models based on fundamental factors

This approach is much more pragmatic. The aim now is to explain the returns on the assets with
the help of variables that depend on the characteristics of the firms themselves, and no longer
on identical economic factors, for all assets. The modelling no longer uses any theoretical
assumptions but considers a factorial breakdown of the average asset returns directly. The
model assumes that the factor loadings of the assets are functions of the firms’ attributes.
The realisations of the factors are then estimated by regression. Here again the choice of
explanatory variables is not unique. Studies suggest that only two factors should be added to
the market factor: this is the case for the studies carried out by Fama and French. Carhart,

2 See, for example, the Chen et al. (1986) study on American stocks and the Hamao (1988) study on Japanese stocks.
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for his part, proposed a four-factor model. Other studies led to a long list of very specific
factors: this is the case for those carried out by the authors of the Barra model. For example,
an article by Connor (1995) studies the explanatory power of 13 fundamental factors. We
have chosen to limit ourselves here to a few examples of models. However, the subject of
characterising explanatory factors for returns is vast and research articles on the subject are
published regularly. The Journal of Finance, for example, constitutes an interesting source of
information on the subject.

Fama and French’s three-factor model3

Fama and French have carried out several empirical studies to identify the fundamental factors
that explain average asset returns, as a complement to the market beta. They highlighted
two important factors that characterise a company’s risk: the book-to-market ratio and the
company’s size measured by its market capitalisation. Fama and French (1993) therefore
propose a three-factor model, which is formulated as follows:

E(Ri ) − RF = bi1(E(RM ) − RF) + bi2E(SMB) + bi3E(HML)

where

E(Ri ) denotes the expected return of asset i;
RF denotes the rate of return of the risk-free asset;
E(RM ) denotes the expected return of the market portfolio;
SMB (small minus big) denotes the difference between returns on two portfolios: a small-

capitalisation portfolio and a large-capitalisation portfolio;
HML (high minus low) denotes the difference between returns on two portfolios: a portfolio

with a high book-to-market ratio and a portfolio with a low book-to-
market ratio;

bik denotes the factor loadings.

The bik are calculated by regression from the following equation:

Rit − RFt = αi + bi1(RMt − RFt ) + bi2SMBt + bi3HMLt + εi

Fama and French consider that the financial markets are indeed efficient, but that the market
factor does not explain all the risks on its own. They conclude that a three-factor model does
describe the asset returns, but specify that the choice of factors is not unique. Factors other
than those retained in their 1993 model also have demonstrable and demonstrated explanatory
power.

Carhart’s (1997) four-factor model
This model is an extension of Fama and French’s three-factor model. The additional factor
is momentum, which enables the persistence of the returns to be measured. This factor was
added to take into account the anomaly revealed by Jegadeesh and Titman (1993). With the
same notation as above, this model is written

E(Ri ) − RF = bi1(E(RM ) − RF) + bi2E(SMB) + bi3E(HML) + bi4(PR1YR)

where PR1YR denotes the difference between the average of the highest returns and the average
of the lowest returns from the previous year.

3 Cf. Fama and French (1992, 1995, 1996) and Molay (2000).



Multi-Factor Models 157

The Barra model4

The Barra multi-factor model is the best known example of the commercial application of a
fundamental factor model. Barra disseminates research articles written by members of the firm
on its web site. These articles situate the Barra model within the context of multi-factor models
and compare it with other approaches. We could, for example, cite Engerman (1993), Grinold
(1991), Rosenberg (1987) and Rudd (1992).

The Barra model assumes that asset returns are determined by the fundamental character-
istics of the firm such as the industrial sector, the size and earnings. The systematic risk of an
asset can then be explained by its sensitivity with regard to these characteristics. The charac-
teristics constitute the exposures or betas of the assets. The approach therefore assumes that
the exposures are known and then calculates the factors. The returns are characterised by the
following factorial structure:

Rit =
K∑

k=1

biktαkt + uit

where

Rit denotes the return on security i in excess of the risk-free rate;
bik denotes the factor loading or exposure of asset i to factor k;
αk denotes the return on factor k; and
ui denotes the specific return on asset i.

The specific returns on the assets are assumed to be non-correlated with each other and
non-correlated with the factor returns.

The factors used in this model belong to two categories: factors linked to the industrial sector
and the risk indices. The former measure the differences in behaviour among securities that
belong to different industries. The latter measure the differences in behaviour among securities
for the non-industrial side.

Barra’s model for American stocks defines 52 industrial categories. The list of industries is
given in Barra (1998). We then determine the exposure of the securities in the universe to those
industries: each security is attributed a weighting in the different industries. If the security is
only attached to a single industrial sector, then the exposure to the “industry” factor takes a
value of one or zero, depending on whether the security belongs to that group of industries
or not. The assets of firms whose activity is spread over several industries are split between
the different groups concerned with a percentage corresponding to the share of activity in that
industry. The “industry” factors are orthogonal in their construction.

For the second category of factors, the model uses a precise list of 13 risk indices. Each of
these indices is constructed from a certain number of fundamental pieces of information called
descriptors, the combination of which best characterises the risk concept to be described. Barra
(1998) presents these indices and their descriptors in detail. The list of risk indices, ranked in
descending order of importance, is as follows:

1. volatility, a risk index based on both the long-term and short-term measurement of volatility;
2. momentum, an index that measures the variation in returns related to recent behaviour of

the stock prices: the stocks that had a positive return in excess of the risk-free rate over the
period are separated from those that had a negative return;

4 For more details, one can consult Sheikh (1996).
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3. size, an index that measures the difference in asset returns due to differences in market
capitalisation;

4. size non-linearity, an index that measures the deviations from linearity in the relationship
between the returns and the logarithm of their market capitalisation;

5. trading activity, an index that measures the volume of trades for each asset (the assets with
the most significant trading activity are the most interesting for institutional investors: the
returns on those stocks may behave differently than the returns of stocks that are not widely
held by the institutions);

6. growth, an index that uses historical growth and profitability measures to forecast future
earnings growth;

7. earnings yield, an index that is obtained by combining the historical earnings-to-price ratios
with the values that were predicted by analysts: assets with the same earnings yield have
returns that behave similarly;

8. value, an index that separates value stocks from growth stocks by using their book-to-price
ratio;

9. earnings variability, an index that measure the variability in earnings by using both histor-
ical measures and analysts’ forecasts;

10. leverage, an index that measures the financial leverage of the company;
11. currency sensitivity, an index that measures the sensitivity of the stock return to the return

on a basket of foreign currencies;
12. dividend yield, an index that gives a forecast of the dividend yield from historical dividend

data and the behaviour of the market price of the stock;
13. non-estimation universe indicator, an index for companies that are outside the estimation

universe. It allows the factor model to be extended to stocks that are not part of the estimation
universe.

The exposures to the risk indices are put together by weighting the exposures to their
descriptors. The weightings are chosen in such a way as to maximise the explanatory and
forecasting power of the model. Since the units and orders of magnitude are different depending
on the variables, the exposures to the descriptors and risk indices are normalised according to
the following formula:

bnormalised = braw − 〈braw〉
std[braw]

where 〈braw〉 denotes the mean value of exposure to a risk index for the whole universe of assets;
and std[braw] denotes the standard deviation of the exposure values for the whole universe of
assets.

The result is that the exposure to each risk index has a null mean and a standard deviation
equal to 1.

The Barra model therefore contains a total of 65 factors. Using this model in practice implies
that we know the risk indices and that they are regularly updated. We therefore start by observing
the characteristics of the companies at the beginning of each period. These characteristics are
used to calculate the companies’ factor loadings. These loadings or exposures constitute the
bikt measured at the beginning of period t. They represent the risk indices and industry groups.
The returns on the factors, αkt , and the specific returns, uit , are then estimated through a
multiple regression, using the Fama–MacBeth procedure (Fama and MacBeth, 1973). To do
this, the asset returns, Rit , in excess of the risk-free rate, are regressed on the factor exposures.
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We obtain time series of factor realisations, for which we calculate the mean. We then test
whether the mean is significantly different from zero. The model therefore proceeds in a single
step. The model must be updated regularly to integrate the new information that comes from
the companies. Barra estimates the returns of the 65 factors monthly.

The Barra model can also be used as an APT model in which the macroeconomic factors are
replaced with microeconomic factors or fundamental attributes. We then calculate the assets’
factor loadings. The model formulated by Barra is therefore consistent with the APT model.

The results are then used to estimate the variance–covariance matrix of asset returns. This
aspect will be detailed in Section 6.4 when the Barra portfolio risk analysis model is presented.

6.2.2 Implicit or endogenous factor models5

The idea behind this approach is to use the asset returns to characterise the unobservable
factors. It is natural to assume that the factors that influence the returns leave an identifiable
trace. These factors are therefore extracted from the asset returns database through a factor
analysis method and the factor loadings are jointly calculated. This approach was originally
used by Roll and Ross to test the APT model. In this section we discuss the principle of
factor analysis and its use in evaluating multi-factor models. Finally, we present a valuation
method, called semi-autoregressive, which was developed more recently. The disadvantage of
an implicit search for factors, however, is that it does not allow the nature of the factors to be
identified.

6.2.2.1 The principle of factor analysis6

Factor analysis is a set of statistical methods that allows the information contained in a group of
variables to be summarised, with the help of a reduced number of variables, while minimising
the loss of information due to the simplification. In the case of factor models, this technique
allows us to identify the number of factors required for the model and to express the asset
returns with the help of several underlying factors. The method enables the explanatory factors
and the factor loadings to be obtained simultaneously, but it does not give any information on
the nature of the factors, which we must then be able to interpret.

From a mathematical point of view the returns of n assets considered over T periods are
equated with a data cloud in the space Rn . The principle involves projecting this cloud into a
sub-space of lower dimension, defined by factor axes, while explaining as much of the cloud’s
variability as possible. The strong correlations that exist between the returns on the assets
enable this result to be reached. The search for factor axes is carried out from the calculation
of the eigenvalues and eigenvectors of the asset returns’ variance–covariance matrix. The
weight of the factor axes is measured by the factor loadings. There are two factor analysis
methods: (1) factor analysis based on the principle of maximum likelihood, which involves
an optimal reproduction of the correlations observed, and (2) principal component analysis,
which involves extracting the maximum variance.

If the number of assets is significant, then we group the assets into portfolios to carry out
the study, so that the number of correlations to be calculated remains reasonable. Studies have
shown that the results obtained depend on the criterion used to form the portfolios. Moreover,

5 Cf. Fedrigo et al. (1996).
6 Cf. Chapter 2 of Fontaine (1987), and Batteau and Lasgouttes (1997).
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the greater the number of securities, the more the number of factors increases. These factors
also vary depending on the period considered.

Maximum likelihood method
This method, which is called classic factor analysis, aims to reproduce the correlation between
the variables as well as possible. Each of the variables observed is described linearly with the
help of K common factors, which take into account the correlation between the variables, and a
specific factor (or residual term), which expresses the share of variance that is specific to each
security. The factors are modelled by random variables of normal density. Since the factors are
assumed to be independent, the variables have a multivarious normal distribution. In the case
that interests us, the variables are asset returns.

The method involves expressing the asset returns variance–covariance matrix as the sum of
a positive eigenvalue matrix of rank K and a diagonal matrix, or

V = B B ′ + D

where B, with a dimension of n × K , denotes the factor loading matrix bik , and D denotes the
variance–covariance matrix of the residuals. This matrix is diagonal because the residuals are
not correlated.

The advantage of the procedure is to obtain a value of K that is as small as possible, or at
least much smaller than the number of initial variables.

Roll and Ross used this method, or more specifically Lawley and Maxwell’s (1963) maxi-
mum likelihood method, to identify the number of factors in the APT model and to estimate
the bik factor loadings of the assets.

Principal component analysis
The principle consists of searching for linear combinations of the n initial vectors, such that
the new vectors obtained are eigenvalues of the initial variance–covariance matrix. The most
widely used algorithm is Hotelling’s (1933).

The procedure is as follows. We begin by extracting the index which best explains the vari-
ance of the original data. This constitutes the first principal component. We then extract the
index which best explains the variance of the original data that was not explained by the first
component. The second index is therefore, through its construction, non-correlated with the
first. We then proceed sequentially. The iterative procedure can be repeated, in theory, until the
number of indices extracted is equal to the number of variables studied: we thereby reproduce
the original variance–covariance matrix exactly. In practice, since the components have de-
creasing explanatory power, we evaluate the quantity of information returned at each stage with
the help of the associated eigenvalue, and we stop the procedure when the component obtained
is no longer significant. The dimension of the new space for explaining the returns is therefore
chosen in such a way as to limit the loss of information. The K explanatory factors retained are
the eigenvectors associated with the K largest eigenvalues from the matrix. When the returns
are widely dispersed, the number of high eigenvalues is significant, which leads to a space of
large dimension. If, on the other hand, there is strong correlation between the returns, then a
limited number of components is sufficient to explain most of the variance–covariance matrix.

Comparing the two approaches
The maximum likelihood method is better adapted to the Ross model. The principal com-
ponent analysis method, for its part, corresponds more to a description of the returns. This
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method does, however, have an advantage over the first in that it does not make any particular
assumptions about the distribution of the returns. Researchers nevertheless prefer the method
based on maximum likelihood, which uses Gaussian laws, the properties of which are well
known. The real distributions of the returns are not in fact very far removed from a multi-
normal law and the method provides a more accurate test of the number of factors in the
model.

6.2.2.2 Estimating the risk premiums

Factor analysis allows us to obtain the number of factors that explain the returns, and simulta-
neously the value of those factors and an estimation of the matrix of factor loadings. That is the
advantage of the method compared with explicit factor models, where it was necessary to have
one of the two variables, factors or factor loadings, to estimate the other. For what follows,
i.e. estimating risk premiums, the principle remains the same as for explicit factor models: the
factor loadings are regressed as a cross-section on the expected asset (or portfolio) returns to
obtain the value of the risk premiums and their statistical significance. We thereby obtain the
λk, k = 0, . . . , K , such that

E(Ri ) = λ0 + bi1λ1 + · · · + bi K λK , i = 1, . . . , n

where n denotes the number of assets.

6.2.2.3 Interpreting the factors

The implicit factor estimation method has the disadvantage of not allowing a direct economic
interpretation of the factors obtained. We can simply say that each factor, obtained as a linear
combination of the asset returns, is a portfolio with a sensitivity to itself equal to one, and null
sensitivity to the other factors. This is due to the orthogonal nature of the factors.

Since we are unable to name the implicit factors, we can explain the factors with the
help of known indicators and thus come back to an explicit factor decomposition from the
implicit decomposition. We proceed in the following manner. Taking Rit as the return on asset
i explained by k implicit factors:

Rit = µi + βi1 F1t + · · · + βik Fkt + εi t

where theFjt denote the non-correlated implicit factors. We have cov(Fi , Fj ) = 0 and
var(Fi ) = 1.

We regress an explicit factor on the implicit factors:

Rmt = µm + βm1 F1t + · · · + βmk Fkt + εmt

By calculating

cov(Ri , Rm) = βi1βm1 + βi2βm2 + · · · + βikβmk

and

var(Rm) = β2
m1 + β2

m2 + · · · + β2
mk

and calculating the quotient of these two quantities, we obtain a beta that we can equate with the
CAPM beta and which gives us the coefficient of the explicit factor Rmt in the decomposition
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of the return Rit . By doing this for all the explicit factors, we reach an explicit decomposition
of the return Rit , having started with its implicit decomposition.

6.2.2.4 Semi-autoregressive approach7

The underlying idea is to postulate that there is an approximate linear relationship between
the returns and the factor loadings. If we have more returns than loadings, then the latter can
be approximated with the help of a sub-sample of returns. These approximations are then
regressed as a cross-section on the returns for a different period to estimate the associated
factors. This method differs from the conventional factor extraction techniques, such as factor
analysis based on maximum likelihood and principal component analysis, even if the idea used
is also the replication of the factors with the help of linear combinations of asset returns.

This method does not make any assumptions about the return distributions. It provides a
simple asymptotic variance–covariance matrix of the estimated factors, which can be used
to control the measurement errors. This is useful both for testing the model and for using
it to evaluate the performance of a portfolio compared with a benchmark, while taking the
measurement errors into account.

The asset returns are assumed to be generated by the following model approximated to
K factors:

Rit = E(Rit ) + bi1 F1t + · · · + bi K FK t + εi t

for i = 1, . . . , n and t = 1, . . . , T . The notation and conditions on the variables are those of
the APT model, or

Fkt , is the unobservable risk factors with E(Fk) = 0;
bik, is the factor loadings, which are assumed to be constant over the period studied; and
εi t , is the specific risk of each asset with cov(εi , Fk) = 0 for all i and k and cov(εi , ε j ) = 0 for
i �= j .

The APT equilibrium relationship allows us to write

Et (Rit ) = λ0t + λ1t bi1 + · · · + λK t bi K

where (λ1t . . . λK t ) denotes the vector of the risk premiums associated with the factors; and
λ0t denotes the return on a zero-beta portfolio.

By combining the two APT equations and expressing:

skt = Fkt + λkt

we can then write

Rit = λ0t + s1t bi1 + · · · + sK t bi K + εi t

for i = 1, . . . , N and for t = 1, . . . , T .
The factor loadings bik are not observable, so they must be constructed through approxima-

tions, obtained with the help of the returns. To do so, we write the equation for an asset i for

7 Cf. Mei (1993) and Batteau and Lasgouttes (1997).
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t = 1 to K. We then obtain the following system:


s11 . . . sK 1

. . . . .

. . . . .

. . . . .

s1K . . . sK K







bi1

.

.

.

bi K


 =




Ri1 − λ01 − εi1

.

.

.

Ri K − λ0K − εi K




or, in a more condensed manner:

�bi = γi

The matrix � is assumed to be non-singular, i.e. with no redundant factors. The system can
be transformed by expressing

s̃t = (�−1)′st

b̃i = �bi

in order to normalise the factors and the factor loadings. With this notation we can write

Rit = λ0t + s̃1t b̃i1 + · · · + s̃K t b̃i K + εi t

where i varies from 1 to n and t varies from K + 1 to T. Since

b̃i = �bi = γi =




Ri1 − λ01 − εi1

.

.

.

Ri K − λ0K − εi K




by replacing b̃i with its expression for t > K , we have

Rit = λ0t + s̃1t (Ri1 − λ01 − εi1) + · · · + s̃K t (Ri K − λ0K − εi K ) + εi t

By grouping the terms, we finally obtain:

Rit = s̃0t + s̃1t Ri1 + · · · + s̃K t Ri K + ηi t

with

s̃0t = λ0t −
K∑

j=1

s̃ j tλ0 j

and

ηi t = εi t −
K∑

j=1

s̃ j tεi j

for t = K + 1, . . . , T.
We have therefore transformed a model with K factors into a semi-autoregressive model

with K lags. We can then carry out a cross-sectional regression of Rit on (1, Ri1, . . . , Ri K ) to
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obtain an estimation of the normalised factors s̃kt . The regression is written as follows:




R1t

.

.

.

Rnt


 =




1 R11 . . . R1K

. . . . . .

. . . . . .

. . . . . .

1 Rn1 . . . Rnk







s̃0t

s̃1t

.

.

.

s̃K t




+




η1t

.

.

.

ηnt




for t = K + 1, . . . , T
The model is called semi-autoregressive because the autoregressive terms only vary in i and

not in i and t.

6.2.2.5 A specific example: the model used by the firm Advanced Portfolio
Technology (APT)8

This firm, which has been operating for around 15 years, has developed a model that renders
the APT theory operational, with the difficulty being to determine the right factors to explain
the returns. The model was drawn from several observations. First, it is not realistic to wish
to fix the model’s factors once and for all. Next, the factors that influence asset returns are not
directly observable. The factors that make asset prices move are not the economic variables
themselves, but the share of unanticipated change in the variables, i.e. the difference between
the forecast and the realised value. The best solution for determining the factors is therefore
to observe the asset prices. To do that, the asset returns are measured at regular intervals, e.g.
every three days, or every week, or every month, over the whole study period. If the universe
under consideration contains many assets, then this will lead to a large amount of data. It is
then necessary to group the assets together to extract the factors.

The founders of the firm APT do not carry out traditional factor analysis, such as, for
example, that used by Roll and Ross to test their model. They developed a specific statistical
estimation technique which enables the factors to be estimated from a large sample of variables.
They carried out tests on their model with the help of Monte Carlo simulations and showed
that their procedure enabled the true factorial structure of the model to be obtained, while
factor analysis applied to large data samples could pose problems. It again involves an implicit
estimation of the factors, since the procedure does not make any initial assumptions about the
nature of the factors.

The procedure is as follows. From the data observed we calculate the covariances between
the assets. We observe at that stage that certain assets behave similarly, while others evolve
independently or in the opposite way. The assets can then be grouped into homogeneous
classes, i.e. into groups with similar covariances. The common characteristics of each group
obtained in this way can be seen as a manifestation of the effect of the factor that we are
seeking to measure. By then combining the individual returns of the securities in the group,
we calculate the return for each group, which enables us to obtain an index for each group.
These indices constitute the factors. They are constructed in such a way as to be non-correlated
between themselves, which is an advantage compared with the economic variables, which are
often correlated. These indices then allow the factor loading coefficients for each asset to be
calculated, together with the specific asset return component that is not taken into account by
the factors. These calculations are carried out through regression. For each asset we obtain one

8 See the Internet site http://www.apt.co.uk.
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coefficient per factor and a coefficient that is specific to the asset. The return on the asset is
then simply expressed as the weighted sum of the product of each coefficient times the return
on the factor, plus the specific component of the asset.

In solving this problem the choice of the optimal number of factors is important. The more
precise the information we wish to obtain, the more we will tend to increase the number of
factors. However, the model is useful insofar as it allows us to retain a limited number of
factors. To reach the optimal number of factors, the factor model is then tested for a period that
is different from the estimation period to check that no important factors have been omitted.
The model obtained uses 20 factors.

After identifying the risk factors implicitly, the firm APT also proposes explaining the asset
returns with the help of known explicit factors. To do this, the explicit factors are decomposed
with the help of implicit factors, in accordance with the principle described in Section 6.2.2.3
concerning the interpretation of implicit factors. We thus calculate the weighting of each
explicit factor in the decomposition of the asset returns. For example, the coefficient of the
explicit factor, Rmt , is given by

γim =

k∑
j=1

βi jβmj

k∑
j=1

β2
mj

where βi j denotes the coefficients of the decomposition of the return on asset i according to the
implicit factors; and βmj denotes the coefficients of the decomposition of the explicit factor m
according to the implicit factors.

The model can handle all kinds of assets, stocks, bonds, indices, currencies and raw materials
and covers all countries, including emerging countries. The calculations are carried out using
three and a half years of historical data and weekly returns.

6.2.3 Comparing the different models

Comparisons between the different models relate to both the explanatory power of the different
types of factors and the methods for estimating the parameters. The first problem that arises is
the choice between an explicit factor model and an implicit factor model.

The explicit factor models appear, at least in theory, to be simpler to use, but they assume
that we know with certainty the number and nature of the factors that allow asset returns to
be explained and that the latter can be observed and measured without error. However, we
have seen that factor model theory does not indicate the number and nature of the factors to be
used. The choice is therefore made by relying on empirical studies, but there is no uniqueness
to the factors, nor are the factors necessarily stable over time. Fedrigo et al. (1996) describe
the influence of errors on the models fairly thoroughly. They detail the consequences of a
measurement error, the omission of a correct factor or the addition of an irrelevant factor. The
models are useful, however, to the extent that they allow economic interpretation of the factors,
since the factors are known beforehand.

As far as the choice of factors is concerned, two trends are opposed, namely economic
factors or fundamental factors. From the point of view of the model itself, models that use
macroeconomic factors, such as the APT model, focus essentially on the values of the risk
premiums associated with the factors, in order to identify the most highly remunerated sources
of risk. The fundamental factor models focus on the factors themselves, to identify those
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that have the greatest influence on asset returns. Moreover, certain authors, such as Grinold
(1991) and Engerman (1993), affirm that macroeconomic factors are the most appropriate for
explaining expected asset returns, but that fundamental factors are preferable for modelling
and portfolio risk management. They therefore justify the choices made by Barra. This can be
explained by the fact that the fundamental factors depend on the assets and are therefore more
liable to take into account the inherent risks of each company.

Using an implicit factor model solves the problem of the choice of factors, since the model
does not make any prior assumptions about the number and nature of the factors and should
therefore enable the true model to be determined. The limitation in using this type of model
then comes from the difficulty in interpreting the factors obtained. This is doubtless why those
models are far less developed in the literature and seem to have been the subject of fewer
applications to date. It is nevertheless possible, as we saw in Section 6.2.2.3, to come back
to an explicit decomposition from the implicit decomposition. The implicit models are also
very useful for analysing and monitoring portfolio risk, because they are better at taking into
account market evolutions. We will return to this subject in Section 6.4. To finish, we note a final
advantage of implicit factor models. As we have seen throughout this chapter, it is common
to model the dependency of returns compared with the factors through a linear relationship.
This is because it is the easiest way to proceed. But the true model may be non-linear. In that
case an implicit factor model enables a better approximation of any eventual non-linearities
by adding supplementary factors.

6.3 EXTENDING THE MODELS TO THE INTERNATIONAL
ARENA9

Extensions to Ross’s arbitrage model, and multi-factor models in general, have been developed
for international portfolios in order to respond to criticism of the international CAPM. The
factors used in these models come from a longer list of factors: as well as the national factors,
international factors are added, along with specific factors for exchange rates. Certain factors
can explain both returns and exchange rates. Most models assume that the factorial structure
of exchange rates includes both factors that are common to financial assets and exchange rates
and factors that are specific to exchange rates. A large number of models assume that the
realisation of the factors does not depend on the currency under consideration. Only Fontaine
(1987) proposes a model where the factors depend on the currency. It could be justifiable
to consider that the factors do not depend on the currency for economic factors such as oil
production, which is expressed in barrels, but it is not true for factors that are expressed in
monetary units.

