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Preface

In this book | present classical quantitative finance. The book is suitable for students on
advanced undergraduate finance and derivatives courses, MBA courses, and graduate
courses that are mainly taught, as opposed to ones that are based on research. The
text is quite self-contained, with, | hope, helpful sidebars (‘Time Out’) covering the more
mathematical aspects of the subject for those who feel a little bit uncomfortable. Little prior
knowledge is assumed, other than basic calculus, even stochastic calculus is explained
here in a simple, accessible way.

By the end of the book you should know enough quantitative finance to understand
most derivative contracts, to converse knowledgeably about the subject at dinner parties,
to land a job on Wall Street, and to pass your exams.

The structure of the book is quite logical. Markets are introduced, followed by the
necessary math and then the two are melded together. The technical complexity is never
that great, nor need it be. The last three chapters are on the numerical methods you will
need for pricing. In the more advanced subjects, such as credit risk, the mathematics
is kept to a minimum. Also, plenty of the chapters can be read without reference to
the mathematics at all. The structure, mathematical content, intuition, etc., are based on
many years’ teaching at universities and on the Certificate in Quantitative Finance, and
training bank personnel at all levels.

The accompanying CD contains spreadsheets and Visual Basic programs implementing
many of the techniques described in the text. The CD icon will be seen throughout the
book, indicating material to be found on the CD, naturally. There is also a full list of its
contents at the end of the book.

You can also find an Instructors Manual at www.wiley.com/go/pwigf2 containing
answers to the end-of-chapter questions in this book. The questions are, in general, of a
mathematical nature but suited to a wide range of financial courses.

This book is a shortened version of Paul Wilmott on Quantitative Finance, second
edition. It's also more affordable than the ‘full’ version. However, | hope that you’ll
eventually upgrade, perhaps when you go on to more advanced, research-based studies,
or take that job on The Street.

PWOQF is, | am told, a standard text within the banking industry, but in Paul Wilmott
Introduces Quantitative Finance | have specifically the university student in mind.

The differences between the university and the full versions are outlined at the end of
the book. And to help you make the leap, we’ve included a form for you to upgrade,
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preface

giving you a nice discount. Roughly speaking, the full version includes a great deal of
non-classical, more modern approaches to quantitative finance, including several non-
probabilistic models. There are more mathematical techniques for valuing exotic options
and more markets are covered. The numerical methods are described in more detail.

If you have any problems understanding anything in the book, find errors, or just want
a chat, email me at paul@wilmott.com. I'll do my very best to respond as quickly as
possible. Or visit www .wilmott .com to discuss quantitative finance, and other subjects,
with other people in this business.

I would like to thank the following people. My partners in various projects: Paul and
Jonathan Shaw and Gil Christie at 7city, unequaled in their dedication to training and
their imagination for new ideas. Also Riaz Ahmad, Seb Lleo and Siyi Zhou who have
helped make the Certificate in Quantitative Finance so successful, and for taking some
of the pressure off me. Everyone involved in the magazine, especially Aaron Brown, Alan
Lewis, Bill Ziemba, Caitlin Cornish, Dan Tudball, Ed Lound, Ed Thorp, Elie Ayache, Espen
Gaarder Haug, Graham Russel, Henriette Prast, Jenny McCall, Kent Osband, Liam Larkin,
Mike Staunton, Paula Soutinho and Rudi Bogni. | am particularly fortunate and grateful
that John Wiley & Sons have been so supportive in what must sometimes seem to them
rather wacky schemes. | am grateful to James Fahy for his work on my websites, and
apologies for always failing to provide a coherent brief. Thanks also to David Epstein
for help with the exercises, again; to Ron Henley, the best hedge fund partner a quant
could wish for: “It’s just a jump to the left. And then a step to the right”; to John Morris
of Fulcrum, interesting times; to all my lawyers for keeping the bad people away, Jared
Stamell, Richard Schager, John Crow, Harry Issler, David Price and Kathryn van Gelder;
and, of course, to Nassim Nicholas Taleb for entertaining chats.

Thanks to John, Grace, Sel and Stephen, for instilling in me their values. Values which
have invariably served me well. And to Oscar and Zachary who kept me sane throughout
many a series of unfortunate events!

Finally, thanks to my number one fan, Andrea Estrella, from her number one fan, me.

