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Introduction

he goal of this book is to describe how to measure and control the

interest rate and credit risk of a bond portfolio or trading position. In
this chapter we provide an overview of measurement and control for
these two types of risk. This overview will provide a roadmap for the
chapters to follow.

The objectives of this chapter are to:
1. Explain two approaches to measuring interest rate risk—the full valuation
approach and the duration approach.
2. Explain what is meant by the duration of a bond or bond portfolio.
3. Explain why the measurement of yield volatility is important in measuring
interest rate risk.
. Briefly describe what the value at risk approach is.
. Describe what is involved in controlling interest rate risk.
. Explain the different forms of credit risk: credit default risk and credit
spread risk.
7. Briefly describe how credit ratings measure credit default risk and what
downgrade risk is.
8. Identify what credit derivatives can be used to control credit risk.

AN L A

INTEREST RATE RISK

The value of a bond changes in the opposite direction to the change in
interest rates.! For a long bond position, the position’s value will decline

!There are some products in the mortgage-backed and asset-backed securities mar-
ket where the price change is in the same direction as the change in interest rates. An
example is an interest-only security.
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if interest rates rise, resulting in a loss. For a short bond position, a loss
will be realized if interest rates fall.

Measuring Interest Rate Risk

A manager wants to know more than simply when a position will realize
a loss. To control interest rate risk, a manager must be able to quantify
what will result. The fundamental relationship is that the potential dollar
loss of a position resulting from an adverse interest rate change is:

Potential dollar loss of a position
= Value of position after adverse rate change
— Current market value of position

Full Valuation Approach to Risk Measurement

The key to measuring the potential dollar loss of a position is how good
the estimate is of the value of the position after an adverse rate change.
A valuation model is used to determine the value of a position after an
adverse rate move. Consequently, if a reliable valuation model is not
used, there is no way to measure the potential dollar loss. Because valu-
ation models are essential in the measurement of risk, we describe the
principles of valuation and two commonly used valuation models in
Chapter 2.

The approach to measuring the potential dollar loss whereby the
value of the position after the adverse rate change is estimated from a
valuation model is referred to as the full valuation model.> Given a val-
uation model, the dollar loss for specific scenarios can be determined.
Analyzing interest rate risk in this manner is referred to as scenario
analysis. The manager can then assess the likelihood or probability of
each scenario occurring and any unacceptable outcomes can be modified
by using the tools described in this book.

Duration Approach to Risk Measurement

An alternate approach is to estimate the potential dollar loss for any rate
change by approximating the sensitivity of a position to a rate change.
For example, suppose that a trader has a $20 million long position in a
bond whose value changes by approximately 4% for a 100-basis-point
change in rates. Then the manager knows that for a 100-basis-point
increase in rates, the value of the position will decline by approximately
$800,000 ($20 million x 0.04). For a 25-basis-point rise in rates, the posi-
tion will change in value by approximately 1% or $200,000.

2 RiskMetrics™ —Technical Document, JP Morgan, Third Edition, 1995, p. 14.
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Duration is a measure of the approximate sensitivity of a bond’s
value to rate changes. More specifically, it is the approximate percentage
change in value for a 100-basis-point change in rates.’> Consequently,
duration can be used to approximate the potential dollar loss. For
example, if the market value of a bond held is $20 million and if its
duration is 4, then the potential dollar loss for a 25-basis-point (0.0025)
change in rates is:

$20,000,000 x 4 x 0.0025 = $200,000
For a 5-basis-point (0.0005) change in rates, the potential dollar loss is:

$20,000,000 x 4 x 0.0005 = $40,000

Using duration to approximate the potential dollar loss is referred
to as the duration approach to risk management. The advantage of the
duration approach over the full valuation approach is that the latter
requires more computational time to obtain the new value under each
scenario analyzed. The duration approach allows the manager to
quickly estimate the effect of an adverse rate change on the potential
dollar loss.

A drawback of the duration approach is that duration is only a first
approximation as to how sensitive the value of a bond or bond portfolio
is to rate changes. Thus, the potential dollar loss of a position is only an
approximation, whereas the full valuation approach provides the pre-
cise amount of the loss. However, for both approaches, it is essential to
have a good valuation model. The duration measure is obtained from a
valuation model, so if the valuation model does not do a good job of
valuing a security, the duration measure will not be useful. Conse-
quently, when we say that the full valuation approach gives a precise
amount of the potential dollar loss, we mean precise given the valuation
model used.

In Chapter 3, we take a close look at duration. We will examine how
it is measured and its limitations. We will see that the approximation pro-
vided by duration can be improved by introducing another parameter
called convexity. Together, duration and convexity do a more effective job
of estimating the sensitivity of a position to adverse rate changes. Both
duration and convexity are referred to as parameters of a valuation
model. Consequently, estimating the sensitivity of the value of a portfolio
or position to adverse rate changes is referred to as the parametric

3 Similarly, the duration of a liability is the approximate percentage change in the val-
ue of the liability for a 100-basis-point change in rates.
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approach. Since the full valuation approach does not use parameters, it is
also sometimes called the nonparametric approach.