The international multi-factor models have been the subject of many studies. It is not possible
to cite them all here. One could refer to Fontaine (1987) and Fontaine (1997) which constitute
a thorough study of the subject. Here we simply present the general form of the models and
give some indications about the factors used.

6.3.1 The international arbitrage models

The assumptions are those of arbitrage models in the national framework, to which some
additional assumptions linked to the international context have been added. Investors make

9 Cf. Fontaine (1997) and Chapter 5 of Fontaine (1987).
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the same forecasts on the exchange rate variations. They assume the same factor model for the
asset returns expressed in their domestic currency. In each country, there is a risk-free asset.
The return on that asset expressed in the currency of another country is assumed to be generated
by the factor model of that country. It is then appropriate to check whether the factor model
for explaining the returns depends on the currency in which the returns are expressed or not.
We can then establish the capital asset pricing relationship in the international context.

The model described is that of Fontaine (1987). This model assumes that there are N + 1
assets and L + 1 countries. The first L + 1 assets are the risk-free assets. The reference country
is identified by the index 0. The return on each asset i from the reference country expressed in
the currency of that country is written as follows:

R0
i0 = E

(
R0

i0

)+
K∑

k=1

b0
ik F0

k + ε0
i0

where

R0
i0 denotes the return on asset i from the reference country in the reference currency;

E(R0
i0) denotes the expected return on asset i from the reference country in the reference

currency;
b0

ik denotes the sensitivity (or exposure) of asset i to factor k in the reference currency;
F0

k denotes the return on factor k in the reference currency with E(F0
k ) = 0; and

ε0
i0 denotes the residual (or specific) return on asset i from the reference country in the

reference currency with E(ε0
i0) = 0.

The return on an asset i from country j in currency j is written as follows:

R j
i j = E

(
R j

i j

)+
K∑

k=1

b j
ik F j

k + ε
j
i j

This model assumes therefore that the Fk factors depend on the currency under consideration,
or F0

k �= F j
k .

To then be able to express the returns on the assets from the different countries in a common
currency, we need the exchange rates. The exchange rates are also governed by a factor model:

TC0
j = E

(
TC0

j

)+
K∑

k=1

b0
jk F0

k + ε0
j j

where TC0
j denotes the exchange rate that enables us to switch from currency j to the reference

currency.
These elements now permit us to study the impact of the exchange rate on the factorial

structure of the returns. To do so, let us consider the return on an asset i from country j. The
return in the reference currency is written as follows:

R0
i j = R j

i j + TC0
j + C j

i j

where C j
i j denotes the covariance between the exchange rate TC0

j and the return R j
i j . By

replacing TC0
j and R j

i j with their expressions, we obtain the following:

R0
i j = E

(
R j

i j

)+
K∑

k=1

b j
ik F j

k + ε
j
i j + E

(
TC0

j

)+
K∑

k=1

b0
ik F0

k + ε0
j j + C j

i j
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It is then necessary to express all the factors in the same currency. We have

F0
k = F j

k + TC0
j + C0

k j − (σ 0
j

)2
where C0

k j denotes the covariance between the exchange rate TC0
j and the factor F0

k ; and (σ 0
j )2

denotes the variance of the exchange rate TC0
j . This expression comes from Ito’s lemma.

By replacing F j
k with its expression as a function of F0

k , we obtain:

R0
i j = E

(
R j

i j

) +
K∑

k=1

b j
ik

(
F0

k − TC0
j − C0

k j + (σ 0
j

)2)+ ε
j
i j + E

(
TC0

j

)

+
K∑

k=1

b0
ik F0

k + ε0
j j + C j

i j

We can also replace TC0
j with its factorial expression, which gives

R0
i j = E

(
R j

i j

) +
K∑

k=1

b j
ik

(
F0

k −
(

E
(
TC0

j

)+
K∑

k=1

b0
jk F0

k + ε0
j j

)
− C0

k j + (σ 0
j

)2)+ ε
j
i j

+ E
(
TC0

j

)+
K∑

k=1

b0
ik F0

k + ε0
j j + C j

i j

By grouping the terms together, we obtain:

R0
i j = E

(
R j

i j

)+ E
(
TC0

j

)+ C j
i j +

K∑
k=1

b j
ik

(
−E
(
TC0

j

)− C0
k j F0

k + (σ 0
j

)2)

+
K∑

k=1

(
b j

ik + b0
jk

(
1 −

K∑
k=1

b j
ik

))
F0

k +
(

1 −
K∑

k=1

b j
ik

)
ε0

j j + ε
j
i j

If we define

E0
i j = E

(
R j

i j

)+ E
(
TC0

j

)+ C j
i j +

K∑
k=1

b j
ik

(
−E
(
TC0

j

)− C0
k j F0

k + (σ 0
j

)2)

b0
ik =

K∑
k=1

(
b j

ik + b0
jk

(
1 −

K∑
k=1

b j
ik

))

d0
i j = 1 −

K∑
k=1

b j
ik

then the expression can be written in a more condensed manner:

R0
i j = E0

i j +
K∑

k=1

b0
ik F0

k + d0
i jε

0
j j + ε

j
i j

The factorial structure of the model therefore finds itself modified compared with the national
case, since an additional factor appears which is common to all assets from country j. This is
the term ε0

j j which is specific to the exchange rate in country j. d0
i j represents the sensitivity of

asset i to this factor. This sensitivity is null if asset i does not belong to country j.



Multi-Factor Models 169

The following conditions are respected:

cov
(
F0

k , ε
j
i j

) = 0

cov
(
ε0

j j , ε
j
i j

) = 0

cov
(
ε

j
i j , ε

j
i ′ j

) = 0 for all i �= i ′

E
(
F j

k

) = 0

E
(
ε

j
i j

) = 0

E
(
ε0

j j

) = 0

The arbitrage relationship is obtained by constructing the risk-free portfolio. It is written as
follows:

E0
i j = λ0

0 +
K∑

k=1

λk
0b0

ik + M0
j d0

i j

where

M0
j denotes the risk premium of the exchange factor;

λk
0 denotes the risk premium of factor k; and

λ0
0 denotes the return on the risk-free asset of the reference country expressed in the

reference currency.

If we assume that the returns are hedged against exchange rate risk, then the additional term
due to the currency exchange is eliminated and we obtain a relationship of the same form as
the arbitrage relationship in the national case.

Fontaine’s model assumes that the realisations of the factors depend on the currency. That
is therefore the most general case. Other authors assume that the factors do not depend on the
currency, or Fk = F j

k .

6.3.2 Factors that explain international returns

Marsh and Pfleiderer (1997) studied the importance of two essential factors in international
investment: the country and the industrial sector. If the industries are worldwide, i.e. if the
markets are integrated, then the country factor should not be significant, because its effect is
already contained in the industry factor. If the industries are not worldwide, i.e. if the markets
are segmented, then companies that belong to the same industrial sector but different countries
have different characteristics and the country factor therefore becomes significant.

A model that is classically proposed to study the effects of factors is the following. If we
take an asset i belonging to industrial sector j and country k, the return is expressed by

R̃i jkt = E(R̃i jkt ) + G̃t + Ĩ j t + C̃kt + ẽi jkt

where

G̃t denotes the global market factor represented by an international index;
Ĩ j t denotes the industrial factor;

C̃kt denotes the country factor; and
ẽi jkt denotes the residual return.
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This model assumes that all assets in the same country have the same sensitivity to the
country factor and that all assets in the same industrial sector have the same sensitivity to the
industry factor. This assumption is not very realistic. Marsh and Pfleiderer therefore propose
the following model:

R̃i jkt = Ai + ai G̃t + bi j Ĩ j t + cikC̃kt + ẽi jkt

where each factor is now assigned an asset-specific sensitivity.
The model was tested with and without the global market factor. In both cases the country

factor outweighs the industry factor. When present, the market factor explains around a third of
the returns. Marsh and Pfleiderer’s article cites other studies that reached the same conclusion.

This result casts doubt over Barra’s factor model, which gives considerable importance
to the industry-based factors. The result is consistent with the risk models used by Quantal,
which stipulate that the industrial classification is not generally a good basis for measuring
risk.

As in the national case, there are several methods for identifying “international” factors:

1. Exogenous methods based on time series. These models use international index-type vari-
ables above all, grouping together the effect of several variables.

2. Methods based on factor analysis of asset returns, which enable the factors to be extracted
and the factor loadings to be calculated, but which do not allow us to identify the variables
represented by the factors.

3. Methods based on company attributes (fundamental factors). Grinold et al. (1989) describe a
multi-factor model in the international framework based on the experience of the firm Barra.
This model consists of isolating the currency effect and then decomposing the local portfolio
return into a market term, an industrial sector term and a common factor term. These factors
are company attributes such as, for example, size, volatility or earnings. Grinold et al. find
that the country factor is on average more important than the industry factor but that, at a
more detailed level, the most important industry factors are more important than the least
important country factors.

6.4 APPLYING MULTI-FACTOR MODELS

The use of multi-factor models is beginning to be more widespread among professionals, after
remaining in the research domain for many years. Roll and Ross’s (1984) article describes,
for example, the possible applications of the APT model to portfolio management. The main
disadvantage of these models, compared with the CAPM, is that the theory does not define
the nature of the factors. In addition, the fact that they are difficult to implement was long
considered to be an obstacle to their use. However, their use has now been facilitated by the
improved calculation speed. Unlike the models drawn from the CAPM, the multi-factor mod-
els do not really allow us to measure the advantage of a particular portfolio for an investor
in terms of optimality, as Salvati (1997) explains, because they do not make any particular
assumptions about investors’ behaviour. These models are not aimed at comparing the overall
levels of portfolio risk. They are, however, explanatory models that study several different
areas of risk. They allow us to identify all the sources of risk to which a portfolio is subjected,
and to measure the associated remuneration. This results in better control over portfolio man-
agement: orienting the portfolio towards the right sources of risk leads to an improvement in its
performance.
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Risk analysis and performance evaluation through multi-factor models are therefore con-
nected. The procedure is as follows. A manager seeks to reach a certain level of performance
by orienting his portfolio toward the most highly remunerated risk factors. He carries out risk
analysis at the beginning of the period to construct his portfolio, then analyses the performance
at the end of the period and attributes the contribution of each risk factor to the overall perfor-
mance. He can thus check whether the result obtained corresponds to his original expectations
and then evaluate the decisions that were rewarding and those that were not.

It is possible to construct a wide variety of multi-factor models. The choice of a model for
studying a particular portfolio depends on the nature of the portfolio. In this section we give
details on how the different factor models that were presented at the beginning of the chapter
are used to analyse portfolio risk and performance.

6.4.1 Portfolio risk analysis10

Using the factorial structure of asset returns it is easy to calculate the variance and covariance
of the securities with the help of the variance and covariance of the factors. This produces
a factorial structure for asset risk that measures the standard portfolio risk. This structure
separates the risk into a component drawn from the model and a specific component.

Risk analysis is important for both passive investment and active investment. Passive invest-
ment index funds generally do not contain all the securities in their reference index when there
are a large number of securities. The manager must then analyse the portfolio risk regularly to
check that it is sufficiently close to the risk of the index. The factorial decomposition of the risk
ensures better monitoring of his portfolio’s tracking-error. In active investment, risk analysis
allows us to determine the factors that have the greatest influence on asset prices according
to the remuneration they produce in a well-diversified portfolio. Highlighting the risk factors
also allows us to construct portfolios that are not sensitive to a particular factor. The factorial
decomposition of risk therefore allows risk to be managed better.

We present examples of risk models below: the Barra model, the model used by the firm
Quantal, and application of the firm Aptimum’s model to risk analysis.

6.4.1.1 Barra’s risk model11

The risk analysis model developed by Barra is drawn from their multi-factor model. We saw
previously that the asset returns in that model are characterised by the following factorial
structure:

Rit =
K∑

k=1

biktαkt + uit

where

Rit denotes the return on security i in excess of the risk-free rate;
bik denotes the exposure or factor loading of asset i with regard to factor k;
αk denotes the return on factor k; and
ui denotes the specific return of asset i.

10 Cf. Burmeister et al. (1997) and Chapter 4 of Farrell (1997).
11 Cf. Kahn (1995) and Chapter 3 of Grinold and Kahn (1995) with the technical appendix to the chapter, Sheikh (1996), Barra

(1998) and Grinold and Kahn (2000).
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The specific returns are assumed to be non-correlated between themselves and non-correlated
with the factor returns, or

cov(ui , u j ) = 0 for all i �= j

and

cov(ui , αk) = 0

The next step is to calculate the asset return variance–covariance matrix with the help of
the variance–covariance matrix of the risk factor returns that are common to this set of assets,
which allows the number of calculations required to be reduced.

The variance–covariance matrix for the returns on the securities is therefore given by

V = B	BT + �

where

	 denotes the variance–covariance matrix for the factor returns;
B denotes the matrix of the assets’ factor loadings; and
� denotes the variance matrix for the asset-specific returns. This matrix is diagonal because

the terms that are specific to each asset are not correlated between themselves.

Explicitly, the elements of the assets’ variance–covariance matrix therefore have the follow-
ing structure:

Vi j =
K∑

k1,k2=1

bik1ωk1k2 b jk2 + �i j

where

Vi j denotes the covariance between asset i and asset j;
ωk1k2 denotes the covariance of factor k1 with factor k2; and
�i j denotes the specific covariance of asset i with asset j. This term is therefore null if i �= j .

The matrix V is estimated with the help of the matrix B, the securities’ loadings for the
common factors, the matrix 	, the variance–covariance of the factors, and the matrix �, the
variances of the security-specific returns.

Barra’s choice of fundamental factors should integrate evolutions in the composition of
the portfolio and its risk characteristics better than macroeconomic factors, because these
factors take the evolution of companies’ risk characteristics into account. However, unlike the
macroeconomic factor models, where the factors’ variance–covariance matrix is calculated
with the help of observed data, the matrix for the fundamental factor models is calculated with
estimated data.

The portfolio risk is then calculated from the portfolio composition and Vi j . Let h p be the
vector of size n defining the asset weightings in portfolio P. The exposures to the factors of
portfolio P are given by

xP = BTh P

The variance of portfolio P is then written

σ 2
P = hT

P V h P = xT
P	xP + hT

P�h P
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Barra use the real composition of the portfolio over time by conserving the historical monthly
data. We can carry out an identical analysis to calculate the active risk or tracking-error of the
portfolio. As a reminder, this is the component of risk due to the differential between the
portfolio and its benchmark. It will be denoted in what follows by the variable �2

P . Taking
hB as the vector of benchmark weightings, we define the differential between the portfolio
composition and the benchmark composition as

h PA = h P − hB

We then have

xPA = BTh PA

and hence

�2
P = hT

PAV h PA = xT
PA	xPA + hT

PA�h PA

The multi-factor risk model allows us to analyse the risk of a portfolio that has already been
constituted. The risk is broken down according to the different sources of risk. The residual
share of the risk that is not explained by the factors can thus be identified. In the case of
active portfolio management, this risk decomposition can be compared with that of a passively
managed reference portfolio. The differentials observed indicate that the manager expects
higher remuneration for certain factors.

With the help of the portfolio risk expressions established from the factors, we can accurately
calculate the marginal contribution of each factor to the portfolio risk, for both the total risk
of the portfolio and its active risk. This allows us to see the assets and factors that have the
greatest impact on the portfolio risk.

The marginal contribution of a security to the total risk of the portfolio, written as MCTR, for
the marginal contribution to total risk, is defined by the partial derivative of the risk compared
with the weighting of the security:

MCTR = ∂σP

∂hT
P

= V h P

σP

The nth component of the MCTR vector is the partial derivative of σP compared with the nth
component of the vector h P . We can see it as the approximate change in portfolio risk given an
increase of 1% in the weighting of asset n financed by a 1% decrease in cash. The same type
of reasoning can be applied to calculate the marginal contribution of a factor, written FMCTR,
to the total risk of the portfolio. The marginal contribution of a factor enables us to measure
the change in risk brought about by a modification in the exposure to that factor. We have

FMCTR = ∂σP

∂xT
P

= 	xP

σP

By noting that

xT
P FMCTR = xT

P	xP

σP
= hT

P V h P − hT
P�h P

σP

then xT
P ( j)FMCTR( j) gives the contribution of factor j to the total risk of the portfolio and

hT
P�h P/σP gives the contribution of the asset-specific risks to the total risk of the portfolio.
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We can use the same reasoning with the active risk of the portfolio and successively calculate
the marginal contributions of the assets to that risk, or

MCAR = ∂�P

∂hT
PA

= V h PA

�P

and the marginal contributions of the factors, or

FMCAR = ∂�P

∂xT
PA

= 	xPA

�P

Following this phase, performance analysis will allow us to check whether the portfolio risk
choices were judicious. This will be developed later in the chapter.

6.4.1.2 The Quantal risk model12

Quantal developed and use a risk model based on implicit factors extracted from asset returns.
These factors are generated by using the most recent four to six months of daily returns and
giving more importance to the most recent trends to avoid including irrelevant data from the
past. The analysis is carried out at the level of the securities and is not limited by the definition
of a country or an industrial sector. The statistical model used is consistent with the APT
model. The choice of a short period makes the model very sensitive to recent movements in
the market and gives a good view of the portfolio risk and a better forecast of its tracking-
error.

The choice of an implicit model to explain the risk allows us to determine, in order of
importance, the factors that have the greatest influence on the evolution of returns, while the
use of predefined factors could lead to improper factors being included or certain factors being
omitted. This allows us to carry out a better analysis of portfolio risk.

For example, in the case of benchmarked investment, a portfolio can be constructed in such
a way as to be exposed to the same risk factors as the reference portfolio, without having to be
invested in exactly the same securities, and can thus conserve a minimal tracking-error.

6.4.1.3 The model developed by the firm APT (Advanced Portfolio Technology)

We have already discussed this company and its model, which is based on the search for
implicit factors, in Section 6.2.2.5. The principle used is the same as Quantal’s. In practice, the
calculations are carried out by using historical data on 180 weekly returns with a database of
30 000 securities from different countries. The model extracts 20 factors through the statistical
method presented in Section 6.2.2.5. The factors are orthogonal, i.e. independent, and they have
strong explanatory power. The estimations are performed again every quarter by integrating
the new data for the most recent quarter and eliminating the data from the earliest quarter.

This model is used to establish a ranking of mutual funds by risk category in order to be able
to compare their performance within a single category. The ranking has appeared in Le Monde
and other European newspapers13 since the beginning of 1999. This ranking includes the risks
taken by the manager, with the different areas of those risks being studied. The factor model
established allows the fund and asset returns to be broken down into a certain number of

12 Cf. Quantal’s web site: http://www.quantal.com.
13 El Pais in Spain, The Guardian / Money Observer in the United Kingdom, Le Soir in Belgium, La Stampa in Italy, Süddeutsche

Zeitung in Germany, Tageblatt in Luxembourg, Le Temps in Switzerland and Der Standard in Austria.
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coefficients of sensitivity to the risks that are common to all the assets. The values of these
coefficients allow the risks of the funds to be evaluated. Precise knowledge of the risks then
allows the mutual funds to be grouped into peer groups with very similar risk profiles. The
ranking can then be established within each group.

APT compare their method with that of arbitrarily chosen explicit factor models. The ex-
plicit factors can be interpreted, but they are liable to be correlated. APT prefer to favour the
explanatory power of the returns rather than interpretation of the factors. In addition, as we
indicated in Section 6.2.2.3, a transition from implicit factors to explicit factors is then possible.

In this section we have presented three types of risk analysis model: one based on explicit
factors and the other two based on implicit factors. Implicit factor models are particularly
interesting for monitoring the risk, and, by extension, the performance, of an index portfolio,
because they allow the exposure to different risk factors to be controlled accurately. To do that,
we analyse the index to be replicated. We can then construct the index portfolio so that it is as
close as possible to the index by exposing it to the same risks, with the same factor loadings as
the index. This allows us to conserve the minimal portfolio tracking-error and to achieve the
desired performance. Since the implicit factor models integrate evolutions in the market better
than the explicit factor models, they allow more reliable results to be obtained.

6.4.2 Choice of portfolio

The simplified structure of the asset returns’ variance–covariance matrix allows the portfolio
optimisation methods to be implemented with fewer calculations. This point was addressed in
Section 3.4 of Chapter 3.

6.4.3 Decomposing the performance of a portfolio14

The multi-factor models have a direct application in investment fund performance measure-
ment. The models contribute more information to performance analysis than the Sharpe,
Treynor and Jensen indices. We have seen that the asset returns could be decomposed lin-
early according to several risk factors common to all the assets, but with specific sensitivity
to each. Once the model has been determined, we can attribute the contribution of each factor
to the overall portfolio performance. This is easily done when the factors are known, which
is the case for models that use macroeconomic factors or fundamental factors, but becomes
more difficult when the nature of the factors has not been identified. Performance analysis
then consists of evaluating whether the manager was able to orient the portfolio towards the
most rewarding risk factors. Ex post observation of the level of returns compared with the
consensus returns allows us to evaluate whether the manager was right or not to deviate from
the benchmark by orienting the portfolio towards certain factors.

Analysis of portfolio performance with the help of a multi-factor model is applied to rel-
atively homogeneous asset classes, for example French stocks, or international stocks, or a
category of bonds. The factors identified depend on the type of asset under consideration.

All the models presented below generalise the Jensen measure. The share of return that
is not explained by the factors constitutes the residual return and allows us to calculate the
information ratio, as it was defined in Chapter 4.

14 Cf. Roll and Ross (1984).
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6.4.3.1 The multi-index model: Elton, Gruber, Das and Hlavka’s model15

This model constitutes the first improvement compared with the single-index model. The
indices quoted on the markets are indices that are specialised by asset type. The use of several
indices therefore gives a better description of the different types of assets contained in a
fund, such as stocks or bonds, but also, at a more detailed level, the large or small market
capitalisation securities and the assets from different countries. The multi-index model is
simple to use because the factors are known and easily available. The empirical validation
studies are however more recent than those carried out on the APT model.

The Elton et al. model is a three-index model that was developed in response to a study
by Ippolito (1989) which shows that performance evaluated in comparison with an index that
badly represents the diversity of the assets in the fund can give a biased result. Their model is
presented in the following form:

RPt − RFt = αP + βPL(RLt − RFt ) + βPS(RSt − RFt ) + βPB(RBt − RFt ) + εPt

where

RLt denotes the return on the index that represents large-cap securities;
RSt denotes the return on the index that represents small-cap securities;
RBt denotes the return on a bond index; and
εPt denotes the residual portfolio return that is not explained by the model.

Elton et al. position themselves within the framework of the efficient market hypothesis
defined by Grossman and Stiglitz (1980), which assumes that the markets are efficient if the
additional return produced by the active management of a portfolio simply compensates for
the management fees. The manager’s performance corresponds to the excess return that is not
explained by the three indices. The model allows for better integration of the nature of the fund
and identification of the manager’s style as a function of the significance of each index in the
performance result.

This model can be used to evaluate the manager’s market timing capacity with regard to each
of the market sectors by adding a quadratic term for each index. We then obtain a generalisation
of the Treynor and Mazuy model.

6.4.3.2 The APT model16

The use of the APT model to analyse performance was developed for the first time by Connor
and Korajczyk (1986). The principle is the same as for the Jensen measure or the multi-index
model, namely to separate the predictable part of performance, explained by the model, from
the manager’s contribution. If the factors have been chosen well, then this model should enable
the strategy followed by the manager to be described more accurately than by the three-index
model presented above.

As we mentioned during the theoretical presentation of this model, the essential difficulty is
in choosing the right factors. Connor and Korajczyk use macroeconomic factors. They selected
the following five factors: the forward structure of rates, the bond premium, the unanticipated
unemployment rate, unanticipated inflation and the residual market factor.

15 Cf. Elton et al. (1993), and also Elton and Gruber (1995), Fabozzi (1995) and Grandin (1998).
16 Cf. Elton and Gruber (1995), Grandin (1998), and Roll (1997) who cites the method used by Connor and Korajczyk.
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Once the average return decomposition model has been established for each asset over a
given period, we can study the performance of a portfolio made up of n assets, chosen from
among the assets that were used to construct the model. We have

E(Rit ) − RF =
K∑

k=1

βikλk

where βik and λk are known.
The return on the portfolio is written as follows:

RPt =
n∑

i=1

xi Rit

with xi being the weightings of the assets in the portfolio.
The composition of the portfolio is assumed to be fixed over the period under consideration.

The study period actually has to be broken down into as many sub-periods as there are modi-
fications to the portfolio and the results then have to be aggregated over a complete period. By
aggregating the results obtained for each asset at the portfolio level, we can then decompose
its total return according to the risk factors.

The return forecast by the model is therefore:

E(RP ) = RF +
K∑

k=1

λkβPk

where

βPk =
n∑

i=1

xiβik

The differential between the observed portfolio return and its expected return, or RPt −
E(RP ), gives the share of return that is not explained by the model, and therefore attributable
to the manager. The share of return explained by factor k is given by λkβPk .

This decomposition allows the performance differential between two portfolios to be ex-
plained by the different exposure to the factors.

Since the performance analysis is carried out ex post, the study period can be included in the
period that was used to establish the model. It is then necessary to update the model regularly
by continually taking, for example, five-year rolling periods of historical data.

6.4.3.3 Barra’s model for analysing the performance of equity portfolios17

Barra promote a performance analysis and attribution model called Equity Portfolio Perfor-
mance Analysis, based on their risk model. It involves evaluating performance in relation to the
risks taken, with the help of the multi-factor risk analysis model, and identifying the sources
of portfolio performance. The model uses the historical monthly composition of the portfolio.
Performance attribution allows us to identify the management decisions and asset allocation

17 Cf. Barra’s internet site: http://www.barra.com, and Meier (1991, 1994). The models for bond portfolios will be presented in
Chapter 8.
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strategies that made the greatest contribution to the portfolio return and to determine whether
the return is sufficient with regard to the risk taken to achieve it. We can therefore evaluate the
manager’s skill in achieving returns for the different categories of risk.