ABOUT THE AUTHOR

Paul Wilmott’s professional career spans almost every aspect of mathematics and
finance, in both academia and in the real world. He has lectured at all levels, and founded
a magazine, the leading website for the quant community, and a quant certificate program.
He has managed money as a partner in a very successful hedge fund. He lives in London,
is married, and has two sons. Although he enjoys quantitative finance his ideal job would
be designing Kinder Egg toys.
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CHAPTER |
products and markets:

equities, commodities,
exchange rates,
forwards and futures

The aim of this Chapter. ..

...is to describe some of the basic financial market products and conventions, to
slowly introduce some mathematics, to hint at how stocks might be modeled using
mathematics, and to explain the important financial concept of ‘no free lunch.’ By the
end of the chapter you will be eager to get to grips with more complex products
and to start doing some proper modeling.

In this Chapter...

an introduction to equities, commodities, currencies and indices
the time value of money

fixed and floating interest rates

futures and forwards

no-arbitrage, one of the main building blocks of finance theory



2 Paul Wilmott introduces quantitative finance

l.I' INTRODUCTION

This first chapter is a very gentle introduction to the subject of finance, and is mainly
just a collection of definitions and specifications concerning the financial markets in
general. There is little technical material here, and the one technical issue, the ‘time
value of money,’ is extremely simple. | will give the first example of ‘no arbitrage.’” This is
important, being one part of the foundation of derivatives theory. Whether you read this
chapter thoroughly or just skim it will depend on your background.

2 EQUITIES

The most basic of financial instruments is the equity, stock or share. This is the ownership
of a small piece of a company. If you have a bright idea for a new product or service
then you could raise capital to realize this idea by selling off future profits in the form of
a stake in your new company. The investors may be friends, your Aunt Joan, a bank,
or a venture capitalist. The investor in the company gives you some cash, and in return
you give him a contract stating how much of the company he owns. The shareholders
who own the company between them then have some say in the running of the business,
and technically the directors of the company are meant to act in the best interests of the
shareholders. Once your business is up and running, you could raise further capital for
expansion by issuing new shares.

This is how small businesses begin. Once the small business has become a large
business, your Aunt Joan may not have enough money hidden under the mattress to
invest in the next expansion. At this point shares in the company may be sold to a wider
audience or even the general public. The investors in the business may have no link with
the founders. The final point in the growth of the company is with the quotation of shares
on a regulated stock exchange so that shares can be bought and sold freely, and capital
can be raised efficiently and at the lowest cost.

Figures 1.1 and 1.2 show screens from Bloomberg giving details of Microsoft stock,
including price, high and low, names of key personnel, weighting in various indices, etc.
There is much, much more info available on Bloomberg for this and all other stocks. We’ll
be seeing many Bloomberg screens throughout this book.

In Figure 1.3 | show an excerpt from The Wall Street Journal Europe of 14th April 2005.
This shows a small selection of the many stocks traded on the New York Stock Exchange.
The listed information includes highs and lows for the day as well as the change since the
previous day’s close.

The behavior of the quoted prices of stocks is far from being predictable. In Figure 1.4
| show the Dow Jones Industrial Average over the period January 1950 to March 2004.
In Figure 1.5 is a time series of the Glaxo—Wellcome share price, as produced by
Bloomberg.

If we could predict the behavior of stock prices in the future then we could become very
rich. Although many people have claimed to be able to predict prices with varying degrees
of accuracy, no one has yet made a completely convincing case. In this book | am going
to take the point of view that prices have a large element of randomness. This does not
mean that we cannot model stock prices, but it does mean that the modeling must be
done in a probabilistic sense. No doubt the reality of the situation lies somewhere between
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Figure 1.3 The Wall Street Journal Europe of 14th April 2005.

complete predictability and perfect randomness, not least because there have been many

cases of market manipulation where large trades have moved stock prices in a direction

that was favorable to the person doing the moving. Having said that, | will digress slightly

in Appendix B where | describe some of the popular methods for supposedly predicting

future stock prices.

To whet your appetite for the mathematical modeling later, | want to show
you a simple way to simulate a random walk that looks something like a

stock price. One of the simplest random processes is the tossing of a coin.

| am going to use ideas related to coin tossing as a model for the behavior
of a stock price. As a simple experiment start with the number 100 which

you should think of as the price of your stock, and toss a coin. If you throw

SN
\. \\
Y

o~

6
Kf_

a head multiply the number by 1.01, if you throw a tail multiply by 0.99.