Our discussion of the limitations of duration and convexity in
Chapter 3 will lead us to the conclusion that the duration and convexity
of a portfolio of bonds with different maturities does not tell the whole
story about interest rate risk. Another important source of interest rate
risk for a portfolio of bonds is how the yield curve changes. In Chapter
2 we describe the yield curve and its role in valuation. In Chapter 4, we
discuss several measures of yield curve risk.

Yield Volatility

When measuring interest rate risk, another dimension to consider is how
volatile interest rates are. For example, as we will explain in Chapter 3, all
other factors equal, the higher the coupon rate, the lower the duration. Thus
a 10-year high-yield corporate bond has a lower duration than a current
coupon 10-year Treasury note since the former has a higher coupon rate.
Does this mean that a 10-year high-yield corporate bond has less interest
rate risk than a current coupon 10-year Treasury note? Consider also that a
10-year Swiss government bond has a lower coupon rate than a current cou-
pon 10-year U.S. Treasury note and therefore a higher duration. Does this
mean that a 10-year Swiss government bond has greater interest rate risk
than a current coupon 10-year U.S. Treasury note? The missing link is the
relative volatility of rates which we shall refer to as yield volatility.

The greater the expected yield volatility, the greater the interest rate
risk for a given duration and current value of a position. In the case of
high-yield corporate bonds, while their durations are less than current
coupon Treasuries of the same maturity, the yield volatility on junk
bonds is greater than that of current coupon Treasuries. For the 10-year
Swiss government bond, while the duration is greater than for a current
coupon 10-year U.S. Treasury, the yield volatility of 10-year Swiss
bonds is considerably less than that of 10-year Treasury U.S. bonds.

Consequently, to measure the exposure of a portfolio or position to
rate changes it is necessary to measure yield volatility. This requires an
understanding of the fundamental principles of probability distributions.
This topic is covered in Chapter 5. The measure of yield volatility is the
standard deviation of yield changes. In Chapter 6, we show how to esti-
mate yield volatility. As we will see, depending on the underlying assump-
tions, there could be a wide range for the yield volatility estimate.

Value at Risk
A framework that ties together the price sensitivity of a bond position to
rate changes and yield volatility is the value-at-risk (VaR) framework.
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Risk in this framework is defined as the maximum estimated loss in
market value of a given position that is expected to happen a certain
percentage of times. JP Morgan has been the major force in promoting
VaR. Its VaR system is RiskMetrics™.

We will discuss the interest rate VaR framework in Chapter 5 after
we have discussed duration, yield volatility, and probability distribu-
tions. What is critical to understand is that measures of duration and
yield volatility are not precise, therefore, there could be considerable
variation in the VaR of a position.

A VaR measure can be computed for a single bond position or a
bond portfolio. Measurement of the risk of a portfolio of bonds or the
risk of several trading positions in different assets is more complicated.
This measurement involves the correlation between the yields or prices
of these assets. For this reason, we describe correlation analysis in
Chapter 7 and explain how correlation affects the risk of a portfolio.

Tracking Error

For a bond portfolio manager whose benchmark is a bond market index
such as the Lehman Brothers Aggregate Bond Index or the Salomon
Smith Barney Broad-Investment Grade Index, risk can be measured in
terms of tracking error—the standard deviation of the difference in the
return on a portfolio and the return on the benchmark. A forward-look-
ing tracking error allows a manager to determine the future exposure of
a bond portfolio relative to a benchmark. Moreover, the reasons for the
tracking error can be explained in terms of risk factors—systematic and
nonsystematic risk factors.

One of the major risk systematic risk factors is the term structure
risk factor. Tracking error due to the term structure risk factor indicates
how the duration and yield curve exposure mismatch relative to a
benchmark affect will affect tracking error. Tracking error and tracking
error due to the term structure risk factor are discussed in Chapter 4.

Controlling Interest Rate Risk

Once the interest rate risk of a bond portfolio or position is measured,
the next step in risk management is to alter the risk exposure to an
acceptable level. This is the control phase of risk management.

To control the interest rate risk of a position or portfolio, a position
must be taken in another instrument or instruments. We shall refer to an
instrument that is used to control the risk of a position as a risk control
instrument. These instruments include derivative instruments and cash
market instruments. The former includes futures, forwards, options, swaps,
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caps, and floors. They are referred to as derivative instruments because
their value is derived from some underlying price, index, or interest rate.

Typically, when cash market instruments are used the instruments of
choice are Treasury securities or stripped Treasuries (i.e., zero-coupon Trea-
suries). In the case of positions in mortgage-backed securities, certain types
of mortgage strips (i.e., interest-only and principal-only securities) and cer-
tain collateralized mortgage obligation (CMO) products are used. Typi-
cally, these products are created from mortgage passthrough securities.
These mortgage products are referred to as mortgage derivative products
because they derive their value from mortgage passthrough securities.

With the advent of derivative instruments, risk management, in its
broadest sense, assumes a new dimension. Risk managers can achieve
new degrees of freedom. It is now possible to alter the interest rate sen-
sitivity of a bond portfolio, bond position, or asset/liability position
economically and quickly. Derivative instruments offer risk and return
patterns that previously were either unavailable or too costly to achieve.