In Barra’s performance attribution model the multi-factor models are integrated in a very
thorough analysis that also handles evaluation of the investment management process, an
aspect that will be detailed in Chapter 7. The performance of the portfolio is compared with
that of a benchmark which can be chosen from among a list of specific benchmarks or can be
custom built. The asset allocation component is separated from the stock picking component
for each market sector, with the latter then being analysed with the help of a factor model.
For the moment, we only describe the application of multi-factor models to analysis for each
market sector. Using the model’s risk indices and calculated risk premiums, the portfolio return
is decomposed according to the same principle as that used for the APT model. We thereby
determine the share of return that comes from each of the risk factors.

With the notation being the same as that used in Section 6.4.1.1, in which we described
Barra’s risk model, we recall that the return on a portfolio made up of n assets is written as
follows:

RPt =
K∑

k=1

xPktαkt + u Pt

where

xP = BTh P

and

u Pt =
n∑

i=1

h Pit uit

and where

αk denotes the return on factor k;
ui denotes the specific return on asset i;
B denotes the factor loading matrix; and
h P denotes the vector that defines the weightings of the assets in the portfolio.

The coefficients xPkt denote the portfolio’s exposures to the factors at the beginning of
the period studied. RPt and αkt . denote the returns realised by the portfolio and the factors,
respectively. The return attributed to factor k is therefore written as follows:

RPkt = xPktαkt

and the portfolio-specific return is given by u Pt . This specific return measures the manager’s
skill in selecting individual securities.

The performance decomposition can also be performed on the portfolio’s active return.
Studying the performance and interpreting the results then leads to a review of the investment

plan. Performance attribution thus allows for a better understanding of the results and improved
portfolio management.

Barra initially developed multi-factor models for each country and then developed a model
that was adapted to international multi-currency portfolios. The latter model analyses portfolio
performance as a function of the allocation by country, and then uses a specific model for each
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country. In the case of international portfolios, the major source of performance identified is
the choice of allocation by country and by currency.

6.4.3.4 Implicit factor model for performance analysis

Once the model has been identified, we obtain a decomposition of the expected return on each
asset according to the different factors. We can then explain the share of the portfolio return
that is due to each factor and isolate its residual return. The principle is then the same as for an
APT-type explicit factor model, apart from the fact that we cannot necessarily name the factors
and the factors thus remain difficult to interpret. For that reason the models actually are more
often used to manage portfolio risk than to explain portfolio performance.

However, as we already indicated in Section 6.4.1.3, the firm APT’s implicit factor model
is used to rank the performances of mutual funds and investment funds. Once the funds have
been split into groups with similar risk profiles, they are ranked by level of performance within
each group. The ranking obtained presents a restated performance on which a judgement is
expressed. The level of risk taken in comparison with funds in the same category is also
qualified with a system of stars. We can therefore evaluate the quality of management for each
fund and analyse the source of the performance according to the risks taken to achieve it.

6.4.4 Timing analysis

The timing analysis methods, which were presented in Chapter 4 and which allow us to analyse
the evolution of the portfolio’s exposure to market risk, are generalised in the case of a multi-
factor model. To do so, one simply adds a quadratic term to the equation for each of the factors.
We thus obtain a Treynor and Mazuy-type formula. This allows us to study the variation in the
portfolio’s exposure to the different risk factors in correlation with the factor trends.

6.4.5 Style analysis

The concept of management style has become more and more prominent in recent years in
equity management services. We observe that securities produce different performances ac-
cording to the category to which they belong and the time periods considered. In Chapter 1
we presented the different investment styles and described the usefulness of the multi-style
approach. Managers can construct portfolios based on a pure investment style or else spread
the portfolio over several investment styles. Multi-style portfolios can also be obtained by
combining funds where the managers follow well-defined styles. It is then necessary to have
an appropriate model to analyse the performance of those portfolios and a benchmark that
corresponds to the structure of the portfolio. The choice of benchmark is very important. It
would not be fair to compare the performance of a manager who follows a very precise style
with that of a benchmark representing the whole of the market, or that corresponds to a style
that is different from his. A manager may, for example, produce a performance that is worse
than the performance of the market as measured by a broad index if the style that he employs
is not the most favourable over the period under consideration. He could nevertheless display
particular skill within his style by producing a performance that is better than the benchmark
that corresponds to his specific style; we should not consider in that case that the manager
has performed badly. The opposite situation may also arise. A manager may produce a perfor-
mance that is better than the broad index, but worse than the index corresponding to his style; he
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should not in that case be considered to be a good manager in the style that he employs. Study-
ing performance in comparison with a specific benchmark allows us to avoid those kinds of
errors.

Two types of method allow the style of a portfolio to be analysed. The first, called return-
based style analysis, is based solely on the study of past portfolio returns. It does not require the
composition of the portfolio to be known. It is drawn from the style analysis model developed by
Sharpe (1992). The second method, called portfolio- or factor-based style analysis, analyses
the style of the portfolio by studying each of the securities that make up the portfolio. We
shall present these two types of analysis while specifying their respective advantages and
disadvantages. Before that, however, we introduce and examine the issue of style indices on
which the whole analysis is based.

6.4.5.1 Style indices18

The need to measure the performance of different investment styles led to the development
of style indices. The style indices for the American market are principally developed by four
companies: Frank Russell, Wilshire Associates, Barra, in association with Standard & Poor’s,
and Prudential Securities International.

The Frank Russell Company produces three types of style index: a large-cap index based on
the Russell 1000 index, the Russell 3000 index and the Russell Top 200 index, a mid-cap index,
and a small-cap index using both the Russell 2000 and Russell 2500 indices. Standard & Poor’s
publish large-cap indices for growth and value stocks in partnership with Barra. These indices
are based on the S&P Composite, MidCap 400 and SmallCap 600 indices. Wilshire Associates
and Prudential Securities publish style indices for the following three categories: large-cap,
mid-cap and small-cap. There are also international style indices. Boston International Advisors
(BIA) created style indices for 21 countries and seven regions for the following four major
style categories: large value, large growth, small value and small growth. Parametric Portfolio
Associates (PPA) have also developed a similar set of international indices. We will describe
the main indices in more detail below.

The Russell Growth and Value indices are available for the three Russell large-cap indices:
the Top 200 index, the Russell 1000 index and the Russell 3000 index. The mid-cap style
indices are based on the Russell MidCap index and the small-cap style indices are based on the
Russell 2000 index and the Russell 2500 index. These three indices use the same calculation
method. The securities are ranked on the basis of their P/E ratio and their long-term growth rate.
This ranking determines whether a stock tends to be a growth stock or a value stock. Around
30% of the securities in the large-cap index appear in both the growth and value indices, but
in different proportions. The rest of the stocks appear in only one index.

The Russell 3000 index contains the 3000 largest companies in the United States, which
together represent 98% of American stock market capitalisation. The Russell 2000 index
corresponds to the bottom two-thirds of the list of the 3000 largest American corporations.
The Russell 1000 index contains the 1000 largest companies. The Russell 2500 corresponds
to the Russell 3000 index with the 500 largest capitalisations taken away. The Top 200 index
contains the 200 largest firms. The MidCap index contains the 800 firms that come after the
200 largest firms in descending order of market capitalisation. The combination of the Top 200
index and the MidCap index constitutes the Russell 1000 index.

18 Cf. Brown and Mott (1997) and Mott and Coker (1995).
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The S&P/Barra Growth and Value indices are constructed from the S&P500 index on the
basis of the P/E ratios of the securities. The securities with the lowest P/E ratios are integrated
into the value index and the securities with the highest P/E ratios go into the growth index. The
two indices are constructed in such a way as to have approximately the same capitalisation.
Since the companies in the growth index have a larger market capitalisation, this index only
contains 40% of the securities. The rest of the securities make up the value index. The same
methodology is used to construct the S&P MidCap and SmallCap indices.

The S&P500 index, which is also called the S&P Composite, is constructed so as to be
representative of the New York Stock Exchange in terms of industrial sectors. The stocks in
the S&P MidCap 400 index are chosen according to their size and their industrial character-
istics. The S&P SmallCap 600 index was introduced in October 1994. It contains companies
chosen according to their size, their industrial characteristics and their liquidity. The SmallCap,
MidCap and S&P Composite indices do not overlap. Certain companies in the MidCap index
have a larger market capitalisation than those in the S&P500 and certain companies in the
SmallCap index have a larger market capitalisation than those in the MidCap index.

The Wilshire Growth and Value indices are constructed from the Top 750 large-cap index,
the MidCap 750 index and the Next 1750 small-cap index, eliminating securities that do not
have growth characteristics for the former, or value for the latter. The Wilshire Top 750 index
contains the securities with the largest market capitalisation in the Wilshire 5000 index, an
index that had over 7000 securities halfway through the year 1996. The Wilshire MidCap
index is a little smaller than the Russell MidCap and S&P MidCap indices. It contains the
250 smallest market capitalisation securities in the Top 750 index and the 500 largest market
capitalisation securities in the Next 1750 index.

For the same style we therefore have several indices. However, we observe that the per-
formance of these indices is different, even though they represent the same investment style.
The differences observed are anything but negligible, as they can reach several basis points.
The reason for this is that the indices are based on different universes of securities and are
calculated using different methods. For example, Russell and Standard & Poor’s create their
indices on the basis of the P/E ratio, while Wilshire and PSI use a scanning technique based
on several criteria. The choice of a particular index from among the different indices available
for the same style is therefore difficult, and all the more so because the resulting performance
analysis depends on the reference index chosen. To solve this problem we can seek to iden-
tify pure style indices. To do this, we carry out factorial analysis on the returns of the style
indices that belong to the same style category. The first component then constitutes a pure
style component, which can be seen as the intersection of the indices under consideration. By
proceeding in that way for each style category, we obtain a set of pure style indices19. These
indices can then be used as a basis for constructing normal portfolios made up of several style
indices.

6.4.5.2 Sharpe’s style analysis model20

The theory developed by Sharpe stipulates that a manager’s investment style can be determined
by comparing the returns on his portfolio with those of a certain number of selected indices.
Intuitively, the simplest technique for identifying the style of a portfolio involves successively

19 On the subject of implementing the technique for constructing “pure” indices, see Amenc and Martellini (2001).
20 Cf. Sharpe (1992), Fabozzi (1995) and Hardy (1997).
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comparing his returns with those of the different style indices. The goodness of fit between
the portfolio returns and the returns on the index is measured with the help of a quantity called
R2, which measures the proportion of variance explained by the model. If the value of R2

is high, then the proportion of unexplained variance is minimal. The index for which the R2

is highest is therefore the one that best characterises the style of the portfolio. But managers
rarely have a pure style, hence Sharpe’s idea to propose a method that would enable us to find
the combination of style indices which gives the highest R2 with the returns on the portfolio
being studied.

The Sharpe model is a generalisation of the multi-factor models, which is applied to classes
of assets. Sharpe presents his model with 12 asset classes. These asset classes include several
categories of domestic stocks, i.e. American in the case of the model: value stocks, growth
stocks, large-cap stocks, mid-cap stocks and small-cap stocks. They also include one category
for European stocks and one category for Japanese stocks, along with several major bond
categories. Each of these classes corresponds, in the broad sense, to a management style and
is represented by a specialised index.

The model is written as follows:

RPt = bP1 F1t + bP2 F2t + · · · + bP K FK t + ePt

where

Fkt denotes the return on index k;
bPk denotes the sensitivity of the portfolio to index k and is interpreted as the weighting of

class k in the portfolio; and
ePt represents the portfolio’s residual return term for period t.

In this model the factors are the asset classes, but unlike ordinary multi-factor models, where
the values of the coefficients can be arbitrary, here they represent the distribution of the different
asset groups in the portfolio, without the possibility of short selling, and must therefore respect
the following constraints:

0 ≤ bPk ≤ 1

and

K∑
k=1

bPk = 1

These weightings are determined by a quadratic program, which consists of minimising the
variance of the portfolio’s residual return.

The style analysis thus carried out allows us to construct a customised benchmark for
the portfolio. To do so, we simply take the weightings obtained for each style index. This
type of benchmark is called a Sharpe benchmark. We referred to it previously in Chapter 2. It
corresponds to a passive portfolio of the same style as the portfolio to be evaluated. The difficulty
lies in choosing a period of suitable length to be representative of the manager’s style. A period
that is too short is insufficient for evaluating a manager’s style, but a benchmark constructed
from a period that is too long may not fully reflect recent changes in the manager’s style. Using a
period of three years for constructing a benchmark is recommended. The benchmark established
in that way is created ex post, although it would be useful for it to exist at the beginning of the
period for which we are evaluating the manager. In order to have an appropriate benchmark
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for the manager’s portfolio available permanently, we can proceed in rolling periods by always
using the last three years of historical data to construct the reference for the upcoming period.
We then update the benchmark by continually advancing it by one period (a quarter or a month)
over time.

Once the coefficients of the model have been determined for a representative period and
the benchmark has been constructed, the manager’s performance is calculated as being the
difference between the return on his portfolio and the return on the benchmark. We thereby
isolate the share of performance that comes from asset allocation and is explained by the
benchmark. The residual share of performance not explained by the benchmark constitutes
the management’s value-added and comes from the stock picking, within each category, that
is different from that of the benchmark. It is the manager’s active return. The proportion of
the variance not explained by the model, i.e. the quantity 1 − R2, measures the importance of
stock picking quantitatively.

When a fund is assigned to several managers, the style for the whole fund is obtained by
aggregating the styles obtained for each manager with their respective weightings. In the case
of international portfolios, the style analysis can be carried out by country, by considering the
different style indices within each country, or else globally, by using international style indices.

The Sharpe model uses an analysis that is called return-based, i.e. based solely on the
returns. The advantage of this method is that it is simple to implement. It does not require any
particular knowledge about the composition of the portfolio. The information on the style is
obtained simply by analysing the monthly or quarterly returns of the portfolio through multiple
regression. The sources of the historical portfolio returns are explained by the combination
of style indices that best represents the returns on the portfolio as a whole. The necessary
data are the historical portfolio returns and the returns on a set of specified indices. But the
major disadvantage of this method lies in the fact that it is based on the past composition of
the portfolio and does not therefore allow us to correctly evaluate the modifications in style to
which it may have been subjected during the evaluation period. This method therefore assumes
that the managers have a consistent style during the period, or that only minimal and progressive
style modifications occurred. As long as these conditions are respected, the method described
works well.

When the study period is fairly long, there can be no certainty about style consistency over
time. Past data may not be representative of the current portfolio. In this case the result obtained
is actually the average style of the portfolio over the period. If style modifications occur, then
the method tends to detect them late or sometimes not detect them at all. When several groups
of indices are available for analysing the style, the results can differ according to the group
of indices used. To get a view of the evolution of the portfolio style over time, we can carry
out the analysis again for rolling sub-periods, after carrying out the analysis for the complete
period. With quarterly returns we take, for example, three-year periods by rolling over one
quarter. The successive results show the evolution in the manager’s style. This is a quick way
to analyse the evolution of the style without having to know the portfolio composition in detail.

Certain managers seek to add value by switching from one style and/or sector to another
and by predicting the style or sector that will be favourable in the upcoming period. These
managers are called sector rotators or style rotators. The style analysis and benchmark creation
described in this section are not suitable for analysing this type of manager. It is better in that
case to use a broad benchmark. However, the analysis presented allows us to identify this
type of manager rapidly. The rolling period analysis gives results that are spread over all
styles instead of tending towards a specific style. The style is therefore inconsistent. The
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R2 calculated to validate the benchmark is low and it is virtually impossible to predict the
future on the basis of the past. The benchmark evaluated by rolling period evolves greatly from
one period to another. While the average style benchmark turnover in one year is between 20%
and 30%, that of a style rotator can reach 100%.

We have seen that the main disadvantage of the return-based method was that it was es-
sentially based on past data. Furthermore, linear statistic modelling poses the problem of the
meaning of the term “residual”. We must consider that the classic assumptions of the linear
model are always true and, consequently, that the optimality properties of the linear regression
estimators will always remain valid. In particular, it is classic to rely on the “central limit”
theorem to justify the fact that the random residual of the model (an effect that results from
the addition of multiple unspecified random factors) has a distribution that is similar to the
Laplace–Gauss law. This allows the parameters of the estimated model to be “Studentised”
and thus allows their “significance” to be qualified statistically.

Apart from that statistical assumption, style analysis presents other statistical difficulties:

1. The linear regression uses past data and the past cannot be representative of the future (the
problem with the non-stationarity of the processes).

2. The constraint imposed by the Sharpe model on the weight of the factors (positive and with
a sum equal to 1) tends to distort the regression results obtained (DeRoon et al., 2000). The
correlation between the error term and the benchmark or benchmarks chosen may not be
equal to 0.

6.4.5.3 Portfolio-based analysis

The principle of portfolio-based analysis is to analyse each of the securities that make up the
portfolio (cf. Borger, 1997). The securities are studied and ranked according to the different
characteristics that allow their style to be described. The results are then aggregated at the
portfolio level to obtain the style of the portfolio as a whole. This method therefore requires
the present and historical composition of the portfolio, together with the weightings of the
different securities that it contains, to be known precisely. The analysis is carried out regularly
in order to take account of the evolution of the portfolio composition and the evolution of
the characteristics of the securities that make up the portfolio. The results obtained therefore
correspond to the characteristics of the portfolio currently held by the manager and thus
liable to influence his future performance, while the method described previously was based
on the past characteristics of the portfolio. This method therefore enables better monitoring of
the evolution of the portfolio. The method is partly drawn from the work of Fama and French,
which we presented earlier in the chapter, who showed that asset returns could be explained
by a small number of fundamental factors. In particular, Fama and French identified the size,
measured by the market capitalisation, and the book-to-market ratio.

As we saw in Chapter 1, the style is essentially analysed according to two facets. Assets
are classified, on the one hand, according to their market capitalisation, and, on the other,
according to whether they are growth stocks or value stocks. For the size criterion, they are
generally separated into two groups: large-cap securities and small-cap securities. To do this,
all securities are ranked in decreasing order of market capitalisation. We can then define the
two groups so that the total market capitalisation of each group is the same. In this case the
small-cap stock group will contain more securities than the large-cap stock group. We can also
choose to separate the two groups by observing the level at which the performance differences
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between the securities become significant. In addition, we can define a third intermediate
category containing mid-cap securities.

We observe that the investment styles and the fundamental factors are linked: a style can be
described by a set of fundamental factors. The stocks can be split into value stocks and growth
stocks by observing the values of the securities’ fundamental characteristics. Value stocks are
characterised by high returns. Several variables allow them to be identified. The first is the
book/price (B/P) ratio, which measures the book value compared with the market value. Value
stocks are characterised by a high B/P ratio, but it is more difficult to justify stocks with a
low B/P ratio being growthstocks. Value stocks are also characterised by a high earnings/price
(E/P) ratio. This ratio measures the amount of earnings compared to the market value. We
can also identify value stocks on the basis of the yield/priceratio, which measures the value of
the dividend compared to the market value, i.e. the return on the security. Certain securities
cannot be included in either the growth or the value category. This is the case, for instance, for
companies that have made a loss. The different securities are therefore classified in line with
the value of the fundamental characteristics that are chosen to describe the styles. We can then
check whether the different groups obtained do have different performance characteristics.

Once the study has been carried out security by security, the results are used to evaluate the
style of the portfolio as a whole. The portfolio’s market capitalisation is obtained, for example,
by calculating the weighted mean of the market capitalisation of the securities that make up the
portfolio. We proceed in the same way for all the fundamental characteristics of the portfolio.
The study must be carried out regularly, because the characteristics of the securities are liable
to evolve over time.

It is also possible to turn to factor analysis for implicit identification of the factors that
characterise the style of the portfolios, rather than presupposing the nature of the fundamental
factors associated with each style (cf. Radcliffe, 2000). This approach, which is not very
widely used today in practice, is an attempt to respond to a criticism, which is difficult to
refute, of the security characteristic-based style analysis techniques. Numerous studies (notably
Lucas and Riepe, 1996) have highlighted the difficulty of a priori classification of securities
according to their characteristics. On the one hand, commonly used attributes such as the
book/price or earnings/price ratios are unstable and depend as much on market conditions
as on company-specific qualities. On the other hand, the characteristics of a large number of
securities do not allow satisfactory discriminatory analysis to be carried out. In a Bienstock
and Sorensen (1992) study, it appears that only 20% of the stocks, from a sample of 3000, can,
to a significant degree, be classified as value or growth. Such a limitation would lead to the
construction of style benchmarks that would be too narrow and would either not correspond to
the actual investment management carried out or, if the manager wished to guarantee his style
by respecting this constraint, significantly restrict the investment opportunities. Finally, when
the investor chooses stocks that present the desired characteristics, he selects other undesired
attributes, which should be analysed, with the stocks (exposure to a country, to a sector, etc.).
This complicates the a priori construction of the benchmark or portfolio that is representative
of the allocation desired.

6.4.5.4 Comparing the two methods

The return-based method is the most widely used because it is the simplest to implement.
There is no need to know the securities that make up the portfolio, nor their proportions. It is
therefore the only method that can be used when there are no data available on the composition
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of the portfolio21. This ex post analysis does not however allow the managers’ a priori respect
of investment constraints to be managed. In addition, this technique has the disadvantages of
the methods that use regression, namely a risk of the model being wrongly specified when
the style indices are chosen. The return-based approach nevertheless has allowed the use of
customised benchmarks to be developed and generalised, where previously one merely tended
to compare portfolios with broad indices.

The portfolio-based method requires more information on the portfolio, but in exchange it
provides more precise information. It is based on the style characteristics used by the manager
to construct and maintain his portfolio and allows the investment strategies followed to be
studied. The manager therefore has the possibility of evaluating the results of his forecasts and
gaining a better understanding of the reasons for the over- or underperformance highlighted by
performance attribution. The portfolio-based approach integrates the evolution of the portfolio
style over time to a greater degree. While the return-based method could simply reveal a style
differential sustained by the portfolio, the decomposition of the portfolio makes it possible to
understand the security in the portfolio or the investment strategy that created the differential.
This technique allows us to notice rapidly that a manager is holding securities that do not
correspond to his style. But the main weakness of this approach is the frequently subjective
character of the classifications. Since the style analyses performed within this approach are
specific to each manager, it is difficult for them to be reproduced by an external third party.
This can turn out to be a major disadvantage when an external consultant is used to certify
or evaluate the quality of the management performance analysis provided to the institutional
investor. As a result, we often see objectives shared between the methods22. The techniques
that rely on the portfolio-based analysis approach are used for the internal implementation
of the monitoring process for risks, compliance with investment constraints and performance
attribution. Since an analysis that is exclusively based on the returns is considered to be more
objective, it is more often used for an external view of performance measurement and its
adjustment in relation to the risk taken and the style used by the manager over the analysis
period.

Within the area of multimanagement, we find this breakdown again. Only multimanagers
who have access, through their information system, to all the daily operations of their delegated
managers favour portfolio-based analysis. Managers of funds-of-funds use techniques that are
only based on returns.

6.4.5.5 Style benchmarks

In Chapter 2 we defined normal benchmarks. This type of benchmark allows more accurate
performance evaluation of a portfolio that is managed according to a particular style. The two
methods for analysing the portfolio style that we have just described are used to construct
appropriate normal portfolios for the managers’ styles. The manager’s portfolio can then be
represented as a weighted combination of style indices.

In order to determine the weightings to assign to each style index, we analyse the style of
the manager over a given period using one of the two methods described above. We thus obtain
a set of weights that represent the manager’s style at the end of the time period. The reference

21 In 1995, a survey of data from two major mutual fund information providers in the United States showed that only one-fifth
(Morningstar) and one-half (Value Line) of the fund compositions present in the marketed databases had been updated in the previous
three months.

22 For more details on the conditions of use of the two approaches, it would be beneficial to refer to Trzcinka (1997).



Multi-Factor Models 187

portfolio for evaluating the manager is a portfolio made up of the style indices in proportions
defined by the portfolio style analysis. This portfolio is the normal portfolio weighted by the
style. Formally, it is calculated in the following way:

RNt = w1,t−1S1t + w2,t−1S2t + · · · + wn,t−1Snt + εnt

where

RNt denotes the return of the style-weighted normal portfolio at date t;
wn,t−1 denotes the weight of style index n at the beginning of the time period or the end of

the last time period;
Snt denotes the return of style index n at time t or over the interval from t − 1 to t;
εnt denotes the residual return non-correlated with the n style indices; and
n denotes the number of style indices in the analysis.

The portfolio with return RNt is the reference portfolio for evaluating portfolio management
and portfolio performance. We note that the manager’s alpha is integrated in the error term,
whatever the specific portfolio risk. Any return that is not taken into account by the style indices
is integrated in the error term. That is the disadvantage of using this method to create normal
portfolios compared with the methods based on defining a manager-specific list of securities,
which were described in Chapter 2.

When we create a normal portfolio it can track the portfolio of the manager under evaluation
with a certain degree of accuracy. The closer the normal portfolio is to the manager’s portfolio,
the better it will capture his style, but in that case the normal portfolio will only be adapted to
a single manager. If, on the other hand, we create a normal portfolio that is a bit more general,
it will allow us to evaluate and compare managers with different portfolios but fairly similar
styles.

6.4.5.6 Management style characteristics and other methods of classification

Roll (1997) presents an interesting study that allows the relative risk of different management
styles to be analysed. The securities were first classified according to the following three style
characteristics: size, B/P ratio and E/P ratio. Each security is then given a label, L for low and
H for high, for each of the three criteria, depending on whether it is found in the top half or
the bottom half of the list. We then construct portfolios containing securities with the same
characteristics, i.e. with the same series of labels. This leads to eight portfolios, the first being
characterised by three H labels, the last by three L labels, and the intermediate portfolios by
different combinations of H and L. This classification is redone each month. The composition
of the portfolios is therefore liable to evolve from one month to the next. The portfolio returns
are evaluated on a monthly basis.