0.99 x 1.01 x 100 or

0.992 x 100. Continue this process and plot your value on a graph each
time you throw the coin. Results of one particular experiment are shown

a head multiply your new number by 1.01 or by 0.99 if you throw a tail. You

After one toss your number will be either 99 or 101. Toss again. If you get
will now have either 1.012 x 100, 1.01 x 0.99 x 100

See the simulation
on the CD

, the series used in this

plot was generated on a spreadsheet like that in Figure 1.7. This uses the

Excel spreadsheet function RAND () to generate a uniformly distributed random number

in Figure 1.6. Instead of physically tossing a coin

between 0 and 1. If this number is greater than one half it counts as a ‘head’ otherwise

a ‘tail.’
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Figure 1.6 A simulation of an asset price path?

Tome Ot

More about coin tossing

Notice how in the above experiment I've chosen to
multiply each ‘asset price’ by a factor, either 1.01 or 0.99.
Why didn’t | simply add a fixed amount, 1 or —1, say? This
is a very important point in the modeling of asset prices;
as the asset price gets larger so do the changes from one day to the next. It
seems reasonable to model the asset price changes as being proportional to
the current level of the asset, they are still random but the magnitude of the
randomness depends on the level of the asset. This will be made more precise
in later chapters, where we’ll see how it is important to model the return on the
asset, its percentage change, rather than its absolute value. And, of course, in
this simple model the ‘asset price’ cannot go negative.
If we use the multiplicative rule we get an approximation to what is called a
lognormal random walk, also geometric random walk. If we use the additive
rule we get an approximation to a Normal or arithmetic random walk.
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As an experiment, using Excel try to simulate both the arithmetic and geo-
metric random walks, and also play around with the probability of a rise in asset
price; it doesn’t have to be one half. What happens if you have an arithmetic
random walk with a probability of rising being less than one half?

J

1.2.1 Dividends

The owner of the stock theoretically owns a piece of the company. This ownership can
only be turned into cash if he owns so many of the stock that he can take over the
company and keep all the profits for himself. This is unrealistic for most of us. To the
average investor the value in holding the stock comes from the dividends and any growth
in the stock’s value. Dividends are lump sum payments, paid out every quarter or every
six months, to the holder of the stock.

The amount of the dividend varies from time to time depending on the profitability
of the company. As a general rule companies like to try to keep the level of dividends
about the same each time. The amount of the dividend is decided by the board of
directors of the company and is usually set a month or so before the dividend is
actually paid.

When the stock is bought it either comes with its entitlement to the next dividend
(cum) or not (ex). There is a date at around the time of the dividend payment when
the stock goes from cum to ex. The original holder of the stock gets the dividend
but the person who buys it obviously does not. All things being equal a stock that
is cum dividend is better than one that is ex dividend. Thus at the time that the
dividend is paid and the stock goes ex dividend there will be a drop in the value of
the stock. The size of this drop in stock value offsets the disadvantage of not getting
the dividend.

This jump in stock price is in practice more complex than | have just made out. Often
capital gains due to the rise in a stock price are taxed differently from a dividend, which
is often treated as income. Some people can make a lot of risk-free money by exploiting
tax ‘inconsistencies.’
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A | B | C D E

1 |Initial stock price 100 Stock

2 |Up move 1.01 100
3 |Down move 0.99 i 101
4 |Probability of up 0.5 99.99
5 98.9901
6 ,—4 99.98
7 [=B1 | 989802
8 _ 99.97
9 [=D6*IF(RAND()>1-$B$4,$B$2,$B$3) >
10 99.96001
11 98.96041
12 _ 99.95001
13 100.9495
14 99.94001
15 _ 98.94061
16 97.95121
17 98.93072
18 97.94141
19 _ 98.92083
20 99.91004
21 98.91094
22 _ 97.92183
23 98.90104
24 97.91203
25 98.89115
26 99.88007
27 100.8789
28 101.8877
29 _ 100.8688
30 101.8775
31 100.8587

Figure 1.7 Simple spreadsheet to simulate the coin-tossing experiment.
1.2.2 Stock splits

Stock prices in the US are usually of the order of magnitude of $100. In the UK they are
typically around £1. There is no real reason for the popularity of the number of digits, after
all, if | buy a stock | want to know what percentage growth | will get, the absolute level of
the stock is irrelevant to me, it just determines whether | have to buy tens or thousands of
the stock to invest a given amount. Nevertheless there is some psychological element to the
stock size. Every now and then a company will announce a stock split. For example, the
company with a stock price of $90 announces a three-for-one stock split. This simply
means that instead of holding one stock valued at $90, | hold three valued at $30 each.’