In Chapters 9, 10, 11, and 12 we describe these derivative instru-
ments for controlling interest rate risk. Chapter 9 describes futures, for-
ward contracts, and forward rate agreements. Chapter 10 describes
interest rate swaps and swaptions. Chapters 11 and 12 cover interest
rate options and related products. Chapter 11 focuses on exchange-
traded options. Chapter 12 looks at over-the-counter options, interest
caps, and interest rate floors.

The selection of the specific instrument or instruments to use
involves determining which risk control instruments are the most appro-
priate to employ given the investment objectives. A key factor in this
decision is the correlation between the yield movement of a potential risk
control instrument and the yield movement of the bonds whose interest
rate risk the manager seeks to control. In addition, it may be necessary to
estimate the relationship between yield movements using regression anal-
ysis. Correlation and regression analyses are covered in Chapter 8.

Once the appropriate risk control instrument or instruments are
selected, the appropriate position (i.e., long or short) and the amount of
the position must be determined. The potential outcome of the risk control
strategy can then be assessed prior to its implementation. We will explain
how this is done in Chapters 13 and 14 using derivative instruments.

CREDIT RISK

Credit risk includes credit default risk and credit spread risk. The former
form of credit risk is the risk that an issuer of debt (obligor) is unable to
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meet its financial obligations resulting in an investor incurring a loss
equal to the amount owed by the obligor less any recovery amount.
Credit spread risk is the risk of financial loss or the underperformance of
a portfolio resulting from changes in the level of credit spreads used in
the marking-to-market of a product. Downgrade risk is a form of credit
spread risk because the anticipating or actual downgrading of an issue
or issuer will result in an increase in the credit spread.

Measuring Credit Risk

There are various ways that the two forms of credit risk can be mea-
sured. They include the use of credit ratings, rating transition tables,
credit VaR, and tracking error due to credit risk.

Rating agencies in the United States—Fitch Ratings, Moody’s, and
Standard & Poor’s—assess the credit default risk of an issuer or issue
and express their view in the form of a rating. A rating transition table,
also called a rating migration table, is a table that shows how ratings at
the beginning of some time period change at the end of a time period.
Rating migration tables, produced periodically by the three rating agen-
cies, can be used to gauge downgrade risk.

Credit VaR performs the same function as interest rate VaR. There
are various vendors of credit VaR. Similarly, tracking error can be used
to measure exposure to credit risk. Tracking error due to quality risk
(one type of systematic risk) and due to nonsystematic risk (specifically,
issuer-specific and issue-specific risk) can be used to assess the potential
risk exposure of a portfolio due to credit risk.

The approaches to measuring credit risk are covered in Chapter 15.
Also discussed in that chapter are default rates and default loss rates
and recent empirical evidence regarding their historical values.

Controlling Credit Risk

Credit derivatives can be used to control the two forms of credit risk.
Credit derivatives include credit default swaps, total return swaps,
credit options, and credit forwards. The most popular type of credit
derivative is the credit default swap. Each of these instruments is
explained in Chapter 16, along with an explanation of how they can be
used to control credit risk. The basics of valuing credit derivatives is the
subject of Chapter 17.

In Chapter 18 we show how credit derivatives can be combined
with securitization techniques to create structured products, used by
banks to manage credit risk and regulatory capital. These structures
include synthetic collateralized debt obligations and credit-linked notes.
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KEY POINTS

10.

11.

12.

. To control interest rate risk, a manager must be able to quantify

the potential dollar loss of a position resulting from an adverse
interest rate change.

. The key to measuring the potential dollar loss of a position is hav-

ing a good valuation model that can be used to determine what the
value of a position is after an adverse rate change.

. The full valuation approach to measuring the potential dollar loss

of a position after the adverse rate change uses a valuation model.

. Scenario analysis is used to estimate the dollar loss for various

interest rate scenarios.

. The duration approach is an alternative approach for estimating

the potential dollar loss for any adverse rate change.

. The duration of a position is the approximate percentage change in

the position’s value for a 100-basis-point change in rates.

. A good valuation model is needed to obtain the duration estimate.

. The advantage of the duration approach over the full valuation

approach is that it allows the manager to quickly estimate the
effect of an adverse rate change on the potential dollar loss.

. A drawback of the duration approach is that duration is only a first

approximation of how sensitive the value of a bond or bond port-
folio is to rate changes.

The duration approach to risk management is referred to as the
parametric approach, while the full valuation approach is called
the nonparametric approach.

Measurement of the interest rate risk of a position must take into
account expected yield volatility.

The greater the expected yield volatility, the greater the interest
rate risk of a position for a given duration and current value of a
position.
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Yield volatility is measured by the standard deviation of yield
changes.

The value-at-risk framework ties together the price sensitivity of a
bond position to rate changes and yield volatility.

In the value-at-risk framework, risk is defined as the maximum
estimated loss in market value of a given position that is expected
to happen a certain percentage of times.

Tracking error is the standard deviation of the difference between
the return on a portfolio and return on a benchmark.

Tracking error is the most common measure used by bond portfo-
lio managers in assessing performance versus a bond market index.