The goal of the study is to see if the observed differences in returns between the portfolios,
which correspond to different styles, are statistically significant. If the response is positive,
then we can deduce that the different styles are characterised by different levels of risk. The
study was carried out by successively using the CAPM model and a five-factor APT model
to explain the returns of the different portfolios. In both cases the results show significant
differences in returns between the styles, and hence different levels of risk. In addition, the
APT model’s risk factors do not allow the performance resulting from the portfolio style to be
explained completely. We also observe that the specific returns associated with the style are
not stationary over time.
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We described the methods that allow the asset styles to be identified with the help of
fundamental factors a little earlier. Another useful technique for classifying assets according
to their style involves defining style betas (cf. Quinton, 1997) using the same principle as
the market betas in Sharpe’s CAPM. The return of each asset is described in the following
way:

Rstock = α + βM RM + βG−V RG−V + βL−S RL−S

where

α denotes the return not explained by the model;
RM denotes the monthly market return measured by an index representing the market as a

whole;
RG−V denotes the difference between the monthly return of the growth index and the

monthly return of the value index;
RL−S denotes the difference between the monthly return of the large-cap index and the

monthly return of the small-cap index;
βM denotes the security’s sensitivity to the market index;
βG−V denotes the security’s sensitivity to the difference between the growth index and the

value index; and
βL−S denotes the security’s sensitivity to the difference between the large-cap index and

the small-cap index.

The coefficients of this equation are estimated through regression. The stocks for which
βG−V is positive are growth stocks and those for which βG−V is negative are value stocks. In
the same way, stocks with a positive βL−S are large-cap stocks and those with a negative βL−S

are small-cap stocks.
This model defines an APT-type relationship between the returns of the stocks and the returns

of the style indices. The betas also provide an accurate measure of the sensitivity of each stock
to the different investment styles. Using this analysis we can evaluate the investment style of
a portfolio as the weighted mean of the investment styles of the different assets that make up
the portfolio.

Brown and Goetzmann (1996) developed an algorithm for classifying funds by category of
style which differs from the traditional methods. According to them, the traditional methods
do not allow a certain number of problems to be solved satisfactorily, namely explaining future
returns of funds, giving indications on the managers’ strategies and providing useful bench-
marks for evaluating relative performance. The authors indicate that the method that they have
developed gives better results for those questions. The algorithm that they developed is consis-
tent with the APT model. The funds are grouped together on the basis of series of past returns
and on the responses to specified exogenous factors and endogenous stochastic variables. The
results consist of styles that differ from the standard classifications. Their conclusion is that
their method would not replace Sharpe’s style analysis, but would complement it.

6.4.5.7 Investment style and performance persistence

We saw in Chapter 1 that performance persistence studies do not give very conclusive results
as to whether persistence really exists. Over a long period, there is a greater tendency to
observe underperformance persistence on the part of poor managers than overperformance
persistence from good managers. However, the studies do not take into account the investment
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style followed by the managers. We do, nevertheless, observe that different investment styles
are not all simultaneously favoured by the market. Markets are subject to economic cycles
and a style that is favourable for one period, i.e. that offers a performance that is better than
that of the market, can be less favourable over another period and lead to underperformance
compared with the market. This can be measured by comparing the returns of the different style
indices with the returns of a broad market index. The fact that an investment style performs
well or badly should not be confused with the manager’s skill in picking the right stocks
within the style that he has chosen. As we mentioned earlier, a manager’s skill in practising a
well-defined style should be evaluated in comparison with a benchmark that is adapted to that
style.

Few studies have addressed the subject of performance persistence for managers who spe-
cialise in a specific style. The results of the studies that have been performed are contradictory
and do not allow us to conclude that persistence exists. For example, Coggin et al. (1993)
carried out a study on American pension funds over the period from 1983 to 1990. Their study
relates to identification of both the market timing effect and the selectivity effect. They used
two broad indices: the S&P500 index and the Russell 3000 index, and four specialised indices:
the Russell 1000 index for large-cap stocks, the Russell 2000 index for small-cap stocks, a
Russell index specialised in value stocks and a Russell index specialised in growth stocks. They
showed that the timing effect and the selectivity effect were both sensitive to the choice of
benchmark and the period of the study. They found a positive selectivity effect compared with
the specific indices, while that effect was negative compared with the broad indices. However,
they found a negative market timing effect in both cases. The study shows, therefore, that
specialisation is a source of value-added. Managers succeed in performing better than their
reference style index, even if they do not manage to beat the market as a whole. Over the period
studied, the different style indices did not all perform in line with the market. The performance
of the value stock index was approximately equal to that of the market, which implies that the
study period was favourable for value stocks. The performance of the growth stock index was
slightly worse. As far as the small-cap stock index was concerned, its performance was half as
good as that of the market index.

However, Kahn and Rudd (1995, 1997) concluded that fund performance was not persistent
for a sample of 300 US funds over the period from October 1988 to October 1995.

A final interesting study is that of Chan et al. (1999). This study concerns Morningstar
funds. The study shows that on the whole there is a certain consistency in the style of the
funds. Nevertheless, funds that have performed badly in the past are more liable to modify
their style than others. This study shows that it is preferable to avoid managers who change
style regularly. They make it more difficult to optimise a portfolio that is shared between several
managers and produce worse performances than managers whose style is consistent.

6.5 SUMMARY AND CONCLUSION

Throughout this chapter we have presented the different categories of multi-factor models and
their application to portfolio management. The common denominator between all these models
is to allow the number of terms employed in calculating the asset variance–covariance matrix
to be reduced. By analysing the assets through a reduced number of factors we can express
this matrix as a function of the variance–covariance matrix of the factors and the variance–
covariance matrix of the asset-specific risks. It therefore becomes easier to analyse large
portfolios. In relation to analysing the results of portfolio management, multi-factor models
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allow us to identify the factors that made the most significant contribution to the performance
of a portfolio over a given period.

This chapter also allowed us to appreciate the difficulties linked to the choice and construction
of the correct factor model. The results depend above all on the correct fit between the models
used and the portfolios studied. Determining the model is therefore a step that should not be
neglected. For a long time the models that dominated the market used explicit factors. These
models are easier for users to understand because the factors are expressed clearly. But, as we
have seen, these models cannot guarantee that the choice of factors is optimal. That is why
recent research favours implicit factors, and all the more so since progress in calculating speed
and database management allow the factors to be extracted more easily. These models allow
the evolution of returns over time to be monitored better, which is why they are very useful for
monitoring and managing portfolio risk. If we wish, for example, to use past results to modify
the portfolio composition for the following period, or construct a portfolio with levels of risk
specified in relation to the different factors with an explicit factor model, we cannot be sure
that the model is stable. It is better in that case to be able to turn to an implicit factor model.

However, as far as ex post portfolio performance analysis is concerned, we will continue to
prefer explicit factor models that allow the sources of portfolio performance to be described
by name. They then allow us to produce reports attributing the contribution of each identified
risk factor to the total performance of the portfolio.

At the end of this chapter it is interesting to return to the contribution of the APT model and
multi-factor models in general, compared with the CAPM. The superiority of these models
from a theoretical point of view is unquestionable and unquestioned. However, in practice we
observe that the CAPM remains very widely used. Its strength is its great simplicity, even
though it has not been the object of rigorous empirical validation. In comparison, the multi-
factor models are more cumbersome to implement.

Certain models presented in this section are appropriate for portfolios that are diversified
between several asset classes. This is the case for Sharpe’s style analysis model and the multi-
index model. Others, such as the APT model or the Barra model are more appropriate for
analysing a homogeneous class of assets that determines the choice of factors. In Chapter 8,
which is devoted to bond investment, we will present versions of these models that are more
appropriate for bond portfolios.

APPENDIX 6.1 THE PRINCIPLE OF ARBITRAGE VALUATION

The principle of arbitrage valuation is based on the following reasoning: any portfolio con-
structed with no capital invested and no risk taken should obtain a null return on average. Such
a portfolio is called an arbitrage portfolio.

This portfolio is constructed by considering an investment spread over n assets. It is possible
to modify the proportions invested in the different assets without changing the total value of the
portfolio, i.e. with no new capital outlay. To do so, we buy and sell in such a way that the total
sum of the movements is null. If we take wi to be the change in the proportion invested in asset
i, then the portfolio defined by the weightings, (wi )1≤i≤n , respects the following condition:

n∑
i=1

wi = 0 (A.1)
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The return obtained by this portfolio is written as follows:

RP =
n∑

i=1

wi Rit

By using the factor relationship assumed by the APT model, or

Rit = E(Ri ) +
K∑

k=1

bik Fkt + εi t

we obtain the following expression through substitution:

RP =
n∑

i=1

wi E(Ri ) +
n∑

i=1

wi bi1 F1 + · · · +
n∑

i=1

wi bi K FK +
n∑

i=1

wiεi t

Let us now render explicit the conditions that must be respected by the portfolio. The
portfolio must be risk-free, which implies that both the systematic and the non-systematic risk
are to be eliminated.

The systematic risk in relation to each factor k is given by the vector bk . To cancel this risk,
it is necessary to make the terms containing bik disappear from the RP expression. To do that
we choose the wi in such a way that the weighted sum of the components of bk is null for each
factor k, or

n∑
i=1

wi bik = 0 (A.2)

for all k.
The non-systematic risk is eliminated by applying the principle of diversification. The

number of assets n contained in the portfolio must therefore be large. And the changes in the
percentages invested must be small, or

wi ≈ 1/n

Since the error terms εi are independent from each other, the law of large numbers allows
us to write that their weighted sum tends towards 0 when n becomes large. Diversification
therefore allows us to make the last term of the RP expression disappear.

Furthermore, since the wi have been chosen such that
n∑

i=1

wi bik = 0 for all k

all the terms containing the factors have thus been eliminated and the RP expression becomes
simply

RP =
n∑

i=1

wi E(Ri )

The return on this portfolio is null by definition since it is an arbitrage portfolio. We thus have

n∑
i=1

wi E(Ri ) = 0 (A.3)
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We have just established that the vector (wi )1≤i≤n had to respect the following three conditions:

A.1.
n∑

i=1

wi = 0

A.2.
n∑

i=1

wi bik = 0

A.3.
n∑

i=1

wi E(Ri ) = 0

These three conditions mean that the vector (wi )1≤i≤n must be orthogonal to the following
three vectors: the column vector with all its components equal to 1, the vector of factor loadings,
and the vector of expected returns. This last vector must therefore be a linear combination of
the other two, or

E(Ri ) = λ0 + λ1bi1 + · · · + λkbik

with

λ0 = RF

We thus obtain the so-called arbitrage valuation relationship:

E(Ri ) − RF = λ1bi1 + · · · + λkbik
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7
Evaluating the Investment Management
Process and Decomposing Performance

The theories presented up to now, which are drawn from modern portfolio theory, are based on
a bottom-up view of portfolio management, i.e. on an approach that is essentially focused on
stock picking. The main aim of the resulting performance models is to evaluate the manager
on his capacity to choose securities that are likely to have better than average performance. The
earliest approaches to evaluating management strategy examined the timing effect, or, in other
words, managing the portfolio according to anticipated movements in the market as a whole.
In Chapter 4 we presented methods derived from the Capital Asset Pricing Model (CAPM)
that allowed that effect to be measured, but the methods focus more on determining whether
the effect exists or not than measuring it quantitatively.

However, the portfolio management profession is increasingly evolving towards a top-down
view, which accords more importance to the choice of different markets or asset classes than
the individual selection of securities. This is justified in view of studies (cf. Brinson et al., 1986,
1991) that show that these choices determine a large share of the portfolio’s risk–return profile.
Top-down investment management is broken down into an asset allocation phase, where we
determine the allocation of the portfolio between the different asset classes, and a stock picking
phase, where we choose the assets within each class. Portfolio performance is then analysed
by breaking down the whole result into the different phases of the process, which allows us to
highlight the management decisions that made the greatest contribution to performance and
use those results to improve the subsequent management of the portfolio.

The investment management phases were briefly presented in Chapter 1 in the section de-
scribing the investment process. All these phases can be handled by quantitative methods drawn
from modern portfolio theory, even though the methods were originally developed for stock
picking purposes. In Section 7.1 we describe those methods and, in particular, the asset alloca-
tion methods that have not been discussed until now. The performance decomposition methods
will then be presented Section 7.2.

7.1 THE STEPS IN CONSTRUCTING A PORTFOLIO

7.1.1 Asset allocation1

Asset allocation consists of choosing the spread of different asset classes within the portfolio.
The asset classes can be the major categories of assets (stocks, bonds and money market
instruments), industrial sectors for a portfolio of national equities, or countries for a portfolio
of international equities. At the outset, investors define the categories of assets that they wish
to include in the portfolio, depending on their objectives and constraints. The asset allocation
methods may depend on the nature of the assets, but, in all cases, asset allocation is carried out
in two stages. We first define the long-term allocation, based on the risk and return estimations

1 Cf. Chapter 28 of Fabozzi (1995) and Chapter 9 of Farrell (1997).
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Table 7.1 Results of the Nutall and Nutall (1998) study (Reproduced by permission of
Ibbotson Associates)

Nutall & Nutall
study (conclusions)

Percentage of writers who misinterpret the Brinson survey as a solution
to the relationship between asset allocation and the level of returns. For
example:
“One study suggests that more than 91% of a portfolio’s return is at-
tributable to its mix of asset classes. In this study, individual stock
selection and market timing together accounted for less than 7% of a
diversified portfolio’s return.” Vanguard Group

75%

Percentage of writers who misinterpret the Brinson survey as a solution
to the impact of choosing one asset allocation policy over another. For
example:
“A widely quoted study of pension plan managers shows that 91.5%
of the difference between one portfolio’s performance and another’s is
explained by asset allocation.” Fidelity Investments

10%

Other erroneous quotations 13%

Percentage of writers who accurately quoted Brinson (only one correct
interpretation)

2%

for each asset class. This is strategic allocation. We can then carry out adjustments based on
short-term anticipations. This is tactical allocation.

Today, asset allocation is tending to play a more important role in the investment management
process.2 The interest in asset allocation can be explained by the results established by modern
portfolio theory. The latter suggests that financial markets are sufficiently well regulated for
the prices of assets to be at equilibrium. The possibility of obtaining substantial gains through
stock picking alone is therefore reduced. Besides, Brinson et al. (1986)3 and Brinson et al.
(1991) showed that a significant share (90%) of portfolio performance could be attributed to
the initial allocation decision. The result of this study should however be considered with care,
because it has often been incorrectly interpreted.

An analysis carried out in 1998 by Nutall and Nutall (1998) has given us a relative view of
the interpretation of the Brinson et al. (1991) study, which only gave market timing and stock
picking a residual share of the overall performance of funds.

Out of 50 references to the Brinson et al. study, Nutall and Nutall showed that only one
commentator interpreted the results of their work appropriately (see Table 7.1)

In fact, by comparing the quarterly evolution of the portfolio and the asset classes in which
the portfolio is invested, Brinson and his co-authors concluded that more than 90% of the
variability in portfolio performance over time is linked to asset allocation.

However, this conclusion, as we have indicated, has been the object of numerous misinter-
pretations, and criticisms.

Thus, Hansel et al. (1991) affirm that the Brinson study is of little interest because it is only
stating the obvious: when the representative markets for the asset classes in which the portfolio
is invested rise, the value of the portfolio rises (when the water rises, the boats rise!).

2 On this subject, see the beginning of the introduction to Brown and Harlow (1990), who also discuss the role of modern portfolio
theory in asset allocation.

3 A review of this article is given in Jahnke (1997).
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Table 7.2 Conclusions of Ibbotson and Kaplan’s study (Reproduced by permission of
Ibbotson Associates)

Performance
Measurement

Percentage of the variability in returns over time that is due to the asset
allocation policy

90%

Percentage of the variation between the funds that is due to different asset
allocation policies

40%

Percentage of the total return that is due to the asset allocation policy 100%

Source: Ibbotson and Kaplan (2000).

Brinson does not ask the right question, which, according to Jahnke (1997), should be “what
accounts for the difference in returns between the funds?”

For Surz et al. (1999), the right issue, which Brinson did not come up with, is not the
measurement of fund return variability over time, but the measurement of the amount or share
of the return that is attributable to asset allocation.

In a recent article, Ibbotson and Kaplan (2000) noted that the conclusions and interpretations
of the Brinson et al. (1991) study were not relevant and, taking a multivarious analysis of a
representative sample of US mutual funds and pension funds, concluded that 40% (mutual
funds) and 35% (pension funds) of the difference between the fund returns was explained by
the asset allocation choice, with the remaining 60% (65) being the result of market timing,
stock picking and the funds’ fee policies.

In addition, to answer Surz et al.’s question, Ibbotson and Kaplan concluded that the average
return of the normal portfolios taken as representative benchmarks of the universe of funds ex-
plains, over a long period, 100% of the average return of the funds themselves. This conclusion
is consistent with the work of Sharpe (1992). It means that, mathematically, the average return
of managed funds cannot do better than the average return of the index (in other words, that
the whole return is in the market!). This does not exclude large differences in returns between
the funds over the short or medium term (see Table 7.2).

To finish up on the subject of questioning the strategic or static allocation dogma, it should
be noted that even its most ardent supporters deviate from it. In 1997, Singer, in response to
criticism of his 1991 study (Brinson et al., 1991), admitted that when the risk and return values
differ significantly from those that justified the initial allocation, the latter should be modi-
fied. This pragmatic approach no longer establishes an impassable frontier between strategic
(immobile) allocation and tactical (variable) allocation and often uses semantics (“strategic
allocation review”) to justify its existence.

Finally, we should stress that the impact of asset allocation on the return of a portfolio
depends on the investment style. In the case of a passive investment strategy, strategic allocation
is indeed the most important decision. However, in the case of active management that practises
market timing, the initial allocation has less impact on the returns. We shall give details on the
different aspects of asset allocation, and the methods for implementing it, below.

7.1.1.1 Evaluating asset classes

Here we cite, without going into detail, the main methods for evaluating the relative usefulness
of the different asset classes compared with one another. We will return to this subject later
in the chapter, in the section on tactical allocation. The asset classes with the highest returns
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are, in principle, the riskiest. The expected return on a class of assets is determined differently
depending on its nature.

Bonds are evaluated by taking the rate of return on long-term government loans. Money
market positions are represented by the rate of return on short-term T-bills. For equities, several
methods are possible. One method is to use historical data on the returns of representative
indices. A second method is to use the Dividend Discount Model (DDM), an evaluation model
for calculating a rate of return for the stock market, using the rate of return for each stock, and
comparing it with the rate of return for the bond market, measured by a long-term interest rate.
Finally, there is a third approach, called the scenario method.4 This method involves defining
scenarios that correspond to different configurations for the economy, and their influence on
the evolution of different asset classes. A probability of occurrence is then attributed to each
of the scenarios. This last method is therefore not very easy to implement.

All of this is valid for a portfolio that is invested in domestic assets only. In the case
of an international portfolio,5 it is necessary to choose the portfolio breakdown by country
beforehand. The usefulness of each country is then evaluated using a local index. We also
estimate the exchange rates required for expressing all the returns in a reference currency.

The estimation of the returns for the asset classes should be complemented by the estimation
of the correlations between the asset classes, which is an essential parameter for choosing the
portfolio allocation between the different categories of assets.

7.1.1.2 Strategic allocation

Strategic asset allocation involves choosing an initial portfolio allocation that corresponds to
the investor’s objectives and constraints. These decisions correspond in reality to the choice
of benchmark. This choice is based on the risk and return estimations for the asset classes. It
can be carried out quantitatively, with the help of the different methods we describe below.

Applying Markowitz’s model to asset allocation6

The most widely quoted quantitative model in the strategic allocation literature is Markowitz’s
optimisation model. This model, which we presented in Chapter 3, was initially developed
for stock picking purposes. We saw that the principal difficulty, which was liable to limit its
use, was the large number of calculations required to implement it. This model therefore turns
out to be particularly appropriate for handling the problem of asset allocation, because the
number of asset classes is limited. The number of calculations to be carried out thus becomes
reasonable. The input data are the means and the variances, estimated for each asset class, and
the correlations between the asset classes. The model provides the optimal percentage to assign
to each asset class to obtain the best return for a given level of risk. This optimisation can be
produced by defining the constraints linked to the manager’s investment style: for example,
holding a minimal percentage of stocks in the portfolio. The mathematical models used to
solve the Markowitz problem allow these constraints to be taken into account, as we saw in
Chapter 3.

4 Cf. Chapter 9 of Farrell (1997). The scenario method is also cited in Bayser (1996).
5 Cf. Simon and Mannaı̈ (1998), Chapter 11 of Farrell (1997), Chapter 5 of Bito and Fontaine (1989), and Hartpence and Sikorav

(1996).
6 Cf. in particular Chapter 2 of Farrell (1997), Chapter 28 of Fabozzi (1995), Chapter 11 of Broquet and van den Berg (1992), and

Chapter 1 of Brown and Harlow (1990).
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Figure 7.1 Curve of the investor’s risk tolerance

In the area of strategic allocation decisions, the Markowitz model can be associated with
the notion of shortfall risk.7 The principle is to integrate a skewed approach to the notion of
risk, characterised by a limited shortfall risk, into the model. We thereby define, for a fixed
probability, a floor return below which the portfolio should not fall. This condition is translated
in the form of a straight line which, placed on the graph of the efficient frontier, marks out the
part of the curve that corresponds to the investor’s risk tolerance. In Figure 7.1 this part of the
curve is marked out by points A and B.

Even though the Markowitz method provides, in theory, a satisfactory response to the prob-
lem of determining strategic allocation, it is not in fact very widely used in practice for the
following two reasons. First, the optimal proportions are very sensitive to the mean return
values; secondly, the mean returns are very difficult to estimate statistically (see, for example,
Merton, 1980). As a result, the model often allocates the most significant proportion to the
asset class with the largest estimation error!

Taillard (2002) illustrates the limits of Markowitz’s model using the following example. The
portfolio to be optimised is made up of the stocks in the MSCI World Index. The returns and
the variance–covariance matrix are estimated using historical data for the period 1996–2000.
The optimal allocation is calculated to achieve a mean expected return of 1% per month.
However, if the portfolio had effectively been constructed at the beginning of 2001 with the
weights found through optimisation, then its expected mean return would have been −0.47%
per month at the end of June 2002. This illustrates the fact that the estimated risk and returns
used in Markowitz’s model are not reliable. Historical data do not constitute a good repre-
sentation of the forthcoming period. With this example, Taillard also illustrates the sensitivity
of the optimisation method to the data and how it can emphasise data errors and lead to an
incoherent allocation. The instability of optimisation can be explained by poor conditioning
of the variance–covariance matrix. The matrix conditioning is defined as the parameter that
measures the multiplying effect, as a relative value, of an error on the inputs. This parameter is
equal to the highest eigenvalue of the matrix, divided by its lowest eigenvalue. Factor analysis
shows that the first factor generally explains most of the variance, while the last factors have

7 Cf. Leibowitz and Langetied (1989) and Leibowitz and Kogelman (1990). These articles are reproduced in Investing, the collected
works of Martin L. Leibowitz, edited by Frank J. Fabozzi, 1992. The first part of this book discusses asset allocation. This approach
is used in Boulier et al. (1996), who address the two phases of asset allocation, strategic and tactical, but are more interested in the
strategic phase, which is generally less developed than the tactical phase in the literature.
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negligible explanatory power. The conditioning parameter may therefore be very high. In the
example considered by Taillard, this parameter is equal to 408, so a relative error of 1% on
the data may result in an error of 400% on the composition of the portfolio. These considera-
tions mean that we should consider the results of this type of optimisation with reservations.
Constrained optimisation does not appear to be a solution to the problem since it tends to
reduce portfolio diversification. For example, when short sales are not allowed in the example
considered, the optimisation program chooses only four of the 22 markets available.

Another limitation of Markowitz’s model is that it uses variance as a risk measure. When a
portfolio contains alternative asset classes such as hedge funds, this measure does not provide
an accurate representation of the risk of the portfolio. A solution is to add Value-at-Risk
constraints to the mean–variance optimisation.

Improving data modelling8

Different techniques enable data modelling to be improved. Using only the information avail-
able within a sample of data does not allow the effect of parameter uncertainty on optimal
portfolio choice to be taken into account. So it is necessary to use additional data, such as
information based on the experience or insights of investors or financial analysts. The optimi-
sation is then less dependent on purely statistically estimated data. The optimal combination
of sample and non-sample information can be attained with Bayesian statistics. Black and
Litterman’s (1990) method is one example of the use of Bayesian statistical procedures.

Black and Litterman (1990) proposed an original approach that enabled the problem of
applying portfolio optimisation techniques to be partially solved. Their approach involves two
steps:

Step 1: obtain the implicit mean returns that allow the market proportions (i.e. proportional to
the market capitalisation) to be retrieved as optimal proportions; these mean returns
are used as reference values.

Step 2: combine these reference values with “views” or anticipations of the investor’s own
mean returns.

In this method, managers’ anticipations can be provided on only some of the assets, they
can be relative between two assets and they can be qualified with a degree of certainty.

Stein estimators are another example of Bayesian techniques. They use the fact that there
is probably information in the group of returns of related assets and that the use of this group
information can improve parameter estimation for each variable. This results in more intuitive
optimised portfolios, and therefore a more coherent asset allocation.