"In the UK this would be called a two-for-one split.
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Figure 1.8 Stock split info for Microsoft. Source: Bloomberg L.P.

.3 COMMODITIES

Commodities are usually raw products such as precious metals, oil, food products, etc.
The prices of these products are unpredictable but often show seasonal effects. Scarcity
of the product results in higher prices. Commodities are usually traded by people who
have no need of the raw material. For example they may just be speculating on the
direction of gold without wanting to stockpile it or make jewelry. Most trading is done
on the futures market, making deals to buy or sell the commodity at some time in the
future. The deal is then closed out before the commodity is due to be delivered. Futures
contracts are discussed below.
Figure 1.9 shows a time series of the price of pulp, used in paper manufacture.

.4 CURRENCIES

Another financial quantity we shall discuss is the exchange rate, the rate at which one
currency can be exchanged for another. This is the world of foreign exchange, or Forex
or FX for short. Some currencies are pegged to one another, and others are allowed
to float freely. Whatever the exchange rates from one currency to another, there must
be consistency throughout. If it is possible to exchange dollars for pounds and then
the pounds for yen, this implies a relationship between the dollar/pound, pound/yen and
dollar/yen exchange rates. If this relationship moves out of line it is possible to make
arbitrage profits by exploiting the mispricing.
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Figure 1.9 Pulp price. Source: Bloomberg L.P.
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Figure 1.10 The Wall Street Journal Europe of 22nd August 2006, currency exchange rates.

Figure 1.10 is an excerpt from The Wall Street Journal Europe of 22nd August 2006.
At the bottom of this excerpt is a matrix of exchange rates. A similar matrix is shown in

Figure 1.11 from Bloomberg.

Although the fluctuation in exchange rates is unpredictable, there is a link between
exchange rates and the interest rates in the two countries. If the interest rate on dollars
would expect to see
sterling depreciating against the dollar for a while. Central banks can use interest rates as

is raised while the interest rate on pounds sterling stays fixed we

a tool for manipulating exchange rates, but only to a degree.
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Figure 1.11 Key cross currency rates. Source: Bloomberg L.P.

At the start of 1999 Euroland currencies were fixed at the rates shown in Figure 1.12.

.5 INDICES

For measuring how the stock market/economy is doing as a whole, there have been
developed the stock market indices. A typical index is made up from the weighted sum
of a selection or basket of representative stocks. The selection may be designed to
represent the whole market, such as the Standard & Poor’s 500 (S&P500) in the US or
the Financial Times Stock Exchange index (FTSE100) in the UK, or a very special part of
a market. In Figure 1.4 we saw the DJIA, representing major US stocks. In Figure 1.13 is
shown JP Morgan’s Emerging Market Bond Index.

The EMBI+ is an index of emerging market debt instruments, including external-
currency-denominated Brady bonds, Eurobonds and US dollar local markets instruments.
The main components of the index are the three major Latin American countries, Argentina,
Brazil and Mexico. Bulgaria, Morocco, Nigeria, the Philippines, Poland, Russia and South
Africa are also represented.

Figure 1.14 shows a time series of the MAE All Bond Index which includes Peso and
US dollar denominated bonds sold by the Argentine Government.

.6 THE TIME VALUE OF MONEY

The simplest concept in finance is that of the time value of money; $1 today is worth
more than $1 in a year’s time. This is because of all the things we can do with $1 over the
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Figure 1.14 A time series of the MAE All Bond Index. Source: Bloomberg L.P.

next year. At the very least, we can put it under the
mattress and take it out in one year. But instead of
putting it under the mattress we could invest it in a
gold mine, or a new company. If those are too risky,
then lend the money to someone who is willing to take
the risks and will give you back the dollar with a little
bit extra, the interest. That is what banks do, they
borrow your money and invest it in various risky ways,
but by spreading their risk over many investments
they reduce their overall risk. And by borrowing money from many people they can invest
in ways that the average individual cannot. The banks compete for your money by offering
high interest rates. Free markets and the ability to quickly and cheaply change banks
ensure that interest rates are fairly consistent from one bank to another.