Yield curve risk of a bond portfolio can be assessed by computing
the tracking error due to the term structure risk factor.

The control phase of risk management involves altering the risk
exposure to an acceptable level.

To control the interest rate risk of a position or portfolio, a posi-
tion must be taken in one or more risk control instruments.

Risk control instruments include derivative instruments (futures, for-
wards, options, swaps, caps, and floors) and cash market instruments.

Derivative instruments allow a risk manager to alter the interest
rate sensitivity of a bond portfolio or position or an asset/liability
position economically and quickly.

A key factor in selecting the risk control instrument to employ is
the correlation between the yield movements of the bond, whose
risk is sought to be controlled, and the candidate risk control
instrument.

Once the appropriate risk control instrument (or instruments) is
selected, the appropriate position (i.e., long or short) and the

amount of the position must be determined.

Credit default risk and credit spread risk are forms of credit risk.
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26.

27.

28.

29.

30.

31.

32.

Downgrade risk is related to credit spread risk.
Credit rating can be used to gauge credit default risk.

Rating transition tables produced by rating agencies can be used to
gauge downgrade risk.

Value-at-risk can be computed for credit risk and there are several
vendors that provide credit VaR systems.

Tracking error due to credit risk can be computed to measure the
credit risk exposure of a bond portfolio relative to a benchmark.

Credit derivatives can be used to control credit risk, the most pop-
ular credit derivative being credit default swaps.

Synthetic collateralized debt obligations and credit-linked notes
can be used to manage a bank’s exposure to credit risk.



Valuation

aluation is the process of determining the fair value of a financial
Vasset. The fundamental principle of valuation is that the value of any
financial asset is the present value of the expected cash flow. This princi-
ple applies regardless of the financial asset. In this chapter, we will
explain the general principles of bond valuation and discuss two valua-
tion methodologies.

The objectives of this chapter are to:

1. Discuss the process involved in valuing a bond.

2.Explain the situations in which determination of a bond’s cash flow is com-
plex.

3. Explain why a bond should be viewed as a package of zero-coupon securi-
ties.

4. Explain the difference between the Treasury yield curve and the Treasury
spot rate curve and how the theoretical spot rate curve for Treasury securi-
ties can be constructed from the Treasury yield curve.

5.Demonstrate how the Treasury spot rate curve can be used to value any
Treasury security.

6. Explain how credit risk should be introduced into the term structure.

7.Explain how to compute and interpret the nominal spread.

8. Explain how to compute and interpret the zero-volatility spread.

9. Describe what is meant by the option-adjusted spread.

10. Explain why the volatility assumption is critical in the valuation of bonds
with embedded options.

11. Explain the binomial method for valuation.

12. Explain the Monte Carlo method for valuing mortgage-backed securities.

11
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ESTIMATING CASH FLOW

Cash flow is simply the cash that is expected to be received each period
from an investment. In the case of a bond, it does not make any differ-
ence whether the cash flow is interest income or repayment of principal.

The cash flow for only a few types of bonds are simple to project.
Noncallable Treasury securities have a known cash flow. For a Treasury
coupon security, the cash flow is the coupon interest payments every six
months up to the maturity date and the principal payment at the matu-
rity date. For any bond in which neither the issuer nor the investor can
alter the repayment of the principal before its contractual due date, the
cash flow can easily be determined assuming that the issuer does not
default. The difficulty in determining the cash flow for bonds arises
under the following circumstances: (1) either the issuer or the investor
has the option to change the contractual due date of the repayment of
the principal; (2) the coupon payment is reset periodically based on
some reference rate; or (3) the investor has an option to convert the
bond to common stock.

Most non-Treasury securities include a provision in the indenture
that grants the issuer or the bondholder the right to change the sched-
uled date or dates when the principal repayment is due. Assuming that
the issuer does not default, the investor knows that the principal
amount will be repaid, but does not know when that principal will be
received. Because of this, the cash flow is not known with certainty.

A key factor determining whether either the issuer of the bond or
the investor would exercise an option is the level of interest rates in the
future relative to the bond’s coupon rate. Specifically, for a callable
bond, if the prevailing market rate at which the issuer can refund an
issue is sufficiently below the issue’s coupon rate to justify the costs
associated with refunding the issue, the issuer is likely to call the issue.
Similarly, for a mortgage loan, if the prevailing refinancing rate avail-
able in the mortgage market is sufficiently below the loan’s mortgage
rate so that there will be savings by refinancing after considering the
associated refinancing costs, then the homeowner has an incentive to
refinance. For a putable bond, if the rate on comparable securities rises
such that the value of the putable bond falls below the value at which it
must be repurchased by the issuer, then the investor will put the issue.

What this means is that to properly estimate the cash flow of a bond
it is necessary to incorporate into the analysis how interest rates can
change in the future and how such changes affect the expected cash
flow. As we will see later, this is done in valuation models by introduc-
ing a parameter that reflects the volatility of interest rates.