Another possibility for improving the optimisation result is to use resampling techniques.
This method allows several estimations to be carried out, producing a set of estimated returns
and a variance–covariance matrix for the group of assets each time, instead of just one value
for each parameter. An efficient portfolio is then constructed for each estimation. These port-
folios are said to be resampled portfolios. The optimal portfolio is then obtained by averaging
the results of the different optimisations. More details on the subject can be found in Scherer
(2002). This technique reduces the problem of extreme portfolio weights associated with

8 Cf. Michaud (1998), Scherer (2002) and Taillard (2002).
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mean–variance efficient portfolios and leads to a portfolio that is less dependent on any
particular set of optimisation inputs. Resampled efficient portfolios provide more reliable
investments and are more consistent with the results that one would intuitively expect. Still,
the difference between Bayesian analysis and resampling is that resampling draws repeatedly
from the data without adding any new source of information to the historical data. The true
distribution is still unknown and all resampled portfolios inherit the same estimation error
relative to the true distribution. So the addition of non-sample information appears to be the
best way to achieve more realistic allocations.

We can also cite a recent study by Amenc and Martellini (2002a) who offer a pragmatic
response to the problem of optimal strategic allocation in the presence of estimation risk.
It involves focusing on the only portfolio on the efficient frontier for which the estimation
of mean returns is not necessary, namely the minimal variance portfolio. Using appropriate
statistical techniques to improve the estimation of the variance–covariance matrix in a predictive
approach, the authors show that the volatility of the minimal variance portfolio is significantly
lower than that of a naively diversified portfolio (i.e. an equally weighted portfolio) for a mean
return that is not necessarily lower.

In the presence of many assets, a sample variance–covariance matrix of historical returns
is likely to generate a high sampling error because there are too many parameters to estimate
relative to the available data. The problem is particularly acute in the context of alternative
investment strategies, as hedge fund returns are only available on a monthly basis. A possible
solution is to impose a structure on the covariance matrix to reduce the number of parameters
to be estimated. In their article, Amenc and Martellini consider an implicit linear factor model
of low dimension. Imposing a structure enables a low sample error to be obtained and because
this structure is endogenous, the specification error is low. Implicit multi-factor forecasts of
the asset return covariance matrix can be further improved by noise dressing techniques and
optimal selection of the relevant number of factors.

The method used by Amenc and Martellini uses principal component analysis (PCA) to
extract a set of implicit factors. From a mathematical point of view, it involves transforming
a set of N correlated variables into a set of orthogonal variables, or implicit factors, which
reproduces the original information present in the correlation structure. Each implicit factor is
defined as a linear combination of original variables.

Define H as the following matrix:

H = (hit )1≤i≤T
1≤i≤N

We have N variables hi , i = 1, . . . , N, i.e. monthly returns for N different funds, and T obser-
vations of these variables. PCA enables us to decompose htk as follows:

htk =
N∑

i=1

√
λiUik Vti =

N∑
i=1

sik Vti

where U is the matrix of the N eigenvectors of H ′ H ; and V is the matrix of the N eigenvectors
of H H ′.

These N eigenvectors are orthonormal. λi is the eigenvalue (ordered by degree of magnitude)
corresponding to the eigenvector Ui . The N factors Vi are a set of orthogonal variables. The
purpose is to describe each variable as a linear function of a reduced number of factors. This
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is done by selecting a number of factors K such that the first K factors capture a large fraction
of asset return variance, while the remaining part can be regarded as statistical noise:

htk =
N∑

i=1

√
λiUik Vti + εtk =

N∑
i=1

sik Vti + εtk

assuming that the residuals εtk are uncorrelated between themselves. The percentage of variance
explained by the first K factors is given by

K∑
i=1

λi

/ N∑
i=1

λi

Amenc and Martellini select the relevant number of factors by applying some explicit results
from the theory of random matrices (cf. Marchenko and Pastur, 1967). The idea is to compare
the properties of an empirical covariance matrix (or equivalently correlation matrix since asset
returns have been normalised to have zero mean and unit variance) with a purely random null
hypothesis matrix that could be obtained from a finite time series of strictly independent assets.
It has been shown (see Johnstone, 2001, for a recent reference and Laloux et al., 1999, for an
application to finance) that the asymptotic density of eigenvalues λ of the correlation matrix
of strictly independent assets reads

f (λ) = T

2π N

√
(λ − λmax)(λ − λmin)

λ

λmax = 1 + N

T
+ 2

√
N

T

λmin = 1 + N

T
− 2

√
N

T

Theoretically this result can be exploited to provide formal testing of the assumption that a
given factor represents information and not noise. However, the result is asymptotic and cannot
be taken at face value for a finite sample size. One of the most important features here is the
fact that the lower bound of the spectrum, λmin, is strictly positive (except for T = N ), and
therefore there are no eigenvalues between 0 and λmin. A conservative interpretation of this
result is used to design a systematic decision rule and to decide to regard as statistical noise
all factors associated with an eigenvalue lower than λmax. In other words, K is taken such that
λK > λmax and λK+1 < λmax.

Alternative models to Markowitz’s optimisation
Treynor and Black (1973) developed a model in which optimal allocation is achieved by
analysing the returns’ sources of risk and calculating exposure to each of these sources of
risk. A short description of this model can be found in Taillard (2002). Treynor and Black
use a single-factor model and integrate portfolio manager forecasts. Each return is separated
into a source of systematic risk linked to the factor and a source of specific risk. These two
sources of risk are non-correlated. This methodology leads to a more comprehensive portfolio
construction process and the resulting allocation can be more easily analysed.

Black and Litterman (1991, 1992) refined Treynor and Black’s (1973) idea by introduc-
ing uncertainty about the model parameters. Cvitanic et al. (2002) propose to improve the
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Treynor–Black–Litterman model. They consider the problem of optimal portfolio construction
when assets present abnormal returns and when investors are assumed to have views on these
abnormal returns and to upgrade those views in a Bayesian way. The model used as a reference
is the CAPM, but the approach is more general and can be applied to any multi-factor model.
The optimal solution of the problem is derived in a closed form.

Scherer (2002) describes how to use alternative risk measures to derive an optimal portfolio
in the framework of scenario optimisation. This is particularly interesting for non-normally
distributed returns. The first model uses the mean absolute deviation (MAD), which measures
risk as an absolute deviation from the mean. This measure was defined in Section 2.3 of
Chapter 2. Optimal portfolios are obtained by minimising the MAD using a linear program.
In a second model, allocation choice is obtained by minimising the maximum portfolio loss,
also called regret. Here again the solution is obtained by solving a linear program. In the
third model, allocation choice is defined by minimising conditional value-at-risk (CVaR), i.e.
the expected excess loss over VaR if a loss larger than VaR actually occurs. CVaR offers the
advantage of being subadditive. Optimisation is also implemented using linear programming.

Markowitz’s approach involves an absolute mean–variance optimisation. Investment man-
agement often deals with relative mean–variance optimisation. In that case, the portfolio is
optimised relative to its tracking-error. This offers a better control of optimal portfolio weights
because the portfolio is kept close to its benchmark. However, the result can be difficult to
explain, as can be seen in the example presented in Gaussel (1999), in which tracking-error
optimisation underweights the asset with the highest expected return. A solution can be to
use equilibrium returns. These returns are defined in relation to the benchmark and enable the
deviation of the portfolio allocation from the benchmark to be analysed. If an asset with a high
expected return is underweighted, then it simply means that its equilibrium return is higher
than the return anticipated by the portfolio manager.

Other approaches to strategic allocation
Asset allocation choices can be made on the basis of forecasts for the economy. Boulier et al.
(1996) cite this approach without developing it. It involves modelling the consequences over
time of a particular choice of allocation in probabilistic form. The allocation is chosen by
considering the probability distributions of a certain number of economic elements.

The Sharpe asset allocation model (cf. Sharpe, 1992), presented in Chapter 6, which was
devoted to multi-factor models, allows us to identify a portfolio’s exposure to the different
asset classes on the basis of historical returns, with each asset class represented by a specialised
index. It therefore allows us to analyse the asset allocation for a portfolio that has already been
constituted, and to define the most appropriate benchmark for monitoring its performance.

Using the VaR, a measure of overall portfolio risk that was presented in Chapter 2, allows
us to check whether the asset allocation chosen can be included in the framework fixed by
regulatory constraints on the risk exposure of the portfolio under consideration.

As an alternative to asset allocation, Clarke et al. (2002) propose solving the optimal port-
folio problem by considering risk allocation. Allocation is carried out by choosing the relative
contributions of systematic and active risk in the portfolio. Compared with traditional as-
set allocation, the advantages are better control of the sources of risk in the portfolio and
a more efficient trade-off between risk and return. If investors want a portfolio with a low
level of total risk, then only a small amount of active management is used. As investors in-
crease their tolerance for risk, more active management can be used in the portfolio. Portfolio
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optimisation takes place in two steps. First, a long-run benchmark portfolio is chosen based
on the risk–return relationships for bearing systematic risk. Then, a decision is made on how
to structure the portfolio using a combination of passive and actively managed strategies.

We also find the same idea in the core–satellite portfolio described in Scherer (2002). Core–
satellite investing involves separating portfolio management into a passive part, called the core
of the portfolio, and an active part, made up of one or more satellites of active managers. The
optimal allocation between the core and the satellites will depend on the level of risk tolerance.

The case of international portfolios9

In the case of international investment, asset allocation involves, above all, dividing the portfolio
between the different countries. This decision, which determines the largest share of portfolio
performance, is based on market indices representing each country and the levels of exchange
rates between the different countries. Exchange rate forecast models were presented in Chapter
2. Observing the differences compared with the equilibrium values, along with the predicted
evolution of macroeconomic variables such as inflation, growth and interest rates, allows us
to forecast the evolution of the currency markets and determine, for a given period, the most
favourable markets. The methods for allocating the asset classes, presented in the national
case, are then applied for each country.

The investment decisions on assets and currencies can be dissociated from each other, which
leads, depending on the case, to portfolios that are globally hedged, unhedged, or partially
hedged against exchange rate risk.

Some authors have developed specific asset allocation models for international portfolios.
In particular, we could cite Emanuelli and Pearson’s model (1994), in which the method for
evaluating the different markets is based on estimates of company earnings. By relying on
analysts’ reviews, we can select the countries that will have above average returns.

7.1.1.3 Managing proportions

Several attitudes are possible. An initial solution involves keeping the portfolio structure that
was defined at the strategic allocation stage. A second solution is to set up a procedure for
readjusting the portfolio proportions automatically, depending on market modifications, so as
not to fall below a certain level of return. This method is called portfolio insurance10 or dynamic
allocation. It was briefly presented in Chapter 1 and involves controlling portfolio risk. Here,
we come back again to the notion of shortfall risk. The final solution consists of regularly
readjusting the proportions of the different asset classes in the portfolio, to take into account
short-term forecasts of market movements and the evolution of the economic environment,
while respecting the risk constraints defined at the strategic allocation stage. In this case we
speak of tactical allocation. The objective is to improve the future return of the portfolio. It is
possible to modify the level of risk, as long as we stay within the fixed tracking-error limits. In
this section we first give a reminder of the principle of dynamic allocation, and then develop
the different methods for implementing tactical allocation. It should be stressed that each time
we carry out readjustments, it is necessary to find the right balance between the gain procured
and the transaction costs that take away from portfolio performance. The reliability of data
forecasts is therefore essential for this stage of the investment management process.

9 Cf. Fontaine (1997), Kahn et al. (1996) and Emanuelli and Pearson (1994).
10 Cf. Black and Jones (1987), Perold and Sharpe (1988) and Chapter 9 of Farrell (1997).
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Predictability in asset returns11

There is now a consensus in empirical finance that asset class returns are to some extent pre-
dictable. Academic studies have found significant evidence of predictability in the systematic
component of return, but little evidence of predictability in the (noisier) specific component
in the absence of private information. On the subject of predictability in the US markets, pi-
oneering work was carried out by Keim and Stambaugh (1986), Campbell (1987), Campbell
and Shiller (1988), Fama and French (1989) and Ferson and Harvey (1991). Investigation on
an international basis is more recent. Studies of predictability in various national markets can
be found in Bekaert and Hodrick (1992), Ferson and Harvey (1993, 1995), Harvey (1995) and
Harasty and Roulet (2000).

This work justifies, on the one hand, the importance of asset allocation compared with stock
picking and, on the other, the development of tactical asset allocation strategies and, more
recently, of style timing strategies. Tactical asset allocation and style allocation are able to
generate superior performance. Kandel and Stambaugh (1996) show that even a low level of
statistical predictability can improve portfolio performance: superior returns may be attained
even if the market is successfully timed only one out of 100 times.

The ability to predict market returns is part of tactical asset allocation. It has been demon-
strated that financial ratio and accounting variables have good predictive power. The subject
of our book is not the description of the methods for predicting returns, but how this ability
to predict returns can be used in asset allocation, which we will discuss below. We can find
numerous studies on the subject of predicting returns. Among the most recent, Lewellen (2002)
considers the dividend yield, book-to-market ratio and E/P ratio to forecast market returns,
and Berge and Ziemba (2002) look at the association of interest rates and E/P ratios.

Dynamic allocation12

Dynamic allocation is a strategy that consists of continuously readjusting the portfolio alloca-
tion so as to take into account the evolution of the market. The best known example of dynamic
allocation is portfolio insurance. Portfolio insurance brings together strategies that enable the
risk of a portfolio losing value to be eliminated, or at least limited. Portfolio insurance can be
implemented through techniques that use option replication, by combining an investment in the
option’s underlying instrument and an investment in cash at the risk-free rate, and continuously
adjusting the allocation between the two.

Market timing and tactical allocation13

Market timing is a technique that has long been practised. In recent years, and in the area
of defining the investment management process as we present it here, it has become more
usual to speak of tactical allocation. We observe that most individual securities evolve in the
same direction as the market as a whole. Movements in the market therefore determine the core
variations in portfolios. The most efficient way of influencing portfolio returns is thus to modify
its exposure to the market. Tactical allocation therefore involves adjustments to the proportions

11 Cf. Amenc and Martellini (2002b).
12 The reader interested in obtaining more details on these methods could refer to Chapter 5 of Amenc and Le Sourd (1998) and

the references listed in the Bibliography.
13 Cf. Chapter 11 of Broquet and van den Berg (1992), Ludwig (1994), Dublanc and Barrioz (1995), Philips et al. (1996), Chapter

5 of Bitters (1997), and Grinold and Kahn (1995) who develop the concept of benchmark timing. See also DuBois (1992), Evnine
(1992), Clarke and Statman (1992) and Martellini and Sfeir (2002).



206 Portfolio Theory and Performance Analysis

in the portfolio, defined at the strategic allocation stage, based on short-term forecasts of the
relative values of the various asset classes which are different from the long-term forecasts.
The tactical allocation techniques, by affecting the portfolio’s exposure to the market, allow
us to reduce the risk of the portfolio losing value. Investors should increase their allocation to
risky assets in periods of high expected returns (market timing) and decrease their allocation
in periods of high volatility (volatility timing).

Tactical asset allocation is a three-step process. The first step involves forecasting asset
class returns. The second is to construct portfolios based on the forecasts. Finally, out-of-
sample performance tests are performed. A distinction is drawn between discretionary tactical
asset allocation, where asset return predictions are based on an expert’s forecasting ability, and
systematic tactical asset allocation, where predictions are made using a model’s forecasting
ability. In the latter case, models can be parametric or non-parametric. Parametric models
typically are a linear regression where a set of predictor variables is used in a lagged regression
analysis (see, for example, Bossaerts and Hillion, 1999). Return forecasting models are selected
using statistical criteria. Non-parametric models may, for instance, be neural networks or
involve a kernel regression approach, where forecasts are obtained from non-linear filtering of
previous returns based on exogenous variables. The performance of a forecast model can then
be measured in terms of the ex post correlation between the forecast and actual return, and the
correlation between the ex post class rank and the predicted rank.

Asset allocation therefore relies on the fact that asset returns can be predicted by observing
market indicators. If we assume that prices change instantly in response to new information,
then the market is efficient and there are no indicators for forecasting asset prices. However,
observation of financial markets shows that the efficiency can be defined as semi-strong. We
therefore admit that financial markets are not perfectly efficient, or at least that they reveal
temporary inefficiencies that are liable to be exploited. We observe, for example, that markets
over-react to announcements, and that the stocks then return to equilibrium. Tactical allocation
therefore allows us to take advantage of the temporary inefficiencies of the securities in the
different asset classes.

In order for tactical allocation to add to the return on the portfolio, the forecasts must be
reliable. This method therefore relies on the manager’s capacity to anticipate movements in
the market. In practice, tactical allocation models tend to recommend contrarian-type trades,
i.e. buying risky assets when the markets fall and selling them when the markets rise. This
practice is the opposite of that carried out within the framework of portfolio insurance.

The models and processes proposed are based on both the research work carried out in the
area of predicting returns, covariances and variances (see for example Campbell et al., 1997,
and Lo, 1997), and on the optimal decision rules in the presence of returns with differing
degrees of predictability (cf. Barberis, 2000, Brandt, 1999, Campbell and Viceira, 1999, and
Brennan et al., 1997).

The success of tactical allocation depends first on the quality of the forecasts on movements
in the market. Among the techniques that allow the evolution of the market to be anticipated, we
distinguish between fact-based methods and forecast-based methods. The fact-based approach
only uses currently available information, while the forecast-based methods are based on a
forecast of the future. An example of a fact-based variable is the current level of interest rates,
while an example of a forecast-based variable could be the anticipated value of the growth rate.
The most widely used strategies favour fact-based approaches. Procedures based on standard
observations are easier to implement and more reliable than procedures based on forecasts.
These methods are based on the observation of one or more variables, which enable a decision
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to be taken. In order for the strategy to be liable to improve the portfolio return, there must be a
relationship between the indicators that we have chosen to observe and the future performance
of the market. The quantitative fact-based methods have the advantage of being compatible
with the realisation of historical simulations and the implementation of systematic procedures.

One of the most widely used techniques for carrying out tactical allocation is risk premium
valuation. This approach compares the expected returns of the various market sectors consid-
ered in order to decide on the portfolio allocation. For example, if the expected return of stocks,
compared with that of bonds, is above the mean value for that category of assets, then we will
choose to invest a greater share of the portfolio in stocks than in bonds. The most widely
used asset classes are stocks, long-term bonds and Treasury bills. We decrease or increase the
exposure to the different asset classes, depending on whether the value of their expected return
rises or falls. To calculate the expected return of the stock class we can take the average of
the returns of the individual securities, weighted by the market capitalisation. The return on
individual securities is generally calculated from the Dividend Discount Model. It is therefore
dependent on the current price of the securities and on an estimation of future dividends and
earnings. It is a bottom-up procedure. We can also use a top-down procedure, consisting for
example of calculating the expected market return, by adding an estimation of future earnings,
or an estimation of dividend growth, to the current dividend yield for the market as a whole.
The disadvantage of the bottom-up approach is that it uses data forecasts, which makes it
a forecast-based technique. The top-down approach is more fact-based than forecast-based,
which is why we shall prefer it.

To evaluate the bond class we use a bond coupon’s rate of return at maturity. The bond’s
return at maturity can differ significantly from the return actually observed for the bond, even
when the bond is held to maturity, because the coupons are reinvested at a rate that is different
from the current rates. The return on cash is measured by the return procured by fixed-rate
securities with a near-term maturity, which is generally between three and 12 months.

To determine the relative advantages of each of the three asset classes, we estimate the risk
premium by calculating the difference between the estimated return of the asset classes taken
two by two. The risk premium of stocks compared with Treasury bills is therefore calculated
by taking the difference between the expected return for stocks and the expected return for
Treasury bills. In the same way, the risk premium for bonds is calculated as the difference
between the expected return for bonds and the expected return for Treasury bills. Finally, the
risk premium of stocks compared with bonds is obtained by taking the difference between the
expected return for stocks and the expected return for bonds.

The risk-premium-based approach has numerous supporters, but it does nevertheless include
one disadvantage: it uses long-term expectations for stocks and bonds, while the return used
for cash is a short-term value. This final value does not therefore necessarily represent the
investor’s expected return over the long term. To obtain the true expected returns over the long
term for stocks and bonds, we can subtract the inflation rate instead of using an approximation
of the risk-free rate.

Frequently investors do not use the valuation methods described above. They evaluate the
market for stocks on the basis of ratios such as the value of earnings or dividends compared
with the price of the stock, or the P/E ratio. These indicators allow the absolute, non-relative
advantage of the market for stocks to be determined. The relative advantage of the stock market
compared with the bond market is then measured by comparing the return on the stock market
with the return on long-term bonds. However, these methods turn out to be less relevant than
those described previously.
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We also observe that economic cycles influence the price of assets. Variables linked to eco-
nomic cycles have turned out to be better short-term forecast indicators than the risk premium
valuation method in the three cases considered: comparing stocks with T-bills, comparing
bonds with T-bills and comparing stocks with bonds.

Let us consider the market for stocks as an example. With the help of the modelling described
previously, the return on stocks for the upcoming period is written as a linear function of the
following parameters: a term that measures the average return of the market for stocks over
the long term and the present value of the indicator chosen to forecast the return on stocks,
which is multiplied by the sensitivity of stocks to the indicator, or

Rt+1 = R̄ + β It + et+1

where

Rt+1 denotes the return on the asset for the upcoming period;
R̄ denotes the average return of stocks over the long term;
It denotes the value of the indicator at time t;
β denotes the sensitivity of stock returns to a change in the value of the indicator; and
et+1 denotes the residual error term.

The informative content of the indicator is evaluated by calculating the information coeffi-
cient associated with the model, i.e. the correlation between the value forecast by the model
and the value that was actually produced. The higher the result, the more we can consider that
the forecast model is good.

Tactical asset allocation for international portfolios
In the case of an international portfolio, managers can also use a market timing strategy, but in
relation to currencies. The strategy involves overweighting the countries that are considered to
be attractive and underweighting the other countries. The relative advantage of the countries
is evaluated by taking forecasts of the future movements of the currencies in relation to each
other. These forecasts are based on exchange rate valuation models and on the differentials
compared with the equilibrium values.

The value added by tactical asset allocation and the benefits of international investment in
improving portfolio performance have often been considered in separate studies. International
portfolio managers have to decide whether to hedge their portfolio or not and how to perform
this hedging. Mertens and Zimmermann (2002) describe different ways of integrating currency
allocation into the investment process and its effect on portfolio performance. They use a
model of time-varying expected returns in dynamic portfolio strategies. Their results suggest
that decisions on currency hedging matter more than the implementation of a macroeconomic
tactical asset allocation strategy. However, once the hedging decision has been taken, tactical
asset allocation can add value. Currency hedging is in fact part of strategic asset allocation. The
results are therefore in accordance with those found by Brinson et al. (1986) in a domestic case.

Tactical style allocation14

Traditionally, tactical asset allocation has been concerned with allocation between stocks and
bonds, but just as we carry out a tactical allocation with regard to asset classes, we can do

14 Cf. Amenc and Martellini (2001, 2002a, 2002b, 2002c) and Martellini and Sfeir (2002).
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the same with regard to investment styles. In that case, we speak of tactical style allocation or
equity style timing (cf. Fan, 1995). This more recently developed concept, which concerns both
traditional investment and alternative investment, can be found in Kao and Shumaker (1999)
and Amenc et al. (2002). The different investment styles perform differently depending on the
period. Equity style timing therefore involves forecasting the style that will be favoured by the
market in the upcoming period in order to orientate the portfolio in that direction and improve
its return. In the same way as for market timing with regard to asset classes, this assumes
that the markets are not perfectly efficient. There are models that allow us to forecast the best
investment style. Here again the result depends on the quality and the reliability of the forecasts.

Tactical style allocation uses predictability in style returns. Evidence of this predictability
can be found in Fan (1995), Sorensen and Lazzara (1995) and Avramov (2002). Style timing
strategies have been successfully tested and implemented. Ibbotson and Kaplan (2000), in
contrast to the Brinson et al. (1986) study, demonstrate that style timing and market timing make
a larger contribution to the difference in return between funds than the choice of benchmark.

Amenc et al. (2002) examined whether there is any economic significance in the predictabil-
ity of hedge fund returns by investigating the implications in terms of a tactical asset allocation
model. The performance of the portfolio is measured in terms of the ex post information ratio,
and in terms of a portfolio hit ratio, which is the percentage of time that the return on the tactical
style allocation portfolio is greater than the return on the benchmark. They find strong evidence
of very significant predictability in hedge fund returns. The article shows that a parsimonious
set of models captures a very significant amount of predictability for most hedge fund styles.
The benefits in terms of tactical style allocation portfolios are potentially very large. Results
are also analysed in the case of portfolios that combine hedge funds and traditional invest-
ment. Style timing generates comparable levels of average return in the alternative investment
universe and the traditional universe.

A tactical style timing strategy is well suited for a portable alpha strategy. It can enhance the
performance of an equity portfolio when implemented via a core–satellite approach. The use of
futures contracts can allow for more active tactical allocation decisions in the satellite portfolio.

Tactical allocation using risk decomposition
Efficient risk-adjusted portfolios are the result of proper control of their risk, which keeps
them exposed to the sources of risk that can generate returns. Emrich and Sharaiha (2002)
propose analysing portfolio risk through a decomposition of its tracking risk and derive a
portfolio rebalancing algorithm based on risk considerations. The model they present is an
improvement on a previous model which was only based on historical tracking risk. They use a
predictive risk model to forecast the portfolio tracking risk and analyse the impact of portfolio
modification on this tracking risk. Tracking risk is allocated to the top-down and bottom-up
decisions of the portfolio manager and each component is decomposed into systematic and
idiosyncratic risk in order to identify the profitable sources of risk.

The portfolio rebalancing rule involves reducing the marginal risk induced by the portfolio
manager’s active decisions. It relies on an analysis of the forecast sensitivity of the tracking risk
to these decisions. This can be done at the sector level, as part of a top-down process, but also
at the stock level from a bottom-up perspective. Since we are considering an asset allocation
problem here, we only describe the case of sector analysis. The algorithm proceeds as follows.
It identifies the sector of the portfolio with the largest marginal tracking risk and the sector
with the lowest marginal tracking risk. Then it reallocates weights from one sector to another
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in order to maximise the reduction in overall tracking risk. This procedure can be repeated until
the target tracking risk is reached. This type of allocation process, based on risk considerations,
is referred to as a re-engineering approach.