THIS (S THE
MOST FUNDAMENTAL
CONCEPT IN FINANCE

M,

7

-
Tome Ot

Symbols

It had to happen sooner or later, and the first chapter is as
good as anywhere. Our first mathematical symbol is nigh.
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Please don’t be put off by the use of symbols if you feel more comfortable with

numbers and concrete examples. | know that math is the one academic subject

that can terrify adults, just because of poor teaching in schools. If you fall into

this category, just go with the flow, concentrate on the words, the examples
\ and the Time Outs, and before you know it. . .

| am going to denote interest rates by r. Although rates vary with time | am going to
assume for the moment that they are constant. We can talk about several types of interest.
First of all there is simple and compound interest. Simple interest is when the interest
you receive is based only on the amount you initially invest, whereas compound interest
is when you also get interest on your interest. Compound interest is the only case of
relevance. And compound interest comes in two forms, discretely compounded and
continuously compounded. Let me illustrate how they each work.

Suppose | invest $1 in a bank at a discrete interest rate of r paid once per annum. At
the end of one year my bank account will contain

1x(1+7).
If the interest rate is 10% | will have one dollar and ten cents. After two years | will have
Tx (40 x(1+n=1+rP,

or one dollar and twenty-one cents. After n years | will have (1 + r)". That is an example
of discrete compounding.

Now suppose | receive m interest payments at a rate of r/m per annum. After one year
I will have

(1 +%)m. (1.1)

Now | am going to imagine that these interest payments come at increasingly frequent
intervals, but at an increasingly smaller interest rate: | am going to take the limit m — oo.
This will lead to a rate of interest that is paid continuously. Expression (1.1) becomes?

(14 5)" zemestioi o
m

That is how much money | will have in the bank after

| RELIEVE THAT
997 OF FINANCE
REQURES ONLY
BASIC MATH

one year if the interest is continuously compounded.
And similarly, after a time t | will have an amount

(1+ %)mt ~ et (1.2)

in the bank. Almost everything in this book assumes that interest is compounded
continuously.

2The symbol ~, called ‘tilde,’ is like ‘approximately equal to,” but with a slightly more technical, in a math
sense, meaning. The symbol — means ‘tends to.’
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The math so far

Let’s see m getting larger and larger in an example. |
produced the next figure in Excel.

5 -
4 -
L4
3 q
2 -
These
1 4 functions are
all plotted on
0 T T T T 1 a spreadsheet
0 1 2 3 4 5

As m gets larger and larger, so the curve seems to get smoother and
smoother, eventually becoming the exponential function. We’ll be seeing this
function a lot. In Excel the exponential function €* (also written exp(x)) is EXP().

What mathematics have we seen so far? To get to (1.2) all we needed to
know about are the two functions, the exponential function e (or exp) and the
logarithm log, and Taylor series. Believe it or not, you can appreciate almost all
finance theory by knowing these three things together with ‘expectations.” I'm
going to build up to the basic Black—Scholes and derivatives theory assuming
that you know all four of these. Don’t worry if you don’t know about these
things, in Appendix A | review these requisites.

En passant, what would the above figures look like if interest were simple
rather than compound? Which would you prefer to receive?

\_ J

Another way of deriving the result (1.2) is via a differential equation. Suppose | have an
amount M(t) in the bank at time t, how much does this increase in value from one day to
the next? If | look at my bank account at time t and then again a short while later, time
t + dt, the amount will have increased by

M
Mt +dt) - M(t) ~ ~=dlt + - -,

where the right-hand side comes from a Taylor series expansion. But | also know that the
interest | receive must be proportional to the amount | have, M, the interest rate, r, and
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the time step, dt. Thus

am
—dt = rM(f) dt.
ot rM(t)
\\&\ Dividing by dt gives the ordinary differential equation

A\ dm
— =rM(t
o = ™M

OWR FIRST
(AND SIMPLEST)

DIFFERENTIAL ERQUATION | the solution of which is

Tome Ot

Differential equations

This is our first differential equation; hang on in there, it’ll
become second nature soon.
Whenever you see d something over d something else
you know you’re looking at a slope, or gradient, also
known as rate of change or sensitivity. So here we’ve got the rate of change
of money with time, i.e. rate of growth of money in the bank. You don’t need
to know how | solved this differential equation really. In Appendix A | explain all
about slope, sensitivities and differential equations.