Valuation 13

DISCOUNTING THE CASH FLOW

Once the cash flow for a bond is estimated, the next step is to determine
the appropriate interest rate to use to discount the cash flow. The mini-
mum interest rate that an investor should require is the yield available
in the marketplace on a default-free cash flow. In the United States this
is the yield on a U.S. Treasury security. The premium over the yield on a
Treasury security that the investor should require should reflect the risks
associated with realizing the estimated cash flow.

The traditional practice in valuation has been to discount every cash
flow of a bond by the same interest rate (or discount rate). For example,
consider the following three hypothetical 10-year Treasury securities: a 6%
coupon bond, a 4% coupon bond, and a zero-coupon bond. Since the cash
flow of all three securities is viewed as default free, the traditional practice
is to use the same discount rate to calculate the present value of all three
securities and the same discount rate for the cash flow for each period.

The fundamental flaw of the traditional approach is that it views
each security as the same package of cash flows. The proper way to view
a bond is as a package of zero-coupon instruments. Each cash flow
should be considered a zero-coupon instrument whose maturity value is
the amount of the cash flow and whose maturity date is the date of the
cash flow. Thus, a 10-year 4% coupon bond should be viewed as 20
zero-coupon instruments. The reason that this is the proper way is
because it does not allow a market participant to realize an arbitrage
profit. This will be demonstrated later in this chapter.

By viewing any financial asset in this way, a consistent valuation
framework can be developed. For example, under the traditional
approach to the valuation of bonds, a 10-year zero-coupon bond would
be viewed as the same financial asset as a 10-year 4% coupon bond.
Viewing a financial asset as a package of zero-coupon instruments
means that these two bonds would be viewed as different packages of
zero-coupon instruments and valued accordingly.

To properly value a bond, it is necessary to determine the theoretical
rate that the U.S. Treasury would have to pay to issue a zero-coupon
instrument for each maturity. Another name used for the zero-coupon
rate is the spot rate. As explained later, the spot rate can be estimated
from the Treasury yield curve.

SPOT RATES AND THEIR ROLE IN VALUATION

The key to the valuation of any security is the estimation of its cash flow
and the discounting of each cash flow by an appropriate rate. The start-
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ing point for the determination of the appropriate rate is the theoretical
spot rate on default-free securities. Since Treasury securities are viewed
as default-free securities, the theoretical spot rates on these securities
are the benchmark rates.

The Treasury Yield Curve

The graphical depiction of the relationship between the yield on Trea-
sury securities of different maturities is known as the yield curve. The
Treasury yield curve is typically constructed from on-the-run Treasury
issues. Treasury bills are zero-coupon securities. Treasury notes and
bonds are coupon securities. Consequently, the Treasury yield curve is a
combination of zero-coupon securities and coupon securities.

In the valuation of securities what is needed is the rate on zero-cou-
pon default-free securities or, equivalently, the rate on zero-coupon
Treasury securities. However, there are no zero-coupon Treasury securi-
ties issued by the U.S. Department of the Treasury with a maturity
greater than one year. The goal is to construct a theoretical rate that the
U.S. government would have to offer if it issued zero-coupon securities
with a maturity greater than one year.

There are zero-coupon Treasury securities with a maturity greater
than one year that are created by government dealer firms—Treasury
STRIPS (i.e., securities issued as part of the Treasury’s Separate Trading
of Registered Interest and Principal Securities program). It would seem
logical that the observed yield on Treasury STRIPS could be used to
construct an actual spot rate curve rather than go through the procedure
we will describe. There are three problems with using the observed rates
on Treasury STRIPS. First, the liquidity of the Treasury STRIPS market
is not as great as that of the Treasury coupon market. Thus, the
observed rates on Treasury STRIPS reflect a premium for liquidity. Sec-
ond, there are maturity sectors of the Treasury STRIPS market that
attract specific investors who may be willing to trade off yield in
exchange for an attractive feature associated with that particular matu-
rity sector, thereby distorting the term structure relationship. For exam-
ple, certain foreign governments may grant investors preferential tax
treatment on zero-coupon bonds. As a result, these foreign investors
invest heavily in long-maturity Treasury STRIPS, driving down yields in
that maturity sector. Finally, the tax treatment of stripped Treasury
securities is different from that of Treasury coupon securities. Specifi-
cally, the accrued interest on Treasury STRIPS is taxed even though no
cash is received by the investor. Thus they are negative cash flow securi-
ties to taxable entities, and, as a result, their yield reflects this tax disad-
vantage.
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EXHIBIT 2.1 Maturity and Yield to Maturity for 20 Hypothetical Treasury
Securities

Yield to Price Spot Rate  Discount
Period Years Maturity (%) (%) (%) Function
1 0.5 3.00 — 3.0000 0.9852
2 1.0 3.30 — 3.3000 0.9678
3 1.5 3.50 100.00 3.5053 0.9492
4 2.0 3.90 100.00 3.9164 0.9254
S 2.5 4.40 100.00 4.4376 0.8961
6 3.0 4.70 100.00 4.7520 0.8686
7 3.5 4.90 100.00 4.9622 0.8424
8 4.0 5.00 100.00 5.0650 0.8187
9 4.5 5.10 100.00 5.1701 0.7948
10 5.0 5.20 100.00 52772 0.7707
11 5.5 5.30 100.00 5.3864 0.7465
12 6.0 5.40 100.00 5.4976 0.7222
13 6.5 5.50 100.00 5.6108 0.6979
14 7.0 5.55 100.00 5.6643 0.6764
15 7.5 5.60 100.00 5.7193 0.6551
16 8.0 5.65 100.00 5.7755 0.6341
17 8.5 5.70 100.00 5.8331 0.6134
18 9.0 5.80 100.00 5.9584 0.5895
19 9.5 5.90 100.00 6.0863 0.5658
20 10.0 6.00 100.00 6.2169 0.5421