Interest-rate-sensitive asset allocation
This method is useful in the case where the strategic allocation is defined by integrating a
notion of shortfall risk (cf. Leibowitz et al., 1994). The forecasting of returns is often based on
adding a risk premium to an interest rate. If the rates fall, then the probability of falling below
the floor threshold that was defined at the strategic allocation stage will increase. It is therefore
necessary to adjust the proportions in the portfolio. This method of tactical allocation relies
more on the evolution of interest rates than on movements in the market, as was the case for
market timing. When rates are high, the proportion of risky assets in the portfolio rises, and
when rates fall, the proportion decreases. This technique allows us to keep a constant level of
shortfall risk when rates vary.

Furthermore, the tactical allocation approach can be based on maximising a predicted return
while staying close to the strategic allocation, i.e. by controlling the tracking-error (cf. Boulier
et al., 1996, and Amenc et al., 2001).

7.1.2 Stock picking

This is the last stage in the construction of the portfolio. It takes into account the microeconomic
market trends and concerns stocks in particular. Bonds are selected more on the level of duration,
the sensitivity and the quality of the issuer, which are parameters that characterise a group of
securities, than on the characteristics of the individual securities. In addition to the methods
drawn from modern portfolio theory, some methods allow stock picking to be carried out on a
quantitative basis. We could cite for example the Graham–Dodd (cf. Cottle et al., 1988) method
for valuing assets, and the Dividend Discount Model, outlined in Amenc and Le Sourd (1998).

7.2 PERFORMANCE DECOMPOSITION AND ANALYSIS15

Once the portfolio has been constructed, the final stage of the investment management process
consists of evaluating its performance. For the sources of portfolio performance to be identified
precisely, the performance is broken down into several terms. The first decomposition was
proposed by Fama in 1972. The Fama model allows us to go further in our analysis than
the simple Treynor, Sharpe and Jensen indicators developed previously. This decomposition
consists of isolating the choice of benchmark from the stock picking when calculating portfolio
performance.

7.2.1 Fama’s decomposition16

Fama’s decomposition (Fama, 1972) can be applied to a portfolio or a class of assets. It splits
portfolio performance into two terms: selectivity and risk. It relies on the CAPM theory since

15 cf. Chapter 30 of Fabozzi (1995).
16 Cf. Chapter 10 of Broquet and van den Berg (1992), Elton and Gruber (1995), Grandin (1998), Walter (1997) and Chapter 4 of

Bitters (1997).
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it involves comparing the result of the managed portfolio with that of two theoretical reference
portfolios located on the market line.

The procedure is as follows. We take P, the portfolio to be studied. The total risk of this
portfolio is denoted by σP and its systematic risk by βP . This portfolio is not, a priori, located
on the market line. The principle is to compare its performance with that of two portfolios
located on the market line. The first portfolio, P1, is defined with a beta equal to the beta of
portfolio P, or

βP1 = βP

Since this portfolio is located on the market line, its expected return is written as follows:

E(RP1 ) = E(RF) + βP1 (E(RM ) − E(RF)) with βP1 = βP

The second portfolio, P2, is defined with a beta equal to the total risk of portfolio P, or

βP2 = σP

Since this portfolio is also located on the market line, its expected return is given by

E(RP2 ) = E(RF) + βP2 (E(RM ) − E(RF)) with βP2 = σP

By using portfolio P1,the performance of portfolio P is decomposed in the following way:

E(RP ) − E(RF) = (E(RP ) − E(RP1 )) + (E(RP1 ) − E(RF ))

The first term, defined by Fama as the selectivity, measures the performance of the manager’s
portfolio in comparison with that of a portfolio with the same market risk, but located on the
market line, and therefore perfectly diversified. The second term, called risk, corresponds to
the choice of a level of beta, and therefore to the choice of benchmark.

Fama proposes taking the analysis further by decomposing each of the two terms again.

7.2.1.1 Decomposing the selectivity

The selectivity, which evaluates the portfolio’s additional return compared with the benchmark,
is broken down into a net selectivity term and a diversification term. To do this we use portfolio
P2, which was defined previously, and which allows us to write

E(RP ) − E(RP1 ) = (E(RP ) − E(RP2 )) + (E(RP2 ) − E(RP1 ))

By replacing E(RP1 ) and E(RP2 ) with their expressions in each of the two terms, in line with
the characteristics of portfolio P, we obtain the two decomposition terms for the selectivity:

1. the net selectivity given by

E(Rp) − E(RP2 ) = E(RP ) − E(RF) − σP (E(RM ) − E(RF))

2. the diversification given by

E(RP2 ) − E(RP1 ) = (σP − βP )(E(RM ) − E(RF))

These two terms are perfectly defined since we know how to calculate the βP and σP

parameters for portfolio P. The net selectivity measures the performance differential compared
with a portfolio with the same total risk, but located on the market line. The diversification



212 Portfolio Theory and Performance Analysis

RP

Risk

βP
σP

RF

P

P1

Risk

Return

Diversification

P2

Net selectivity

Figure 7.2 Fama’s performance decomposition

measures the additional return that comes from taking a greater market risk. The diversification
is always positive, but the net selectivity can be negative.

7.2.1.2 Decomposing the risk

The risk term is broken down into manager risk and investor risk. For that reason we define a
third portfolio, P0, with a systematic risk of βP0 corresponding to the investor’s desired level of
risk. The manager can choose to take a risk βP different from risk βP0 , based on his forecasts
of how the market will evolve. The beta can then be adjusted regularly. This corresponds to a
market timing strategy. The decomposition of the risk term is then written as follows:

(E(RP1 ) − E(RF)) = (E(RP1 ) − E(RP0 )) + (E(RP0 ) − E(RF))

where the first term corresponds to the manager risk and the second term corresponds to the
investor risk.

Figure 7.2 summarises the different decomposition terms.

7.2.1.3 Timing analysis model drawn from the Fama decomposition: the Kon model

The Kon (1983) model seeks to identify the timing effect by using a model that is directly
inspired by Fama’s performance decomposition. This model assumes that the market return is
decomposed into a predictable part and an unanticipated part, πMt , or

RMt = E(RMt ) + πMt

where πMt denotes the unanticipated market return for period t with E(πMt ) = 0.
Taking βT as the fund’s risk objective when the manager has the same anticipations as the

market and βt as the risk that was actually taken during period t, then

Tt = (βt − βT )πMt
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allows us to evaluate the share of timing in the fund’s performance. This variable is positive if
the manager has correctly forecasted market movements and adjusted his risk as a result.

7.2.2 Performance decomposition corresponding to the stages in the investment
management process17

Fama introduced the principle of performance decomposition, i.e. distinguishing between the
choice of benchmark, which characterises the risk taken, and the choice of securities. The
models that decompose performance according to the stages in the investment management
process still use this principle. Performance decomposition for a national portfolio generally
relies on the Brinson et al. (1986) study. This was then generalised for the international case
by Karnosky and Singer in order to identify the foreign market and currency contribution. This
type of model allows us to analyse a portfolio that is made up of several asset classes. The
identified effects are then summed for all the asset classes.

The notion of asset class should be seen in the broad sense of the term. We initially distinguish
between stocks and bonds. Then, for portfolios invested in assets from a single country, the
groupings can be done by industrial sector or by category of bond. For international portfolios,
the groupings are done by country, by geographic zone or by quotation currency.

Splitting the overall portfolio performance between the different stages in the investment
management process allows us to evaluate the contribution of each management decision. The
decomposition is therefore a support tool for rationalising investment management. The per-
formance is divided into asset allocation, stock picking and the currency effect for international
portfolios. An additional term that measures the interaction between asset allocation and stock
picking is added, but this term is sometimes integrated into either asset allocation or stock
picking.

This section presents first the model for portfolios that are only invested in domestic assets,
and then its generalisation for international portfolios. Chapter 8 will present a decomposition
model that is more specifically adapted to bond portfolios, for which the stock picking term
gives little information.

7.2.2.1 The Brinson et al. (1986) model18

Brinson et al. defined the three stages in the investment management process; namely strategic
allocation (investment policy), tactical allocation or market timing, and stock picking, and
understood the necessity for managers to have a precise evaluation method for the different
stages. Their method is comprised of three stages. The first stage considers a benchmark portfo-
lio with weightings that correspond to the long-term allocation. The second stage successively
considers a portfolio that combines the strategic allocation with one of the other two compo-
nents of the return, namely market timing and stock picking. The market timing component
is calculated by considering the benchmark return, but by taking the real asset allocation. The
stock picking component considers the real returns of the asset classes, but with the benchmark
weightings. The final stage calculates the overall portfolio return, obtained from all the return
components.

17 Cf. Wainscott (1995) and Chapter 3 of Bitters (1997) who analyses the Brinson et al. (1986) study in detail.
18 Cf. Chapter 3 of Bitters (1997).
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For each asset class the components of the benchmark portfolio and the real portfolio can
be shown as

This is written formally as follows:

where

wPi denotes the weight of class i in the portfolio;
wBi denotes the weight of class i in the benchmark;
RPi denotes the return on class i in the portfolio; and
RBi denotes the return on class i in the benchmark.

Using this decomposition, we can calculate the manager’s active contribution to portfolio
performance at each stage of the investment management process. To do so, we calculate the
difference between the term that measures the effect in the portfolio and the term that measures
the effect in the benchmark, which leads to the following results:



Evaluating the Investment Management Process 215

1. The active return due to the timing, or tactical allocation, corresponds to the difference
(II) − (I), or ∑

i

(wPi − wBi )RBi

2. The active return due to stock picking corresponds to the difference (III) − (I), or∑
i

wBi(RPi − RBi )

3. The interaction term between the allocation and the stock picking corresponds to the ex-
pression (IV) − (III) − (II) + (I), or∑

i

(wPi − wBi ) (RPi − RBi )

4. The overall active return corresponds to the difference (IV) − (I), or∑
i

wPi RPi −
∑

i

wBi RBi =
∑

i

(wPi − wBi )RBi +
∑

i

wBi (RPi − RBi )

+
∑

i

(wPi − wBi ) (RPi − RBi )

The excess portfolio return is therefore divided into a term that comes from an allocation
between the asset classes that is different from that of the benchmark, which corresponds to
a different level of risk; a term that comes from stock picking, which is different from that of
the benchmark within each asset class; and a final term that represents the interaction between
the two.

To carry out this study it is necessary to know all the movements that have taken place in the
portfolio and break down the overall period into sub-periods during which the portfolio had a
fixed composition. The more frequent the fluctuations, the shorter the periods will have to be.
It is then necessary to link the results to obtain the result for the whole period. To do this, it
may be useful to turn to logarithmic returns. In Appendix 2.1 to Chapter 2 we established the
link that exists between the arithmetic expression and the logarithmic expression of returns.
The study can also be carried out by using the mean asset weightings for each period. We
present a method that allows performance to be broken down into its different effects over
several periods a little later on.

The Brinson et al. study highlighted the importance of the asset allocation phase in the
investment performance result, which led to more attention being paid to this phase and to
quantitative asset allocation models being developed. Their result also encouraged the devel-
opment of index managed funds, because it is possible that the market timing and stock picking
phases contribute to a decrease in the portfolio return, while increasing the portfolio risk. It
is more and more common for investment firms to use the performance decomposition meth-
ods that correspond to the stages in the investment management process. The Frank Russell
company is particularly advanced in this area.

7.2.2.2 Some clarifications on the interaction term

We would like to return to the significance of the different effects identified in portfolio
performance decomposition in a little more detail. While the asset allocation and stock picking
terms are easy to understand, the interaction term can be a little more difficult to explain (see
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Laker, 2000). Certain firms choose to add it to one of the other two terms in reports that are
presented to clients, so as to avoid having to explain it. More often than not it is added to the
stock picking term, but there are no real rules on the subject. If the interaction term has a very
low value, then it could be justifiable to proceed in that way. In that case it is appropriate to
specify it when the results are presented. But in most cases it seems to be preferable to isolate
this term, if only to avoid inconsistency between two managers who do not adopt the same
practice. In addition, the interaction term is a term for which the explanatory power can be
significant, as we will show in what follows.

The asset allocation term measures the skill in selecting the asset classes or sectors that
perform better than the benchmark for the portfolio taken as a whole. The stock picking term
measures the skill in choosing the assets that perform best in each of the different sectors.
Asset allocation comes from a top-down process, while stock picking results from a bottom-up
process. The interaction term measures the effect that results from the conjunction of the two
processes.

In order to give this term its full meaning, it must be calculated correctly. In particular, it
should not be equated with an error term. Performance attribution should normally be calculated
for periods where the composition of the portfolios remains fixed. For capital movements to
be taken into account as precisely as possible, the optimal lapse of time is a day. The results
should then be compounded to obtain a decomposition for any time interval. This must be
done for all the terms, including the interaction term, which should not be calculated as the
difference between the overall performance and the sum of the other two terms. Compounding
the effects over several periods leads to the appearance of a residual term. The error would
then be to integrate this term into the interaction term. It should in fact be spread over the
different effects. In the next section we present an attribution method for several periods that
spreads the composition residual over the different terms and thereby allows us to obtain a
correct interaction term. Turning to an approximation that uses the monthly returns with mean
weightings over the period, rather than daily data, is also a source of error for the different terms.
Although the approximations could be justified a few years ago, the increase in the storage
capacity of computers, along with improved speed of calculation, renders daily attribution
easier now.

The contribution of asset allocation to the overall portfolio performance is given by the
difference between the weighting of the sector in the portfolio and the weighting of the sector
in the benchmark, which is multiplied by the out-performance of the sector compared with the
overall portfolio benchmark, or for each sector

(wPi − wBi ) (RBi − RB)

Stock picking for each sector is measured by the difference between the return on the sector
in the portfolio and the return on the sector in the benchmark, which is multiplied by the
weighting of the sector in the benchmark, or

wBi (RPi − RBi )

The interaction is the product of the difference between the weighting of the sector in the
portfolio and the weighting of the sector in the benchmark times the difference between the
return on the sector in the portfolio and the return on the sector in the benchmark, or

(wPi − wBi ) (RPi − RBi )



Evaluating the Investment Management Process 217

The notation used is the same as in the previous section:

wPi is the weight of class i in the portfolio;
wBi is the weight of class i in the benchmark;
RPi is the return on class i in the portfolio;
RBi is the return on class i in the benchmark; and
RB =∑

i
wi RBi is the portfolio’s benchmark.

From the sector allocation point of view, a good decision is to overweight a sector that beats
the overall portfolio benchmark. If the manager selects the right assets in the corresponding
sector, i.e. if the sector in the portfolio beats the sector index, then the stock picking term
is positive for the sector and the corresponding interaction term is also positive. If, on the
other hand, the manager has not selected the right assets, then the stock picking term and the
interaction term are negative. In this case the interaction term will be even more negative if
the differential between the portfolio weightings and the benchmark weightings for that sector
is significant. If the sector only had a low weighting in the benchmark, then the stock picking
term will only be slightly negative, since it does not use the portfolio weighting. The interaction
term will then reflect the bad stock picking results much more significantly.

The interaction therefore measures the combined effect of the management decisions on
the portfolio performance and the additional contribution, or on the contrary the decrease
in performance, that results. To obtain a positive interaction and thus improve the portfolio
performance, it is necessary to know how to identify the best sectors and to choose the best
securities within those sectors. A positive interaction is also obtained by underweighting a
sector whose performance is worse than that of the overall benchmark, when at the same time
the sector in the portfolio does worse than the sector index.

7.2.2.3 Performance attribution over several periods

Earlier, we presented the decomposition of the performance differential between a portfolio
and its benchmark over a single time period. We now see how to obtain this decomposition
when we consider several periods. The technique presented comes from Menchero (2000).
The objective is to obtain an exact additive three-term decomposition, without a residual term:
a tactical allocation term, a stock picking term and an interaction term.

The portfolio and benchmark returns over several periods are obtained by calculating the
geometric mean of the returns for each period, as described in Chapter 2. If we denote the
portfolio return for the whole period as RP and the benchmark return as RB , then we have

1 + RP =
T∏

t=1

(1 + RPt )

and

1 + RB =
T∏

t=1

(1 + RBt )

where RPt and RBt denote the return of the portfolio and the benchmark for a sub-period,
respectively, and T denotes the number of sub-periods.
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The performance differential between the portfolio and its benchmark is written as follows:

RP − RB =
T∏

t=1

(1 + RPt ) −
T∏

t=1

(1 + RBt )

If the returns are small, then the terms to the power of two or more can be ignored and the
performance differential between the portfolio and its benchmark can be approximated by the
following expression:

RP − RB ≈
T∑

t=1

(RPt − RBt )

However, this approximation is not valid when the returns have high values. A better
approach involves multiplying the right-hand side of the equation by a constant, or

RP − RB ≈ A
T∑

t=1

(RPt − RBt )

We could naively define A as

A = RP − RB

T∑
t=1

(RPt − RBt )

But it is more judicious to replace the RPt and RBt returns with their geometric mean, or

A = RP − RB

T∑
t=1

[(
(1 + RP )1/T − 1

)− ((1 + RB)1/T − 1
)]

Hence, after simplification:

A = 1

T

RP − RB

(1 + RP )1/T − (1 + RB)1/T
, if RP �= RB

If RP = RB , then the limiting value of the above expression is

A = (1 + R)(T −1)/T

The expression for A thus defined does not eliminate the residual term since the equation

RP − RB ≈ A
T∑

t=1

(RPt − RBt )

is only an approximation. In order to be able to write an exact equation, we introduce a series
of corrective terms, αt , which allow us to spread the residual terms over the different periods.
The following exact equation then holds:

RP − RB =
T∑

t=1

(A + αt ) (RPt − RBt )
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The αt should be chosen to be as small as possible. The optimal solution is obtained by
minimising

T∑
t=1

α2
t

under the constraint:

RP − RB =
T∑

t=1

(A + αt ) (RPt − RBt )

This problem is solved by using the Lagrange multiplier method.19 The optimal solution is
given by

αt =
RP − RB − A

T∑
j=1

(RP j − RB j )

T∑
j=1

(RP j − RB j )2

(RPt − RBt )

In the unlikely event that RPt = RBt for all values of t, all the αt are null.
By setting

β
opt
t = A + αt ,

we can write

RP − RB =
T∑

t=1

β
opt
t (RPt − RBt )

We established the following relationship for each sub-period in Section 7.2.2.1:∑
i

wPi RPi −
∑

i

wBi RBi =
∑

i

(wPi − wBi )RBi +
∑

i

wBi (RPi − RBi )

+
∑

i

(wPi − wBi ) (RPi − RBi )

or, in a more condensed manner:

RPt − RBt =
n∑

i=1

RAllocation
i t +

n∑
i=1

RStockPicking
i t +

n∑
i=1

RInteraction
i t

We therefore obtain, for the whole period:

RP − RB =
T∑

t=1

β
opt
t

n∑
i=1

(
RAllocation

i t + RStockPicking
i t + RInteraction

i t

)
hence

RP − RB =
T∑

t=1

n∑
i=1

β
opt
t RAllocation

i t +
T∑

t=1

n∑
i=1

β
opt
t RStockPicking

i t +
T∑

t=1

n∑
i=1

β
opt
t RInteraction

i t

19 We described this method in Appendix 3.1 to Chapter 3, on the subject of solving the Markowitz portfolio optimisation problem.
The calculations here are much simpler.
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We thereby decompose the performance differential between a portfolio and its benchmark
into three terms for a complete period, with the help of the effects identified for the sub-periods.

7.2.2.4 The case of an international portfolio20

Before discussing the extension of the Brinson et al. (1986) decomposition to the international
case, we shall initially consider the basic elements that allow the performance of an international
portfolio to be analysed. The simplest decomposition involves separating the return into a part
that comes from the evolution of the asset prices in their local currency and a part that comes
from the evolution of the currencies themselves (cf. Sharpe, 1985). To calculate the first term,
we consider that the exchange rate is constant over the period. The second term is then obtained
as the difference.

The notation is the same as in Chapter 2:

PQuot
i t is the price of asset i at time t expressed in the quotation currency;

dQuot/Ref
i t is the price of the quotation currency for asset i at time t expressed in the reference

currency;

while the price PRef
i t of asset i expressed in the reference currency is given by

PRef
i t = PQuot

i t dQuot/Ref
i t

and the return on the portfolio of assets is given by

(1 + RPt ) = PQuot
i t dQuot/Ref

i t

PQuot
i,t−1 dQuot/Ref

i,t−1

The component of return that is exclusively due to variations in the price of the quotation
currency is given by

(
1 + RPrice

Pt

) = PQuot
i t dQuot/Ref

i,t−1

PQuot
i,t−1 dQuot/Ref

i,t−1

and the component of return that is exclusively due to variations in the currency is given by

(
1 + RExchange

Pt

) = PQuot
i,t−1 dQuot/Ref

i,t

PQuot
i,t−1 dQuot/Ref

i,t−1

and we have

(1 + RPt ) = (1 + RPrice
Pt

)(
1 + RExchange

Pt

)
To analyse further, we can carry out a decomposition by country, or by asset class indepen-

dently of the country, or more accurately, by asset class for each country using the international
version of the model presented in the previous section. The benchmark is then an international
market index. The portfolio return is broken down into a term that comes from the benchmark
return, a term that comes from the evolution of the markets chosen, a term that comes from
the evolution of the currencies and a term that comes from stock picking in each market.

20 Cf. Chapter 6 of Clarke and Kritzman (1996), Ramaswami (1993), Fontaine (1997), Grandin (1998), Clarke and Tullis (1999),
AIMR (1998) and the second part of Karnosky and Singer (1994).
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A portfolio invested in several countries can be completely hedged against exchange rate
risk, partially hedged, or unhedged. The performance attribution methods consider these three
situations.

The generalisation of the Brinson et al. model to the international case was proposed by
Karnosky and Singer. The principle is the same, except that now there is a term measuring
the contribution of the currencies. This currency allocation term is constructed on the basis
of the same principle as the tactical allocation term. To be even more precise, this currency
effect can itself be decomposed. A very thorough presentation of this decomposition is given
in Karnosky and Singer (1994). The principle of currency effect decomposition is also well
presented, albeit in less detail, in the 1998 AIMR standards update document. Our explanation
here draws on that presentation.

The currency effect decomposition takes the spot and forward exchange rates into account.
To obtain the decomposition, we divide the return that comes from changes in the spot exchange
rates into two separate components:

1. the forward premium, which is known in advance and which is governed by short-term
interest rate differentials; and

2. the change in spot rates that is not taken into account by the forward premium and which
we call the “currency surprise”. This component is calculated as the difference between the
variation in the exchange rate and the forward premium.

The first term is based on the exchange rate forecast models. These models were presented
briefly in Chapter 2. The second term results from the manager’s anticipations.

In practice, the decomposition of an international portfolio containing several asset classes
is written as follows:

RP − RB =
∑

i

(wPi −wBi ) (RBi + fi )+
∑

i

wBi (RPi − RBi ) +
∑

j

(
Hj − H B

j

)
(RC j − f j )+e

(1) (2) (3) (4)

where

wPi denotes the weight of market i in the portfolio;
wBi denotes the weight of market i in the benchmark;
RPi denotes the local return of market i in the portfolio;
RBi denotes the local return of market i in the benchmark;
RC j denotes the return on currency j;
fi denotes the forward premium for market i;
Hj denotes the portfolio’s exposure to currency j; and
H B

j denotes the benchmark’s exposure to currency j.

The difference in return between the portfolio and its benchmark is therefore divided up in
the following way:

� Term (1) measures the added value that comes from the tactical allocation by using the
hedged returns.

� Term (2) measures the added value that comes from the stock picking in each market.
� Term (3) measures the added value that comes from the active management of the currencies.

For each market this term is equal to the sum of the currency exposure differences between
the portfolio and the benchmark multiplied by the currency surprise term. This term is null
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if the exposure to each currency is the same for the portfolio and the benchmark.
� Term (4) is an error term that corresponds to the interaction between the allocation and the

stock picking.

The principle behind this decomposition is used by the Frank Russell company. Here again
the decomposition is carried out for sub-periods and the results are aggregated for the whole
period. The multi-period calculation method presented in Section 7.2.2.3 for a portfolio invested
in a single country also applies to international portfolios.

In Chapter 6 of Clarke and Kritzman (1996) we also find a presentation of a performance
decomposition model that is more appropriate for portfolios where the proportions between
the different asset classes are managed with the help of derivatives.

To conclude the presentation of the decomposition methods, we should mention that a man-
aged portfolio often contains cash, while the benchmark does not. Taking this into account in
performance attribution can be delicate. The need to pay attention to this problem is mentioned
in the GRAP study (1997).

7.2.3 Technique of replicating portfolios for performance measurement

Engström (2001) proposes to evaluate portfolio performance using replicating portfolios as
benchmarks. These portfolios are constructed to replicate the passive strategy of the portfolio
to be evaluated, using its holdings. These portfolios are rebalanced whenever necessary in
order to follow the evolution of the portfolio they replicate. This work follows that of Grinblatt
and Titman (1989), which uses hypothetical portfolios instead of the classic benchmarks. The
advantage of using replicating portfolios is that it solves the problem of finding a benchmark
that is suitable for all portfolios, since a specific replicating portfolio is constructed for each
different portfolio. Moreover, these replicating portfolios allow for a detailed analysis of per-
formance by separating the performance that is due to asset allocation decisions from the per-
formance that is due to tactical asset allocation decisions and evaluating them on a risk-adjusted
basis.

Using Jensen’s alpha measure, the total alpha is decomposed into a strategic alpha and a
tactical alpha.