This first differential equation is an example of an ordinary differential
equation, there is only one independent variable t. M is the dependent
variable, its value depends on t. We'll also be seeing partial differential
equations where there is more than one independent variable. And we’ll also
see quite a few stochastic differential equations. These are equations with a
random term in them, used for modeling the randomness in the financial world.
For the next few chapters there will be no more mention of differential equations.
Whew.

\ J

This equation relates the value of the money | have now to the value in the future.
Conversely, if | know | will get one dollar at time T in the future, its value at an earlier time
tis simply

er(:'—t) =e .
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| can relate cashflows in the future to their present value by multiplying by this factor. As
an example, suppose that r is 5%, i.e. r = 0.05, then the present value of $1,000,000 to
be received in two years is

$1,000,000 x e~905%2 — $904,837.

The present value is clearly less than the future value.

Interest rates are a very important factor determining the present value of future
cashflows. For the moment | will only talk about one interest rate, and that will be
constant. In later chapters | will generalize.

.7 FIXED-INCOME SECURITIES

In lending money to a bank you may get to choose for how long you tie your money
up and what kind of interest rate you receive. If you decide on a fixed-term deposit the
bank will offer to lock in a fixed rate of interest for the period of the deposit, a month, six
months, a year, say. The rate of interest will not necessarily be the same for each period,
and generally the longer the time that the money is tied up the higher the rate of interest,
although this is not always the case. Often, if you want to have immediate access to your
money then you will be exposed to interest rates that will change from time to time, since
interest rates are not constant.

These two types of interest payments, fixed and floating, are seen in many financial
instruments. Coupon-bearing bonds pay out a known amount every six months or
year, etc. This is the coupon and would often be a fixed rate of interest. At the
end of your fixed term you get a final coupon and the return of the principal, the
amount on which the interest was calculated. Interest rate swaps are an exchange of
a fixed rate of interest for a floating rate of interest. Governments and companies issue
bonds as a form of borrowing. The less creditworthy the issuer, the higher the interest
that they will have to pay out. Bonds are actively traded, with prices that continually
fluctuate.

.8 INFLATION-PROOF BONDS

A very recent addition to the list of bonds issued by the US Government is the index-
linked bond. These have been around in the UK since 1981, and have provided a very
successful way of ensuring that income is not eroded by inflation.

In the UK inflation is measured by the Retail Price Index or RPI. This index is a
measure of year-on-year inflation, using a ‘basket’ of goods and services including
mortgage interest payments. The index is published monthly. The coupons and principal
of the index-linked bonds are related to the level of the RPIl. Roughly speaking, the
amounts of the coupon and principal are scaled with the increase in the RPI over the
period from the issue of the bond to the time of the payment. There is one slight
complication in that the actual RPI level used in these calculations is set back eight
months. Thus the base measurement is eight months before issue and the scaling of any
coupon is with respect to the increase in the RPI from this base measurement to the level
of the RPI eight months before the coupon is paid. One of the reasons for this complexity
is that the initial estimate of the RPI is usually corrected at a later date.
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Figure 1.15 UK gilts prices from The Financial Times of 22nd August 2006.
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Figure 1.16 The CPI index. Source: Bloomberg L.P.

Figure 1.15 shows the UK gilts prices published in The Financial Times of 22nd August
2006. The index-linked bonds are on the right.
In the US the inflation index is the Consumer Price Index (CPI). A time series of this

index is shown in Figure 1.16.
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I will not pursue the modeling of inflation or index-linked bonds in this book. | would
just like to say that the dynamics of the relationship between inflation and short-term
interest rates is particularly interesting. Clearly the level of interest rates will affect the rate
of inflation directly through mortgage repayments, but also interest rates are often used
by central banks as a tool for keeping inflation down.