Constructing the Theoretical Spot Rate Curve for Treasuries
A default-free theoretical spot rate curve can be constructed from the
observed Treasury yield curve. There are several approaches that are
used in practice. The approach that we describe below for creating a the-
oretical spot rate curve is called bootstrapping. To explain this approach,
we use the price, annualized yield (yield to maturity), and maturity for
the 20 hypothetical Treasury securities shown in Exhibit 2.1.
Throughout the analysis and illustrations to come, it is important to
remember that the basic principle is that the value of the Treasury cou-
pon security should be equal to the value of the package of zero-coupon
Treasury securities that duplicates the coupon bond’s cash flow.
Consider the 6-month Treasury bill in Exhibit 2.1. Since a Treasury
bill is a zero-coupon instrument, its annualized yield of 3.00% is equal
to the spot rate. Similarly, for the 1-year Treasury, the cited yield of
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3.30% is the 1-year spot rate. Given these two spot rates, we can com-
pute the spot rate for a theoretical 1.5-year zero-coupon Treasury. The
price of a theoretical 1.5-year Treasury should equal the present value
of the three cash flows from the 1.5-year coupon Treasury, where the
yield used for discounting is the spot rate corresponding to the cash
flow. Since all the coupon bonds are selling at par, the yield to maturity
for each bond is the coupon rate. Using $100 as par, the cash flow for
the 1.5-year coupon Treasury is as follows:

0.5 years 0.035x$100x 0.5 = $1.75
1.0 years 0.035x$100x 0.5 = $1.75
1.5 years 0.035x $100x 0.5 + $100 = $101.75

The present value of the cash flow is then:

1.75 1.75 101.75
+ +

(1+2)" (1+20)° (1+2y)°

where

21 = one-half the annualized 6-month theoretical spot rate
zp = one-half the 1-year theoretical spot rate
z3 = one-half the 1.5-year theoretical spot rate

Since the 6-month spot rate and 1-year spot rate are 3.00% and
3.30%, respectively, we know that zq is 0.0150 and z; is 0.0165. We
can compute the present value of the 1.5-year coupon Treasury security
as follows:

1.75 + 1.75 +101.75 _ 175 + 1.75 +101.75

(1+z)" (1+z2)" (1+z3)°  (1.015)" (1.0165)° (1+z3)°

Since the price of the 1.5-year coupon Treasury security is par, the fol-
lowing relationship must hold:

175 175 10175
(1.015)"  (1.0165)* (1+z3)°

= 100

We can solve for the theoretical 1.5-year spot rate to find that z3 is
1.75265%. Doubling this yield we obtain 3.5053%, which is the theoreti-
cal 1.5-year spot rate. That rate is the rate that the market would apply to a
1.5-year zero-coupon Treasury security if, in fact, such a security existed.
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Given the theoretical 1.5-year spot rate, we can obtain the theoreti-
cal 2-year spot rate. The present value of the cash flow of the 2-year
Treasury is

1.95 + 1.95 + 1.95 + 101.95

(1+z1)l (1+z2)2 (1+z3)3 (1+z4)4

where z4 is one-half the 2-year theoretical spot rate. Since the 6-month spot
rate, 1-year spot rate, and 1.5-year spot rate are 3.00%, 3.30%, and
3.5053%, respectively, then zq is 0.0150, z; is 0.0165, and z3 is 0.0175265.
Therefore, the present value of the 2-year coupon Treasury security is

195 195 195 10195
(1.015)"  (1.0165)* (1.0175265)° (1 +z,)"

Since the price of the 2-year coupon Treasury security is par, the follow-
ing relationship must hold:

195 195 . 195 10195
(1.015)"  (1.0165)* (1.0175265)° (1 +z,)°

= 100

Solving for the theoretical 2-year spot rate, we find that z4 is 1.9582%.
Doubling this yield, we obtain the theoretical 2-year spot rate of 3.9164%.

One can follow this approach sequentially to derive the theoretical
2.5-year spot rate from the calculated values of zq, 25, 23, and z4 (the 6-
month, 1-year, 1.5-year, and 2-year rates), and the price and coupon of
the bond with a maturity of 2.5 years. Further, one could derive theoret-
ical spot rates for the remaining 15 semiannual rates. The spot rates thus
obtained are shown in the next-to-the-last column of Exhibit 2.1. They
represent the term structure of default-free spot rate for maturities up to
ten years at the particular time to which the bond price quotations refer.