The performance of strategic decisions is obtained by evaluating the replicating portfolio in
relation to a benchmark index:

RRi t − R f t = αSi + βSi (Rbt − R f t ) + εSi t

where

RRi t is the return of the replicating portfolio of fund i at time t;
αSi is the performance of the strategic decisions;
βSi is the risk in the strategic portfolio; and
Rbt − R f t is the return on the benchmark in excess of the risk-free asset at time t.

The performance of tactical decisions is obtained by evaluating the fund’s return in excess
of the replicating portfolio:

Rit − RRi t = αTi + βTi (Rbt − R f t ) + εTi t



Evaluating the Investment Management Process 223

Rit − RRi t is the return on fund i in excess of its replicating portfolio or the return on the zero
investment portfolio;

αTi is the performance of the tactical decisions;
βTi is the risk in the tactical portfolio.

Both the fund manager’s strategic and tactical decisions can be evaluated in a conditional
setting, following Ferson and Schadt (1996). This allows for time-varying expected returns
and risk.

7.2.4 Comparison between the different performance decomposition methods

We have successively presented performance decomposition methods based on multi-factor
models in Chapter 6, and performance attribution models that follow the stages of the invest-
ment management process in this chapter. To conclude this chapter, we compare the different
methods described.

The Fama decomposition and the decomposition in line with the stages in the investment
management process are based on the same principle, namely distinguishing between the
performance that is due to the risk taken and the performance that is due to stock picking. In
the Fama decomposition the investor risk is represented by the choice of level of beta. The
corresponding reference portfolio is the equivalent of the benchmark. The manager risk is
the risk taken by the manager, which is different from the risk desired by the client, in order
to obtain a better performance. This corresponds to the tactical allocation term. The Fama
selectivity term corresponds globally to the Jensen alpha and can be compared to the stock
picking term as defined in the Brinson et al. (1986) decomposition. The latter carry out an
analysis by asset class and then sum the effects of all the classes, while Fama does not make
this distinction. His method is therefore more appropriate to an asset class rather than a whole
portfolio.

Decomposing performance with the help of multi-factor models also uses the principle that
involves isolating the performance that is due to the choice of benchmark from the performance
that is due to stock picking. The benchmark is then constituted from the linear combination
of the returns’ explanatory factors, and the residual return term, which is not explained by the
factors, corresponds to the stock picking term. Investment firms generally use performance
decomposition that corresponds to the stages in the investment management process, since it is
easier to understand and explain to clients than the factor model. This is because the model is
additive and follows the manager’s approach exactly. The factor models give less information
on the management method, but more information on the characteristics of the securities that
make up the portfolio. They also allow those characteristics to be linked to the performance of
the portfolio in a very precise way.
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EFE, May 1997.
Walter, C., “Mesure de performance : le retour du gérant”, Revue Banque, no. 594, July–August 1998.





8

Fixed Income Security Investment

All the developments presented up to this point have been more particularly related to the man-
agement of equity portfolios because, historically, modern portfolio theory and the quantitative
methods that were drawn from it were developed in order to study equity portfolios. Neverthe-
less, investors generally hold portfolios that are diversified among several asset classes so as
to spread their risk and ensure a certain level of consistency in the performance of their invest-
ments. Just as it is useful to practise diversification within each asset class to reduce the portfolio
risk, diversification between classes also leads to risk reduction. Moreover, a study by Dietz
showed that portfolios containing 35%–60% bonds and 40%–60% stocks are those for which
the risk-related expected return is optimal. This is explained by the fact that certain periods
are more favourable for stock markets, while others are more favourable for bond markets.

The use of quantitative methods for managing bond portfolios is more recent than for
equities, but it is more and more prevalent. In the previous chapter we presented the investment
management process as a whole and studied the performance of a diversified portfolio. Here we
describe the particular characteristics of bond investment and the specific performance analysis
models used for this type of investment. Before defining the risk and return characteristics of
bond portfolios, we first present the yield curve modelling methods that are the basis of bond
management.

8.1 MODELLING YIELD CURVES: THE TERM STRUCTURE
OF INTEREST RATES

The yield curve or term structure of interest rates is the function that associates the level of
the interest rate with each maturity. Let r(t) be this function. The term structure of interest
rates conditions the prices of bond instruments. Measuring the current rates, forecasting future
rates and anticipating shifts in the yield curves allow the future value of rate instruments to be
predicted. Modelling the yield curve is therefore essential. The yield curve can be constituted
through observation of the prices of financial instruments, by establishing a relationship be-
tween the maturities of the securities and the levels of rates. Two alternatives exist: using yield
to maturity or using zero-coupon rates.

8.1.1 Yield to maturity and zero-coupon rates1

The yield to maturity r of a bond is defined as the rate that makes its quotation price P equal
to the discounted sum of its future cash flows (Fi )i=1,...,n , or

P =
n∑

i=1

Fi

(1 + r )i

1 Cf. Fitoussi and Sikorav (1991) and Bayser and Pineau (1999).
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r constitutes the bond’s internal rate of return, but the use of r to define the return that is actually
obtained for the bondholder presents a certain number of disadvantages. In order for the rate
to correspond to the return obtained at maturity, we must be able to reinvest the coupons at the
same rate as r, which is not necessarily the case. In addition, this definition of the rate assumes
that the yield curve is flat and that each bond has its own interest rate, while we would wish to
have a term structure for the rates with a single rate associated with each maturity. To achieve
this, we turn to zero-coupon bonds.

A zero-coupon security is a security that only pays out a single cash flow at its expiry date.
Let Bt be the elementary zero-coupon security paying out one euro at date t. The zero-coupon
price and its t maturity rate of return respect the following relationship:

Bt = 1

(1 + rt )t

assuming that the reference date is 0.
The complete set of rates rt for the different zero-coupon maturities allows us to define the

range of zero-coupon rates. The use of zero-coupon rates allows us to construct a yield curve
that associates a single rate with each maturity. The curve that is thereby obtained is then used
as a basis for valuing rate instruments and measuring the risks. Any bond that pays out Fi cash
flows at dates ti , i = 1, . . . , n, can be modelled by a portfolio of zero-coupon securities, with
each cash flow considered to be a zero coupon.

The number of zero-coupon securities traded on the markets is not sufficient to allow a
direct estimate of the yield curve using those securities. Several models have therefore been
proposed using government bonds with maturities that allow all yield curves to be covered.
These bonds are coupon bonds. In this case, each coupon is equated to a zero-coupon security
with a maturity that corresponds to the date on which the coupon falls. We present the models
that allow the zero-coupon rates to be constructed theoretically below. We distinguish between
static models (Vasicek–Fong), where the rates are constructed using the coupon bond prices
or the yield to maturity, and dynamic models (Vasicek, Cox–Ingersoll and Ross) which model
the range of rates with the help of state variables such as the short rate, the long rate and the
spread between the long rate and the short rate.

8.1.2 Estimating the range of zero-coupon rates from the range of yields to maturity2

8.1.2.1 Direct method

We assume that we observe the range of yields to maturity (an)n=1,...,N . A step-by-step calcu-
lation allows us to deduce the range of zero-coupon rates (rn)n=1,...,N .

We recall that a bond’s yield to maturity a is defined as the rate that renders its quotation
price P equal to the discounted sum of its future cash flows (Fi )i=1,...,n , or

P =
n∑

i=1

Fi

(1 + a)i

By using the zero-coupon rates we have

P =
n∑

i=1

Fi

(1 + ri )i

2 Cf. Poncet et al. (1996) and Fabozzi and Fong (1994).
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We consider a fixed-rate bond issued at par, i.e. with a market value equal to its face value.
We have the following relationship linking the yields to maturity with the zero-coupon rates:

1 =
k∑

i=1

ak

(1 + ri )i
+ 1

(1 + rk)k
, k = 1, . . . , n

where k represents the maturity. For k = 1 we have

1 = a1

1 + r1
+ 1

1 + r1

and hence

r1 = a1

For k = 2 we have

1 = a2

1 + r1
+ 1 + a2

(1 + r2)2

from which

(1 + r2)2 = (1 + a2)(1 + r1)

1 + r1 − a2

which allows us to calculate r2.
More generally, we can calculate rn as a function of an and the rates (ri )i=1,...,n−1 by con-

sidering a security at par with maturity n whose value is written as follows:

1 =
n−1∑
i=1

an

(1 + ri )i
+ 1 + an

(1 + rn)n

Hence

(1 + rn)n = 1 + an

1 −
n−1∑
i=1

an

(1 + ri )i

The yield curve for any maturity can then be generated through cubic or linear interpo-
lation methods. These direct methods are theoretically simple and very easy to implement.
Unfortunately, significant difficulties prevent us from using them in reality:

� in the markets there are rarely distinct bonds with the same coupon dates, and which also
present linearly independent cash flow vectors;

� the method is not robust if the sample of coupon bonds is modified.

8.1.2.2 Indirect methods

These difficulties lead us to consider alternative methods that are often called “indirect
methods”. The common factor between indirect methods is that they require the market data to
be adjusted to a previously specified shape of the yield curve. Although these methods alleviate
the practical difficulties mentioned above, they suffer from an eventual specification risk, or
model risk. If we choose an inappropriate shape for the yield curve, adjusting the market data
to the model will not provide a truly reliable result. A large number of models are used in prac-
tice. Here we shall simply present the Vacisek and Fong (1982) model, and, for more details,
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we encourage the reader to refer to the work of Martellini and Priaulet (2001) in the same
collection.

The price of a bond is written as follows:

P =
n∑

i=1

Fi Bti

with

Bti = 1

(1 + rti )ti

where Bt represents the discounting factor at time t which is interpreted as the present value of
a cash flow amount of 1 paid out at date t or as the present value of a zero-coupon bond with
a face value of 1 paid out at time t; and Fti denotes the cash flow paid out at time ti .

The proposal from the model is to write the discounting factor in the following form:

Bt =
m∑

i=1

βi (1 − e−αt )i

and to use this expression to calculate the value of the zero-coupon rate. The α and βi parameters
are determined using the prices of bonds quoted on the market. Statistical regression allows a
yield curve to be constituted using discrete data. These rates can then be used to discount the
cash flow of any bond and therefore to calculate its theoretical price.

8.1.3 Dynamic interest rate models3

Empirical studies on the yield curve have highlighted a certain number of characteristics that
must be satisfied by any logical model of interest rate dynamics. In particular:

1. The rates cannot become negative.
2. From an historical viewpoint, high rate values tend to be followed, more often than not, by

downward movements, which leads us to consider return to the mean effects.
3. Rate volatility tends to be higher for short rates than for long rates; moreover, the level of

volatility seems to vary as a function of the absolute level of the rates.

These studies have made a positive contribution to our understanding of the process followed
by the short rate. Here we present some of the models that are most frequently used in practice.

8.1.3.1 The Vasicek model

Vasicek (1977) assumes that only the short rate explains shifts in the zero-coupon yield curve.
The short rate follows a diffusion process of the following form:

drt = β(α − rt )dt + σdWt

where

α denotes the mean interest rate;
β denotes the speed of return to the mean;

3 Cf. Joshi and Swertloff (1999).
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σ denotes the volatility of the interest rate; and
Wt denotes a real value Brownian motion representing a shock for short rates.

While the previous model was a static model, this model is a dynamic model. The interest
rate is modelled as a random process that oscillates around the level of the long-term interest
rate. The short rate converges towards its assumed long-term value of α at a speed of β. The
oscillations around the long-term value have an amplitude of σ .

The most widely used method for estimating the model parameters involves extracting them
from the price of quoted assets. The model has been presented with constant volatility, but this
can be replaced with stochastic volatility. Apart from the difficulty in estimating the parameters,
the Vasicek model can produce negative interest rates.

8.1.3.2 The Cox–Ingersoll–Ross (CIR) model

The Cox, Ingersoll and Ross (CIR) (1985) model is again a stochastic interest rate model which
models a rate that oscillates around its mean. This model is written as follows:

drt = β(α − rt )dt + σ
√

rt Wt

where

α denotes the mean interest rate;
β denotes the speed of return to the mean;
σ denotes the volatility of the interest rate; and
Wt is a Brownian motion which characterises a random shock.

The contribution in comparison with the Vasicek model is that the interest rate volatility is
heteroskedastic. When the level of rates increases, the volatility also increases, and when the
level decreases, the volatility decreases as well. This ensures that the interest rates produced
by the model are always non-negative.

8.1.3.3 The Heath–Jarrow–Morton (HJM) model

The approach is analogous to that developed by Black and Scholes (1973) for valuing equity
options. By using the spot curve observed on the market, the idea is to equate the underlying
with the whole yield curve. This approach is better known as the arbitrage approach. The
Heath–Jarrow–Morton (1992) model uses the current forward interest rates to forecast the
future short-term interest rates, instead of modelling the rates’ dynamics. By considering a
model with a dimension of one, i.e. in which a single forward rate explains the whole rate
structure, and by denoting the instantaneous forward rate at time t for maturity T as f (t, T ),
we have the following relationships:

d f (t, T ) = α1(t, T )dt + σ1(t, T )dWt

dB(t, T )

B(t, T )
= α2(t, T )dt − σ2(t, T )dWt

where

α1 and α2 denote given functions;
σ1 denotes the volatility of the forward rate;
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σ2 denotes the volatility of the zero-coupon bond; and
Wt is a Brownian motion with a dimension of one.

The volatilities σ1 and σ2 respect the following relationship:

σ2(t, T ) =
∫ T

t
σ1(t, u)du

Implementation of this model is complex.

8.2 MANAGING A BOND PORTFOLIO

The first section of this chapter gave us an overview of the yield curve estimation models,
which condition bond prices. We now come to the actual management of bond portfolios. The
investment strategy adopted by the manager conditions the performance of the portfolio. It is
necessary to dispose of and evaluate the risk factors to which the portfolio is subjected in order
to analyse the strategy. Before turning to the definition of the different types of risks for bond
portfolios and the analysis of the risks, by studying yield curve shifts, we first describe the
quantitative analysis framework for bond portfolios.

8.2.1 Quantitative analysis of bond portfolios4

The use of quantitative techniques for managing bond portfolios is becoming more and more
widespread. Quantitative techniques are applied to virtually all stages in the portfolio man-
agement process. The first stage is to define asset allocation: we choose to divide the portfolio
between different asset classes, while taking into account constraints on the duration, the
active–passive profile and the diversification and liquidity requirements. The next stage in-
volves choosing the benchmark, or defining a bespoke benchmark. The final stage consists of
analysing the performance obtained.

In Chapter 2 we discussed the usefulness of benchmarks and the construction of benchmarks
for equity portfolios in particular. Defining a benchmark is also essential for managing a bond
portfolio. The benchmark can be a broad bond index or a sector index. This type of index is
produced by specialised firms. In the United States, Lehman Brothers produce the Lehman
Aggregate index, Salomon Brothers the Salomon Broad Investment Grade (BIG) index and
Merrill Lynch the Merrill Lynch Domestic Master index. However, these indices may not
correspond to the needs of investors who will prefer, if that is the case, to produce customised
benchmarks that accurately reflect the composition of their portfolio. A customised benchmark
can be defined using a standard benchmark by only keeping certain sectors, for example. It can
also be defined by modifying the percentages of the different categories of bonds compared
with an index quoted on the market. Finally, it can be constructed more accurately by using
individual investment specifications, in terms of sector allocation, choice of bond categories,
the active–passive balance and liquidity, for each investor. Each portfolio has its own objectives
and constraints. This can be translated into risk and return terms and conditions the choice
of assets that can be included in the portfolio. For the evaluation to be correct, it is therefore
important to dispose of a benchmark that is subject to the same constraints as the portfolio to be

4 Cf. Dynkin and Hyman (1998).
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evaluated. Once the benchmark has been defined, investors can express their return objectives
and risk constraints in terms of deviation from the benchmark.

In Section 8.3 we shall see that performance measurement also relies on the portfo-
lio’s benchmark. The evaluation methods for the securities must therefore be consistent, for
both the portfolio and its benchmark. This is now ensured by the existence of the AIMR
standards.

8.2.2 Defining the risks

A bond is a security with a limited life span. It is a less risky product than a stock. It is however
subject to two types of risk that explain the variations in bond returns: the default risk (or
spread risk) and the market risk (or risk of interest rate fluctuations). The risk factors for bonds
are different from the risk factors for stocks, even though we can draw some comparisons. The
duration of a bond, which measures the market risk, can be compared to the beta of a stock,
for example.

8.2.2.1 Default risk

The spread risk is connected to the risk of the issuer defaulting. The quality of the issuer is
measured through a rating attributed to the bond by the rating agencies. A modification in
the rating leads to a variation in the price of the bond and therefore to a modification in its
spread. It should be noted that the bonds with the best ratings are those that pay out the lowest
coupons, in line with the risk premium principle. In what follows we offer an overview of
the methods for approaching the question of default risk. From a schematic point of view,
these methods are of two different types: value of the firm-based models (which are also
called structural models) and intensity-based models (which are also called reduced-form
models).

The value of the firm-based models are characterised by the fact that the default date is
determined by the date at which the process describing the value of the firm reaches a frontier.
In the seminal works of Black and Scholes (1973) and Merton (1974) it is in fact assumed
that the default can only occur on the bond security’s maturity date. This framework was
generalised by Black and Cox (1976), who consider a default date that is triggered when the
value of the firm’s assets reaches a given threshold.

The reduced-form models, on the contrary, do not seek to analyse the default process. They
prefer to focus on modelling a default that occurs at a random date, which is defined as the
first jump date of a Poisson process. This approach has been the subject of a large amount of
recent work (Jarrow and Turnbull, 1995; Madan and Unal, 1995; Duffie et al., 1996; Duffie
and Singleton, 1997; Duffie and Lando, 1997; and Lando, 1996; for example).

8.2.2.2 Market risk

The risk of a shift in the yield curve is evaluated as a first approximation by the duration.
The duration measures the average weighted duration of the time period required for the value
of a bond to be paid back by the cash flow that it generates. The duration is the average life
span of a bond. In general, it is shorter than the maturity, except in the case of a zero-coupon
bond.
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For a bond P with a price defined by the yield to maturity r, or

P =
n∑

i=1

Fi

(1 + r )i

the duration is written as follows:

D =

n∑
i=1

i Fi

(1 + r )i

P

A portfolio’s exposure to movements in the yield curve is measured by the modified duration
(or sensitivity). The sensitivity is written as follows:

S = − 1

P

dP

dr
= 1

P

n∑
i=1

i Fi

(1 + r )i+1

We can also calculate the convexity, defined by

C = 1

P

d2 P

dr2
= 1

P

n∑
i=1

i(i + 1)Fi

(1 + r )i+2

The duration assumes that the yield curve is only subject to parallel shifts. However, the
yield curve may be subject to three types of shift: a parallel shift, a butterfly shift or a twist.
A factor model allows all the possible shifts to be explained completely.

8.2.3 Factor models for explaining yield curve shifts

The factor decomposition methods for the risk rely on statistical analysis of zero-coupon yield
curve shifts observed in the past. Several models have been proposed. Since a bond portfolio
can be modelled by a set of zero-coupon bonds, which depend on the structure of spot rates,
we will show how to describe the spot rates with the help of a factor structure and deduce from
this a factorial characterisation of the portfolio’s risk and return.

8.2.3.1 Litterman and Scheinkman model5

The Litterman and Scheinkman model uses past data to construct a factorial structure for
decomposing the shifts in the yield curve. The factors, which cannot be observed, are extracted
from the variance–covariance matrix of changes to the spot rates, with the help of a principal
component analysis method. We outlined the principles of this method in Chapter 6. Litterman
and Scheinkman identify three explanatory factors, with each factor corresponding to a possible
shift in the yield curve. The first factor is a level factor which takes into account the parallel shifts
in the yield curve. This initial factor is not sufficient to describe the yield curve completely,
which is why it is necessary to add other factors. A second factor takes into account a change
in the slope of the yield curve. The third factor characterises the curvature. These three factors
have decreasing degrees of explanatory power. The first factor explains on average 73% of the
variations. Studies have shown that the three factors explained around 95% of the yield curve
movements for the United States.

5 Cf. Knez et al. (1994).
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Some criticisms have been formulated with regard to this method. The first is that since
the principal components are linear combinations of movements in the yield curve taken as a
whole, they are difficult to forecast. The second criticism is that if the analysis is carried out
for a non-American market, then there is no guarantee that the principal components identified
will be of the same nature as those proposed in the model. Finally, this approach does not
provide a direct measure of a bond or a bond portfolio’s sensitivity to changes in the factors.
These criticisms are formulated in JP Morgan (1996a), who proposes another method.

8.2.3.2 JP Morgan method

The method proposed by JP Morgan (1996a) should allow us to determine the sensitivity of
a bond, or any bond portfolio, to non-parallel shifts in the yield curve, while avoiding the
disadvantages of the other methods. The result is a characterisation of the risk of a portfolio
in terms of sensitivity to rate movements at different points on the curve.

The spot rate is influenced by a certain number of factors, which are the same for all
maturities, but their impact on the portfolio will vary depending on the maturity. The variation
in these factors leads to modifications in the value of the rates, depending on the sensitivity of
the rates to each of the factors.

The variation in the spot rate with maturity m, in country j and at time t, as a function of the
factors is given by

�S j
t (m) =

K∑
k=1

β
j

k (m)�F j
kt

where

m denotes the maturity;
βk(m) denotes the sensitivity in relation to factor k; the sensitivities are functions of the

maturity; and
�Fk denotes the change in factor k.

The instantaneous change in the price of a zero coupon resulting from a small change in the
spot rate is equal to the change in the spot rate multiplied by the duration of the zero coupon.
This duration is equal to its maturity. We therefore have

�Z j
t (m)

Z j
t (m)

= −m�S j
t (m)

where Z j
t (m) denotes the price of the zero-coupon with maturity m, in country j and at time t.

By replacing the variation in the spot rate as a function of its factorial expression in this
expression, we obtain:

�Z j
t (m)

Z j
t (m)

= −m
K∑

k=1

β
j

k (m)�F j
kt

We define the duration of the zero-coupon bond with maturity m in relation to the kth
factor as

D j
k (m) = mβ

j
k (m)
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which allows us to write

�Z j
t (m)

Z j
t (m)

= −
K∑

k=1

D j
k (m)�F j

kt

Any bond or bond portfolio can be represented by a portfolio of zero-coupon bonds, where
each zero-coupon bond corresponds to a cash flow from the bond. The variation in the value
of the bond portfolio can therefore be written as a linear combination of the variations in the
value of the zero-coupon bonds, or

�B j
t

B j
t

=
n∑

i=1

xi
�Z j

t (mi )

Z j
t (mi )

= −
n∑

i=1

xi

K∑
k=1

D j
k (mi )�F j

kt

= −
K∑

k=1

n∑
i=1

xi D j
k (mi )�F j

kt

where B j
t denotes the value of the bond portfolio at time t, in country j; and xi denotes the

proportion represented by the current value of the ith cash flow in relation to the total value of
the portfolio.

We define the duration of the bond portfolio in relation to the kth factor as

D j
k (B) =

n∑
i=1

xi D j
k (mi )

Hence

�B j
t

B j
t

= −
K∑

k=1

D j
k (B)�F j

kt

We therefore establish that the return of a bond portfolio depends only on a finite number of
factors, rather than a complete spot rate structure. The coefficients of the factorial decompo-
sition are the duration of the portfolio in relation to each of the three shifts in the yield curve.

It is then necessary to construct the explanatory factors. The method used by JP Morgan
is based on Ho’s (1992) key observable rates approach, but removes the assumption of rate
independence and therefore takes into account the correlation between the rates for the different
maturities. The factors are obtained by linearly combining the key rates and are orthogonal by
construction.

8.2.4 Optimising a bond portfolio6

The construction of a bond portfolio relies more on the choice of a category of bonds presenting
the same characteristics (duration, maturity, etc.) than on the choice of individual securities.

The factorial structure defined in the previous section allows us to characterise the risk and
return of a bond portfolio according to its sensitivity to variations in the factors. The return of
a portfolio is written as follows:

RPt − RFt =
K∑

k=1

D j
k (B)�F j

kt

where RFt denotes the risk-free rate.

6 Cf. JP Morgan (1996b).



Fixed Income Security Investment 239

When we know the current rates and the expected future rates, the optimisation involves
determining the portfolio that allows a given level of out-performance to be reached in relation
to a benchmark specified in advance with a minimum tracking-error. The performance of the
portfolio in excess of that of the benchmark can be characterised in terms of the duration
differential between the two portfolios, or

RPt − RBt =
K∑

k=1

(
D j

k (B) − d j
k (B)

)
�F j

kt

where d j
k (B) denotes the duration of the benchmark compared with the kth factor.

8.2.5 Bond investment strategies

As a consequence of the particular nature of fixed income securities, the strategies used to
manage fixed income portfolios differ from those used to manage equity portfolios. Bonds
are characterised by their maturity, the spread, the quality of the security and the coupon rate.
A fixed income portfolio could be managed according to a duration strategy, a sector weighting
strategy or a maturity distribution strategy. The rate risk indicators such as the duration, the
sensitivity and the convexity allow the impact on bonds of variations in interest rates to be
measured. The objective is always to obtain the best return for a given level of risk. The
portfolio is constructed in accordance with the characteristic bond indicators. The investment
strategies used can be passive, such as replicating an index or immunising the portfolio against
interest rate risk, or active.

Active investment involves forecasting interest rates to anticipate movements in the bond
market as a whole or carrying out an analysis of the market in order to identify the sectors
or securities that have been incorrectly valued. In an interest rate strategy the positioning of
the portfolio on the maturity spectrum will depend on the anticipated evolution of the yield
curve. The security or sector selection requires the preferences to be quantified in accordance
with the individual characteristics of the securities. The securities can be classified according
to their default risk or according to their spread.

The default risk is the likelihood that the issuer will not respect his contractual obligation,
i.e. that he will not be able to redeem the security at its expiry date or that he will no longer be
in a position to pay the coupons. A rating is attributed to bonds according to the quality of the
issuer. When an issuer’s default risk increases, the ranking of the security may be lowered.