.9 FORWARDS AND FUTURES

A forward contract is an agreement where one party
promises to buy an asset from another party at some
specified time in the future and at some specified
price. No money changes hands until the delivery
date or maturity of the contract. The terms of the
contract make it an obligation to buy the asset at the

FORWARDS AND
FUTURE S ARE VERY
[ MPORTANT CONTRACTS

delivery date, there is no choice in the matter. The
asset could be a stock, a commodity or a currency.

The amount that is paid for the asset at the delivery date is called the delivery price.
This price is set at the time that the forward contract is entered into, at an amount that
gives the forward contract a value of zero initially. As we approach maturity the value of
this particular forward contract that we hold will change in value, from initially zero to, at
maturity, the difference between the underlying asset and the delivery price.

In the newspapers we will also see quoted the forward price for different maturities.
These prices are the delivery prices for forward contracts of the quoted maturities, should
we enter into such a contract now.

Try to distinguish between the value of a particular contract during its life and the
specification of the delivery price at initiation of the contract. It’s all very subtle. You might
think that the forward price is the market’s view on the asset value at maturity; this is not
quite true as we’ll see shortly. In theory, the market’s expectation about the value of the
asset at maturity of the contract is irrelevant.

A futures contract is very similar to a forward contract. Futures contracts are usually
traded through an exchange, which standardizes the terms of the contracts. The profit
or loss from the futures position is calculated every day and the change in this value is
paid from one party to the other. Thus with futures contracts there is a gradual payment
of funds from initiation until maturity.

Because you settle the change in value on a daily basis, the value of a futures contract
at any time during its life is zero. The futures price varies from day to day, but must at
maturity be the same as the asset that you are buying.

I’ll show later that provided interest rates are known in advance, forward prices and
futures prices of the same maturity must be identical.

Forwards and futures have two main uses, in speculation and in hedging. If you believe
that the market will rise you can benefit from this by entering into a forward or futures
contract. If your market view is right then a lot of money will change hands (at maturity or
every day) in your favor. That is speculation and is very risky. Hedging is the opposite, it
is avoidance of risk. For example, if you are expecting to get paid in yen in six months’
time, but you live in America and your expenses are all in dollars, then you could enter
into a futures contract to lock in a guaranteed exchange rate for the amount of your yen
income. Once this exchange rate is locked in you are no longer exposed to fluctuations in
the dollar/yen exchange rate. But then you won’t benefit if the yen appreciates.
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1.9.1 A first example of no arbitrage

Although | won’t be discussing futures and forwards very much they do provide us with
our first example of the no-arbitrage principle. | am going to introduce some more
mathematical notation now, it will be fairly consistent throughout the book. Consider a
forward contract that obliges us to hand over an amount $F at time T to receive the
underlying asset. Today’s date is t and the price of the asset is currently $S(f), this is the
spot price, the amount for which we could get immediate delivery of the asset. When
we get to maturity we will hand over the amount $F and receive the asset, then worth
$S(T). How much profit we make cannot be known until we know the value $S(7), and we
cannot know this until time T. From now on | am going to drop the ‘$’ sign from in front
of monetary amounts.

We know all of F, S(t), t and T, but is there any relationship between them? You might
think not, since the forward contract entitles us to receive an amount S(T) — F at expiry
and this is unknown. However, by entering into a special portfolio of trades now we can
eliminate all randomness in the future. This is done as follows.

Enter into the forward contract. This costs us nothing up front but exposes us to the
uncertainty in the value of the asset at maturity. Simultaneously sell the asset. It is called
going short when you sell something you don’t own. This is possible in many markets,
but with some timing restrictions. We now have an amount S(f) in cash due to the sale of
the asset, a forward contract, and a short asset position. But our net position is zero. Put
the cash in the bank, to receive interest.

When we get to maturity we hand over the amount F and receive the asset, this cancels
our short asset position regardless of the value of S(T). At maturity we are left with a
guaranteed —F in cash as well as the bank account. The word ‘guaranteed’ is important
because it emphasizes that it is independent of the value of the asset. The bank account
contains the initial investment of an amount S(f) with added interest, this has a value at
maturity of

St)e .
Our net position at maturity is therefore

SHe" ) —F.

7

~

@\

Since we began with a portfolio worth zero and we
end up with a predictable amount, that predictable
amount should also be zero. We can conclude that

ourR EFIRST
EXAMPLE OF NO
ARRMTRACE

This is the relationship between the spot price and the
forward price. It is a linear relationship, the forward price is proportional to the spot price.
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Table 1.1 Cashflows in a hedged port-
folio of asset and forward.