The Discount Function

The term structure is represented by the spot rate curve. We also know
that the present value of $1 to be received 7 periods from now when dis-
counted at the spot rate for period 7 is

$1

{1 N (Spot rate f;r period nﬂ"
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EXHIBIT 2.2 Determination of the Theoretical Price of an 8% 10-Year Treasury

Cash Flow Spot Rate Discount Present

Period Years (%) (%) Function Value ($)
1 0.5 4.00 3.0000 0.9852 3.9409
2 1.0 4.00 3.3000 0.9678 3.8712
3 1.5 4.00 3.5053 0.9492 3.7968
4 2.0 4.00 3.9164 0.9254 3.7014
S 2.5 4.00 4.4376 0.8961 3.5843
6 3.0 4.00 4.7520 0.8686 3.4743
7 3.5 4.00 4.9622 0.8424 3.3694
8 4.0 4.00 5.0650 0.8187 3.2747
9 4.5 4.00 5.1701 0.7948 3.1791
10 5.0 4.00 5.2772 0.7707 3.0828
11 5.5 4.00 5.3864 0.7465 2.9861
12 6.0 4.00 5.4976 0.7222 2.8889
13 6.5 4.00 5.6108 0.6979 2.7916
14 7.0 4.00 5.6643 0.6764 2.7055
15 7.5 4.00 5.7193 0.6551 2.6205
16 8.0 4.00 5.7755 0.6341 2.5365
17 8.5 4.00 5.8331 0.6134 2.4536
18 9.0 4.00 5.9584 0.5895 2.3581
19 9.5 4.00 6.0863 0.5658 2.2631
20 10.0 104.00 6.2169 0.5421 56.3828
Total 115.2619

For example, the present value of $1 five years from now using the
spot rate for ten periods in Exhibit 2.2, 5.2772%, is

$1

[ (0.052772)}10
R

This value can be viewed as the time value of $1 for a default-free cash
flow to be received in five years. Equivalently, it shows the price of a
zero-coupon default-free security with a maturity of five years and a
maturity value of $1.

The last column of Exhibit 2.1 shows the time value of $1 for each
period. The set of time values for all periods is called the discount function.

= 0.7707
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Applying the Spot Rates to Value a Treasury Goupon Security

To demonstrate how to use the spot rate curve, suppose that we want to
price an 8% 10-year Treasury security. The price of this issue is the
present value of the cash flow, where each cash flow is discounted at the
corresponding spot rate. This is illustrated in Exhibit 2.2.

The third column shows the cash flow for each period. The fourth
column shows the spot rate curve. The discount function is shown in the
next-to-the-last column. Multiplying the value in the discount function
column by the cash flow gives the present value of the cash flow. The
sum of the present values is equal to $115.2619. This is the theoretical
price of this issue.

Why Treasuries Must he Valued Based on Spot Rates

The value of a Treasury security is determined by the spot rates, not the
yield-to-maturity of a Treasury coupon security of the same maturity.
We will use an illustration to demonstrate the market forces that will
assure that the actual market price of a Treasury coupon security will
not depart significantly from its theoretical price.

To demonstrate this, consider the 8% 10-year Treasury security.
Suppose that this Treasury security is priced based on the 6% yield to
maturity of the 10-year maturity Treasury coupon security in Exhibit
2.1. Discounting each cash flow of the 8% 10-year Treasury security at
6% gives a present value of $114.88.

The question is, could this security trade at $114.88 in the market?
Let’s see what would happen if the 8% 10-year Treasury traded at
$114.88. Suppose that a dealer firm buys this issue at $114.88 and strips
it. By stripping this issue, the dealer firm creates 20 zero-coupon instru-
ments guaranteed by the U.S. Treasury. How much can the 20 zero-cou-
pon instruments be sold for by the dealer firm? Expressed equivalently, at
what yield can each of the zero-coupon instruments be sold? The answer
is in Exhibit 2.1. The yield at which each zero-coupon instrument can be
sold is the spot rate shown in the next-to-the-last column.

We can use Exhibit 2.2 to determine the proceeds that would be
received per $100 of par value of the 8% 10-year issue stripped. The
last column shows how much would be received for each coupon sold as
a zero-coupon instrument. The total proceeds received from selling the
zero-coupon Treasury securities created would be $115.2619 per $100
of par value of the Treasury issue purchased by the dealer. Since the
dealer purchased the issue for $114.88, this would result in an arbitrage
profit of $0.3819 per $100 of the 8% 10-year Treasury issue purchased.

To understand why the dealer has the opportunity to realize this
arbitrage profit, consider the $4 coupon payment in four years. By buy-
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ing the 10-year Treasury bond priced to yield 6%, the dealer effectively
pays a price based on 6% (3% semiannual) for that coupon payment,
or, equivalently, $3.1577." Under the assumptions of this illustration,
however, investors were willing to accept a lower yield to maturity (the
4-year spot rate), 5.065% (2.5325% semiannual), to purchase a
zero-coupon Treasury security with four years to maturity. Thus inves-
tors were willing to pay $3.2747. (See Exhibit 2.2.) On this one coupon
payment, the dealer realizes a profit equal to the difference between
$3.2747 and $3.1577 (or $0.117). From all the cash flows, the total
profit is $0.3819. In this instance, coupon stripping results in the sum of
the parts being greater than the whole.