Bonds can be grouped together by sector, i.e. by sub-classes that behave in a similar manner.
For example, bonds with the same level of ranking will have prices and returns that evolve in
the same way. The price differential between bonds in different sectors can undergo modifi-
cations in several situations: if the sector’s default risk increases, if the market’s evaluation of
the attributes and characteristics of the securities in the sector is modified or if there are modi-
fications in supply and demand. The difference in return between two sectors, which is usually
measured in basis points, is called the spread. Analysing the spread gives a relative evaluation
of the interesting sectors. This is useful for investing in the sectors where the securities will
have the strongest rate of appreciation.

Individual securities are analysed by evaluating their risk premium, i.e. the difference be-
tween the return of the bond and that of the risk-free rate. This risk premium is the investor’s
compensation for the risk taken.

The manager’s investment choices in relation to the maturity of the securities indicate how
he has positioned his portfolio on the yield curves and the returns of each maturity class then
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show the evolution of the rates over the investment period. Choosing securities according to
the value of their coupons is also linked to the manager’s anticipation of the level of future
rates. If he anticipates a rise in rates, then he will choose securities with a high coupon.

8.2.6 International fixed income security investment7

In the same way as for equities, international investment widens the field of investment and
increases the expected return of the portfolio while limiting the risks. In this case we use an
international benchmark. An international fixed income security portfolio’s risk is made up of
the risk of each local market and a significant share of exchange rate risk. As for equities, the
return can be divided into the local return and the currency return. This decomposition has an
impact on the variance–covariance matrix, which is broken down into two blocks: one block
for the local market and one block for the currency. The two blocks in the matrix are estimated
separately.

Although exchange rate risk has little impact on equity investments, it affects fixed income
security investments considerably, because the evolution of interest rates and exchange rates
is linked. Interest rates influence exchange rates in the short term and exchange rates influence
interest rates. To avoid an unfavourable turn in the exchange rates overriding the risk reduction
advantage procured through diversification, it is desirable to hedge against exchange rate risk
and use a hedged benchmark.

8.3 PERFORMANCE ANALYSIS FOR FIXED INCOME
SECURITY PORTFOLIOS

The most thorough studies on performance analysis relate to equity portfolios. The first models
were developed from the Capital Asset Pricing Model (CAPM), which only concerns portfolios
invested in equities and cash. In addition, portfolio analysis originated in the United States,
where portfolios are principally invested in equities. In France, the market for fixed income
securities is considerable, but traditional models lead to inappropriate conclusions if the funds
contain bonds because the characteristics of bonds are very different from the characteristics
of equities. This is why it is necessary to look at specific performance analysis for portfolios,
or parts of portfolios, that are invested in bonds.

As for equity portfolios, analysing the performance of bond portfolios initially involves
measuring their return and comparing the result with that of the benchmark associated with the
portfolio. The performance can then be decomposed and explained. Performance attribution
for fixed income securities is still the subject of a large amount of research. The analysis can
involve an approach by strategy or a factor approach. The factor approach consists of explaining
the return of the portfolio through the return of the identified factors. A multi-factor model
allows us to forecast the ex ante risk associated with each factor and to measure the return
generated by the factors. An approach of this type allows the sources of the portfolio return to
be identified in detail, and also allows the statistical significance of the returns to be measured.

It is possible to carry out several types of analysis to study portfolio performance, depending
on whether we study the portfolio return in an absolute manner, or in a relative manner compared
with a benchmark. In this section we present the different types of portfolio performance
analysis and decomposition. We initially describe performance analysis in comparison with

7 Cf. Murphy and Won (1995) and Faillace and Thomas (1997).
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a benchmark, and then we give additive decompositions of bond portfolio returns that do
not use a multi-factor approach. We then present models that use a multi-factor approach.
In Section 8.2 we presented a factorial decomposition of the price of a bond. There are other
possible decompositions. The bond performance attribution models are then modelled on these
decompositions.

8.3.1 Performance attribution in comparison with a benchmark

Performance attribution in relation to a benchmark involves comparing the portfolio’s rate of
return with that of its benchmark and evaluating the difference. The benchmark’s return is
provided by a specialised firm in the case of a standard benchmark. For customised bench-
marks, the firms provide returns for each component of the benchmark. The portfolio return
is calculated by the manager. Using uniform methods is therefore very important and that is
why the AIMR calculation standards are useful.

This analysis takes place within the framework of benchmarked fixed income security
investment. The performance differential between the portfolio and its benchmark can then be
analysed in order to understand the source of the differential and interpret it in relation to the
investment strategy chosen by the manager and his exposure to the different risk factors.

Performance attribution allows us to explain the differences in return between the portfolio
and its benchmark, rather than the returns themselves. It does not explain the total return of
each security, but rather the relative performance of the portfolio compared with the benchmark
in terms of the allocation differences between the two. This allows us, therefore, to analyse
the manager’s allocation decisions and the benefits procured by the over- or underweighting
of the different sectors in the portfolio. For example, if each asset class in the portfolio has
had the same return as the asset class in the corresponding benchmark, then the difference in
performance between the portfolio and its benchmark will only be due to a different choice of
weightings between the portfolio and its benchmark, i.e. the manager’s allocation choices.

The analysis can be carried out on several levels. We can, for example, analyse the portfolio
by portion of duration, and then analyse the composition by sector within each portion of dura-
tion. The excess performance of the portfolio compared with its benchmark can be explained
in terms of positioning on the yield curve, sector allocation and security selection. A little
later in this chapter we give a detailed presentation of performance decomposition for fixed
income security portfolios which corresponds to the stages in the investment management
process.

We should mention that there is an additional difficulty for bond portfolios compared with
equity portfolios. Since bonds have a limited life span, the composition of the portfolio evolves
over time, which gives additional reasons for the portfolio to deviate from its benchmark.

8.3.2 The Lehman Brothers performance attribution model8

Lehman Brothers developed a performance attribution model that allows the return of each asset
to be decomposed and the different portions of performance to be attributed to the following
factors: the passing of time; shifts in the yield curve; changes in volatility and changes in
spreads. The results, security by security, of the decomposition are then aggregated at the
portfolio level, thereby allowing the portfolio performance to be explained.

8 Cf. Dynkin et al. (1998).
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The prices of fixed income securities are affected by the passing of time and yield curve
movements, with the latter factor accounting for the largest share. The model developed by
Lehman Brothers produces an approximation of the real movements in the yield curve by using
a combination of the three basic movements: the parallel shift, the twist and the butterfly shift.

For a given month, the model first identifies all the modifications in the market and then
divides the return of each security into several components, each being associated with a
modification in the market. The model defines the components of the yield curve movements
as intuitively as possible and attempts to attribute the realised returns to each component as
accurately as possible. The model is based on changes in the official market rates, which can
be observed on the market, rather than rates obtained through calculation. For each month,
the real changes in the yield curve are described with the help of the three basic movements.
Each of these components is a linear function by portions using two-, five-, 10- and 30-year
variations in rates.

The return that comes from a parallel shift in the yield curve (the shift return) is expressed
as the average change in the official two-, five-, 10- and 30-year market rates, or

s = 1/4(�y2 + �y5 + �y10 + �y30)

The slope of the yield curve can undergo modifications, such as a flattening or, on the
contrary, an increase in the slope around the five-year rate. The resulting return (the twist
return) is quantified through the change in the spread between the official two- and 30-year
market rates, or

t = �y30 − �y2

The slope of the yield curve may also be subject to a butterfly shift when the middle of
the curve moves in the opposite direction to its extremities. The resulting return (the butterfly
return) is determined through the differential between the average of the two- and 30-year rates
and the five-year rate, or

b = 1/2(�y2 + �y30) − �y5

The residual return, or shape return, is the yield curve return that is not explained by the
three types of yield curve shift.

The Lehman Brothers model constructs a sequence of progressive changes to move from
the environment at the start of the month to the environment at the end of the month. The bonds
are valued at each of these stages. Each component of return is given by the difference in price
between two successive valuations.

The Lehman Brothers method presents an advantage over methods that use the sensitivities
at the start of the month. The methods that use the start of the month parameters do not integrate
the fact that changes in the yield curve modify the risk characteristics of all securities with cash
flow that depends on the interest rates, which can lead to significant errors when calculating
the components of the return.

The yield curve shift decomposition in the Lehman Brothers model was developed on the
basis of statistical studies on the historical behaviour of government loans. Tests were carried
out to validate the model. The tests showed that the model gave more accurate explanations of
shifts in the yield curve than other models such as principal component analysis.

This decomposition applied to the return of a portfolio and that of its benchmark allows the
performance of the portfolio to be analysed within the framework of both passive investment
and active investment. In active investment, the manager seeks to obtain a higher return for
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his portfolio by choosing a strategy based on his anticipations for the market in terms of yield
curve evolution. To do this, the portfolio will voluntarily deviate from the benchmark on one or
more aspects. Separating the portfolio return into several components allows us to analyse the
effect of the different investment strategies on the overall performance of the portfolio. In the
case of passive investment, where the objective is to track the performance of the benchmark,
the return differentials between the portfolio and the benchmark must be monitored closely.
It is therefore useful to have a precise understanding of the origins of the return differences
between the portfolio and the benchmark, in the case of underperformance, so as to carry out
the necessary modifications to the portfolio.

8.3.3 Additive decomposition of a fixed income portfolio’s performance9

We have seen that the study of performance attribution for fixed income portfolios must be based
on indicators that are characteristic of this class of assets, such as the duration, the maturity and
the spread. These indicators can be tricky to estimate. Fong et al. (1983) proposed a solution
for decomposing the return of a fixed income portfolio.

The principle consists of separating the portfolio return into two components: a component
that comes from the financial environment, over which the manager has no control, and a
component that corresponds to the manager’s value-added, or

R = I + C

where I denotes the effect of the interest rates’ financial environment; and C denotes the
manager’s contribution.

Each of these two terms can be decomposed again. I corresponds to the return of the bond
market considered globally. It can be decomposed into two terms: a predictable component
and an unanticipated component, which comes from changes in the interest rates, or

I = E + U

where E denotes the share of return obtained in the absence of modifications to the rate structure;
and U denotes the share of return that comes from a modification in the rate structure.

The value of I is observed on the market: it is given by the value of a fixed income security
index. The value of E must be estimated and the value of U is then obtained by calculating the
difference between I and E.

The manager’s value-added is obtained globally as the difference between the portfolio
return and the return I of the fixed income security index. This component can then be divided
into three terms: a term linked to the choice of maturity, a term linked to the choice of sector
and finally a security selection term, or

C = M + S + B

where

M denotes the share of return that comes from managing the maturity (or managing the
duration);

S denotes the share of return that comes from managing the spreads; and
B denotes the share of return that comes from the choices of individual securities.

9 Cf. Fabozzi and Fong (1994), la Bruslerie (1990), Elton and Gruber (1995), Fabozzi (1995) and Grandin (1998).
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The management of the maturity has the greatest impact on portfolio performance. The
success of the manager’s decisions depends on his capacity to anticipate evolutions in interest
rates. To estimate this component, we simulate the portfolio result by eliminating the effects
of the other two components.

Managing the sector and the quality relates to how the portfolio is divided between the dif-
ferent compartments of the fixed income security market. It involves measuring the manager’s
capacity to identify the right sector at the right time. This component is estimated by carrying
out a simulation in which the other two effects are neutralised.

The individual selection of securities consists of choosing, within each bond category, the
securities for which we anticipate the best performance. This effect is measured as the difference
between the overall portfolio return and all the other effects identified.

This performance decomposition method is suitable for a portfolio that is solely invested
in domestic assets. Solnik proposed a decomposition model in the international framework,
which we present in the following section.

8.3.4 International Performance Analysis (IPA)10

This model was developed by Solnik. It focuses on the effect on performance of the choices
between the different international markets, without entering into performance decomposition
within each market. The return of each portfolio currency compartment is initially evaluated
independently. If we take V t

j as the value of the assets held in currency j at time t, then the
return on the portfolio compartment in currency j is given by

R j = V t
j

V t−1
j

− 1

Part of the value of Vj is made up of income such as the coupons cashed in during the period.
The overall return can therefore be decomposed into two terms:

R j = Pj + C j − 1

where Pj denotes the gain or loss of capital, as a relative value; and C j denotes the current
return, which comes from the income.

The return can be converted into the reference currency by using the exchange rate Sj for
currency j, or

RRef
j = St

j V
t
j

St−1
j V t−1

j

− 1

We define the percentage currency gain, or loss, over the period as s, which gives us

1 + s j = St
j

St−1
j

Hence

RRef
j = (1 + s j )(1 + R j ) − 1

10 This model is described in la Bruslerie (1990) and in Solnik (1999).
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and by replacing R j with its decomposition:

RRef
j = Pj + C j + s j (Pj + C j ) − 1

This expression reveals a term that measures the impact of exchange rate fluctuations on the
return expressed in the reference currency. We shall call this term e j . We have

e j = s j (Pj + C j )

and hence

RRef
j = Pj + C j + e j − 1

Let us now consider the return of our entire portfolio. It is equal to the weighted sum of the
investment returns in each currency. Taking x j as the weighting of each compartment in the
portfolio, the overall portfolio return is given by

RP =
∑

j

x j Pj +
∑

j

x j C j +
∑

j

x j e j − 1

The portfolio performance realised on a market j can be compared with the performance
I j of an index on that market. The overall portfolio performance can then be rewritten in the
following manner:

RP =
∑

j

x j I j +
∑

j

x j (Pj + C j − I j ) +
∑

j

x j e j − 1

The first term represents the weighted mean of the local market indices. It gives the return of
a well-diversified international portfolio. The second term measures the manager’s selection
capacity in each market. The third term corresponds to the contribution of the exchange rate
gains or losses to the overall portfolio performance.

This analysis considers that the portfolio weightings remain constant, but in practice the
manager regularly adjusts his portfolio between the different markets, which contributes to the
performance result. By introducing the weighting differentials between the managed portfolio
and an international reference index, we can identify three terms in the performance evaluation:
strategic allocation, tactical allocation or timing, and stock picking. This was presented in detail
in Chapter 7. We discuss an adaptation of the model presented in Chapter 7 to the specific case
of bonds below.

8.3.5 Performance decomposition in line with the stages in the investment
management process

Decomposing performance in accordance with the stages in the investment management
process, as it was presented in Chapter 7, is valid for all asset classes, but the particular
nature of bonds has led to the development of more appropriate decompositions. In the case
of bonds, the asset allocation term remains useful because it measures the contribution to the
excess return that comes from the portfolio’s exposure to a given risk. But the stock picking
term provides little information. It is more useful to replace it with a decomposition term
according to the sensitivities to the risk factors. The share of return that is not explained by the
risk factors constitutes a residual stock picking term.
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The complete decomposition identifies the following terms (see Kuberek, 1995):

1. A return term that comes from the currency effect, which is written as follows:∑
h

(wph − wbh)x̃ h

where

wph denotes the weight of currency h in the portfolio;
wbh denotes the weight of currency h in the benchmark; and
x̃ h denotes the hedged return of currency h.

2. A return term that comes from asset allocation, which is written as follows:∑
i

(wpi − wbi )H̃ i

where

wpi denotes the weight of class i in the portfolio;
wbi denotes the weight of class i in the benchmark; and
H̃ i denotes the excess return of class i.

The asset classes are represented by specific indices.
3. A term that comes from the decomposition of the return according to the risk factors within

each asset class, which is written as follows:∑
i

wpi

∑
j

(bpi j − bbi j )Q̃i j

where

wpi denotes the weight of class i in the portfolio;
bpi j denotes the portfolio’s exposure to risk factor j for class i;
bbi j denotes the benchmark’s exposure to risk factor j for class i; and
Q̃i j denotes the excess return compared to risk factor j.

The risk factors used are characteristic of fixed income securities and can be the duration,
the maturity or the sector. This term allows the performance to be explained precisely by
groups of bonds with the same characteristics.

4. Finally, an ultimate residual term that comes from security selection, once all the other
effects have been eliminated, which is written:

R̃ P −
∑

h

wph x̃h −
∑

i

wpi H̃ i −
∑

i

wpi

∑
j

(bpi j − bbi j )Q̃ j

where R̃ P denotes the total portfolio return.

As in all the decompositions presented, the size of the study periods chosen is important.
Originally monthly or quarterly, performance attribution is evolving in the direction of daily
analysis, which ensures that the portfolio composition is fixed over the calculation period.
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8.3.6 Performance decomposition for multiple currency portfolios

To complement the performance decomposition model proposed by Kuberek, we present the
model developed by McLaren (2002), which gives details on performance attribution for
a multiple-currency portfolio. This model provides a precise explanation for the relationship
between portfolio performance and the manager’s investment decisions and explicitly accounts
for the duration decisions. The model is initially described from a single-currency perspective
and then a currency return analysis is performed.

The portfolio analysis is carried out sector by sector, where a sector represents any grouping
of assets (for example, type of issuer, credit quality or industrial sector). The total performance is
then obtained by adding together the performance of each sector. Comparing the performance
of the portfolio with that of the benchmark allows us to identify four effects: the duration
contribution, the spread contribution, the selection effect and the interaction effect.

We define the following variables:

Lai is the local return of the fund for sector i;
L pi is the local return of the benchmark for sector i;
L yi is the local return of the yield curve for sector i;
Wai is the weight of the fund for sector i; and
Wpi is the weight of the benchmark for sector i.

Using this notation, the return of sector i is given by Wai Lai for the portfolio and by Wpi L pi

for the benchmark. The analysis involves decomposing the difference between these two terms
into several components. Initially, we will only consider single-currency analysis.

The duration contribution is defined as that part of the total contribution that would have been
achieved if the fund were invested in bonds that have no risk premium or credit component.
The duration contribution is then the result of under- or overweighting segments of the yield
curve relative to the normal weights identified by the benchmark or policy:

(Wai − Wpi )L yi

The spread contribution is that part of the total contribution that is not explained by the
duration contribution. Its value is obtained by under- or overweighting the various spreads
relative to the normal weights identified by the benchmark or policy:

(Wai − Wpi )(L pi − L yi )

The selection term measures the active investment decisions concerning the bonds within
each sector:

Sri = Wpi (Lai − L pi )

The interaction term is due to the interaction between the allocation and bond selection
contributions:

Ii = (Lai − L pi )(Wai − Wpi )

Using these four terms, we can write the following decomposition:

Wai Lai − Wpi L pi = (Wai − Wpi )L yi + (Wai − Wpi )(L pi − L yi )

+ Wpi (Lai − L pi ) + (Lai − L pi )(Wai − Wpi )
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This model can be extended to analyse multiple-currency portfolios by adding a currency
component. McLaren describes two different ways of analysing this component: comparing
the fund currency returns with the benchmark currency returns, and comparing the fund cur-
rency returns with forward currency returns. We have chosen to limit the presentation to the
benchmark analysis. The reader interested in further analysis should refer to McLaren’s article.

We define the following variables: CRai is the currency return of the fund for sector i; and
CRpi is the currency return of the benchmark for sector i.

Using this notation, the currency contribution of the fund sector is given by Cai = Wai CRai

and the currency contribution of the benchmark is given by C pi = Wpi CRpi . The out-
performance of the portfolio as a result of currency decisions is the difference between these
two terms.

We identify the following two components:

1. The currency allocation, defined as that part of the outperformance resulting from allocation
decisions:

(Wai − Wpi )CRpi

2. The currency timing, measuring the difference between the fund and benchmark currency
returns encountered when trading occurred during the period. Here the interaction between
allocation and timing has been added to the pure currency timing term:

CTri = Wai (CRai − CRpi )

We can then write the following decomposition for the currency term:

Cri = Wai CRai − Wpi CRpi = (Wai − Wpi )CRpi + Wai (CRai − CRpi )

8.3.7 The APT model applied to fixed income security portfolios

This model, which was developed by Elton et al. (1995), uses both indices and macroeconomic
variables to explain the returns and expected returns of bonds. The authors underline the fact
that, in spite of the importance of the fixed income security markets, little attention has been
given to applying models based on Ross’s APT to the valuation of bonds. Nevertheless, the
APT model, which was presented in detail in Chapter 6, can also be used for fixed income
security portfolios.

The factors used are indices traded on the markets and factors measuring the unanticipated
variations in economic variables. The return of a security is given by

Rit = E(Ri ) +
J∑

j=1

βi j (R jt − E(R j )) +
K∑

k=1

γik gkt + ηi t (8.1)

where

Rit denotes the return on asset i at time t;
R jt denotes the return on a tradable portfolio j at time t;
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gkt denotes the unexpected change in the kth economic variable at time t with E(gk) = 0;
βi j denotes the sensitivity of asset i to the innovation of the jth portfolio;
γik denotes the sensitivity of asset i to the innovation of the kth economic factor; and
ηi t denotes the return on asset i at time t, not explained by the factors and the indices, with

E(ηi ) = 0.

Arbitrage reasoning allows us to write the following:

E(Ri ) = RFt +
J∑

j=1

βi jλ j +
K∑

k=1

γikλk

where

RFt denotes the return of the risk-free asset;
λ j denotes the risk premium of index j; and
λk denotes the risk premium of the kth economic variable.

When the variables are indices traded on the markets, the risk premium is written as follows:

λ j = E(R j ) − RF

Through substitution, we obtain the following:

E(Ri ) = RFt +
J∑

j=1

βi j (E(R j ) − RF) +
K∑

k=1

γikλk

By bringing this expression into equation (8.1) we obtain:

Rit = RFt +
J∑

j=1

βi j (R jt − RFt) +
K∑

k=1

γik(λk + gkt ) + ηi t

which can also be written

Rit − RFt = αi +
J∑

j=1

βi j (R jt − RFt) +
K∑

k=1

γik gkt + ηi t

where

αi =
K∑

k=1

γikλk

This model is a multi-factor model in which αi must respect a particular relationship. The
model was tested with several series of factors. Once the model has been developed and the
parameters set, it can be used to evaluate the performance of fixed income security portfolios.

8.3.8 The Khoury, Veilleux and Viau model

This model is a performance attribution model for fixed income security portfolios. The form
of the model is multiplicative, so as to be able to handle investments over several periods. The
model identifies 11 factors that are liable to influence the value of bonds. For the moment, the
model has been studied more often than it has been applied.
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Traditionally, multi-factor models are formulated in the following way:

RPt =
K∑

k=1

βPk Fkt + uPt

where

RPt denotes the return of portfolio P for period t;
βPk denotes the sensitivity of the portfolio to factor k;
Fkt denotes the return of factor k over period t; and
u Pt denotes the specific return of the portfolio over period t.

In order to be able to combine the returns over time, the model can be written in multiplicative
form, or

(1 + RPt ) =
K∏

k=1

(1 + βPk Fkt )(1 + uPt)

The factors proposed are divided between factors linked to the spread risk and factors linked
to the risk of yield curve shift. The latter factors take into account the different types of possible
shift: parallel shifts, changes in curvature and butterfly risk.

With this formula, the portfolio and benchmark performance results are compared by cal-
culating their return ratio, or

(1 + RPt )

(1 + RBt )
=

K∏
k=1

(1 + βPk Fkt )(1 + uPt)

K∏
k=1

(1 + βBk Fkt )(1 + uBt)

where the benchmark is decomposed in the same way as the portfolio.
The Khoury et al. (1997) article presents the construction of the explanatory factors in detail.

8.3.9 The Barra model for fixed income security portfolios11

Kahn (1991) describes the performance attribution model for bond portfolios used by Barra. It
is a multi-factor model. The factors used to explain the return of the portfolio for each period
are the usual specific factors for bonds, linked to the maturity, the spread, the quality of the
issuer and the risk of yield curve shift. Applied to a single period, this model allows us to
identify the sources of portfolio performance period by period. The results for each period
can then be combined to evaluate the manager and separate the share of performance due to
luck from the share of performance due to skill. This multi-period analysis involves studying
the series of returns attributed to each factor. The study allows us to check whether the return
attributed to a factor for a period remains significant over time. To do so, we evaluate the
t-statistic of the series, a notion that we defined in Chapter 4.

11 Cf. Algert and Leverone (1992), Davis (1991) and Kahn (1991).
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8.3.10 Decomposition with hedging of the exchange rate risk

The excess return, compared with a benchmark portfolio, of an international fixed income
portfolio that is hedged against exchange rate risk can be decomposed into three terms. The
first term measures the return linked to the allocation by country. It measures the impact of a
different benchmark allocation in terms of countries by assuming that the durations in each
country are equal to their optimal levels. The second term measures the return that comes from
a different allocation within each country and gives the excess return of a portfolio invested,
like the benchmark, in terms of allocation by country, but with different durations within
each country. The final term measures the return compared with the different exchange rate
hedging parameters. The precise formula is described in the appendix to JP Morgan (1996b).
We discussed this point in the previous chapter, when analysing the investment management
process for an international portfolio.
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Conclusion

Although the source of modern portfolio theory was a conceptual progression in terms of asset
allocation, through the idea of diversification, researchers and practitioners have, in recent
years, devoted most of their efforts to stock or fund picking.

The increasing number of studies on the persistence of alphas and the less than encouraging
conclusions of most of these have not altered this state of affairs, with style specialisation
probably having given a new lease of life to fund or manager selection.

Today, however, under the twin influence of researchers who are questioning the dogma of
the lack of usefulness of active portfolio allocation, and multi-management professionals who
wish to justify their value added as “allocators”, research into the share of performance that is
due to active allocation, whether involving market or style timing, or into diversifications, is
taking up considerable space in the literature devoted to performance analysis.

The development of decorrelation techniques or frameworks, such as alternative investments,
is a consecration of this interest in portfolio “betas”. While some may doubt that persistence
exists for hedge fund alphas, nobody questions their usefulness for diversification.

We hope that the balance that we have attempted to maintain between the analysis of stock
picking models and techniques and portfolio allocation concepts and tools will allow the reader
to approach the next few years, which are predicted to be the years of active investment and
“decorrelation”, with serenity and a sense of perspective.
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