Holding Worth Worth at
today (t) maturity (T)
Forward 0 S(T)—-F ToDAYE CASHELOW
—Stock =S() —S(T) IS ZEROQ, THE FUTURE
- CASHFLAW IS KNOWN
Cash S(b) S(te’ ™0 LoNrew IS RNOWR,
Total 0 SHe TN —F

The cashflows in this special hedged portfolio are
shown in Table 1.1.

-

Tome Ot

No arbitrage again

Example: The spot asset price S is 28.75, the one-year
forward price F is 30.20 and the one-year interest rate is
4.92%. Are these numbers consistent with no arbitrage?

F —SeT-9 — 30.20 — 28.75¢%9492x1 _ 0.0001.

This is effectively zero to the number of decimal places quoted.

If we know any three out of S, F, r and T — t we can find the fourth, assuming
there are no arbitrage possibilities. Note that the forward price in no way
depends on what the asset price is expected to do, whether it is expected to

increase or decrease in value.

\ J

In Figure 1.17 is a path taken by the spot asset price and its forward price. As long as
interest rates are constant, these two are related by (1.3).

If this relationship is violated then there will be an arbitrage opportunity. To see what is
meant by this, imagine that F is less than S(t)e"" 9. To exploit this and make a riskless
arbitrage profit, enter into the deals as explained above. At maturity you will have S(t)e" 9
in the bank, a short asset and a long forward. The asset position cancels when you hand
over the amount F, leaving you with a profit of S(t)e"” 9 — F. If F is greater than that given
by (1.3) then you enter into the opposite positions, going short the forward. Again you
make a riskless profit. The standard economic argument then says that investors will act
quickly to exploit the opportunity, and in the process prices will adjust to eliminate it.
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Figure 1.17 A time series of a spot asset price and its forward price.

.10 MORE ABOUT FUTURES

Futures are usually traded through an exchange. This means that they are very liquid
instruments and have lots of rules and regulations surrounding them. Here are a few
observations on the nature of futures contracts.

Available assets A futures contract will specify the asset which is being invested in. This
is particularly interesting when the asset is a natural commodity because of non-uniformity
in the type and quality of the asset to be delivered. Most commodities come in a variety of
grades. Qil, sugar, orange juice, wheat, etc. futures contracts lay down rules for precisely
what grade of oil, sugar, etc. may be delivered. This idea even applies in some financial
futures contracts. For example, bond futures may allow a range of bonds to be delivered.
Since the holder of the short position gets to choose which bond to deliver he naturally
chooses the cheapest.

The contract also specifies how many of each asset must be delivered. The quantity
will depend on the market.

Delivery and settlement The futures contract will specify when the asset is to be
delivered. There may be some leeway in the precise delivery date. Most futures contracts
are closed out before delivery, with the trader taking the opposite position before maturity.
But if the position is not closed then delivery of the asset is made. When the asset is
another financial contract settlement is usually made in cash.
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Margin | said above that changes in the value of futures contracts are settled each day.
This is called marking to market. To reduce the likelihood of one party defaulting, being
unable or unwilling to pay up, the exchanges insist on traders depositing a sum of money
to cover changes in the value of their positions. This money is deposited in a margin
account. As the position is marked to market daily, money is deposited or withdrawn
from this margin account.

Margin comes in two forms, the initial margin and the maintenance margin. The initial
margin is the amount deposited at the initiation of the contract. The total amount held as
margin must stay above a prescribed maintenance margin. If it ever falls below this level
then more money (or equivalent in bonds, stocks, etc.) must be deposited. The levels of
these margins vary from market to market.

Margin has been much neglected in the academic literature. But a poor understanding
of the subject has led to a number of famous financial disasters, most notably Metallge-
sellschaft and Long Term Capital Management. We’ll discuss the details of these cases
in Chapter 26, and we’ll also be seeing how to model margin and how to margin hedge.

1.10.1 Commodity futures

Futures on commodities don’t necessarily obey the no-arbitrage law that led to the
asset/future price relationship explained above. This is because of the messy topic of
storage. Sometimes we can only reliably find an upper bound for the futures price. Will
the futures price be h