Suppose that, instead of the observed yield to maturity from Exhibit
2.1, the yields that investors want are the same as the theoretical spot
rates that are shown in the exhibit. As can be seen in Exhibit 2.2, if we
use these spot rates to discount the cash flows, the total proceeds from
the sale of the zero-coupon Treasury securities would be equal to
$115.2619, making coupon stripping uneconomic since the proceeds
from stripping would be the same as the cost of purchasing the issue.

In our illustration of coupon stripping, the price of the Treasury secu-
rity is less than its theoretical price. Suppose instead that the price of the
Treasury coupon security is greater than its theoretical price. In this case,
investors can create a portfolio of zero-coupon Treasury securities such
that the cash flow of the portfolio replicates the cash flow of the mis-
priced Treasury coupon security. By doing so, the investor will realize a
yield higher than the yield on the Treasury coupon security. For example,
suppose that the market price of the 10-year Treasury coupon security we
used in our illustration is $116. An investor could buy 20 outstanding
zero-coupon stripped Treasury securities with a maturity value identical
to the cash flow shown in the third column of Exhibit 2.2. The cost of
purchasing this portfolio of stripped Treasury securities would be
$115.1880. Thus, an investor is effectively purchasing a portfolio of
stripped Treasury securities that has the same cash flow as an 8% 10-year
Treasury coupon security at a cost of $115.1880 instead of $116.

It is the process of coupon stripping (when the market price is less than
the theoretical price) and reconstituting (when the market price is greater
than the theoretical price) that will prevent the market price of Treasury
securities from departing significantly from their theoretical price.

! This is determined as follows: $1/(1.03)".

2 The New York Federal Reserve stands ready to strip a coupon Treasury security
(i.e., exchange the requisite portfolio of strips for a coupon Treasury security deliv-
ered to them) or reconstitute a coupon Treasury security (i.e., exchange a coupon
Treasury security for the requisite portfolio of strips) during normal market hours.
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CREDIT SPREADS AND THE VALUATION OF NON-TREASURY
SECURITIES

The Treasury spot rates can be used to value any default-free security.
For a non-Treasury security, the theoretical value takes more effort to
determine. The value of a non-Treasury security is found by discounting
the cash flows by the Treasury spot rates plus a yield spread which
reflects the additional risks (e.g., default risk, liquidity risks, the risk
associated with any embedded options, and so on).

The spot rate used to discount the cash flow of a non-Treasury secu-
rity can be the Treasury spot rate plus a constant credit spread. For
example, suppose the 6-month Treasury spot rate is 1.30% and the 10-
year Treasury spot rate is 4.60%. Also suppose that a suitable credit
spread is 60 basis points. Then a 1.90% spot rate is used to discount a 6-
month cash flow of a non-Treasury bond and a 5.20% spot rate is used
to discount a 10-year cash flow. (Remember that when each semiannual
cash flow is discounted, the discount rate is one-half the spot rate:
0.95% for the 6-month spot rate and 2.60% for the 10-year spot rate.)

The drawback of this approach is that there is no reason to expect
the credit spread to be the same regardless of when the cash flow is
expected to be received in the future. Consequently, the credit spread
may vary with a bond’s term to maturity. In other words, there is a term
structure of credit spreads.

Dealer firms typically estimate the term structure of credit spreads
for each credit rating and market sector. Typically, the lower the credit
rating, the steeper the term structure of credit spreads.

When the relevant credit spreads for a given credit rating and mar-
ket sector are added to the Treasury spot rates, the resulting term struc-
ture is used to value the bonds of issuers with that credit rating in that
particular market sector. The term structure is referred to as the bench-
mark spot rate curve or benchmark zero-coupon rate curve.

As an illustration, Exhibit 2.3 presents a Bloomberg screen (function
FMCS) containing the term structure of credit spreads for four sectors of
the corporate bond market as of January 3, 2003. These sectors include
AAA (1), AA (3), A1 (5), and BAA1 (8) industrial bonds. This term struc-
ture of credit spreads is somewhat atypical in that credit spreads generally
increase with maturity. Exhibit 2.4 presents a Bloomberg graph of these
credit spreads as a function of maturity.
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EXHIBIT 23  Credit Spreads of Corporate Bonds by Maturity and Credit Rating

GRY Govt FMCS
Hit <MENU> for list of curves.
SPREADS TD ACTIVE u.s. GOVTS Page

Source: Bloomberg Financial Markets

EXHIBIT 2.4 Term Structure of Credit Spreads

Govt FMCS
MENU> for list of curves.
SPEEADS TO ACTIVE U.S. Page

Source: Bloomberg Financial Markets
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EXHBIT 25 Bloomberg Yield and Spread Analysis Screen for Ford Motor Co.
Bond
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Source: Bloomberg Financial Markets

YIELD SPREAD MEASURES RELATIVE TO A SPOT RATE CURVE

Traditional yield spread analysis for a non-Treasury security involves
calculating the difference between the risky bond’s yield and the yield
on a comparable maturity benchmark Treasury security. As an illustra-
tion, let’s use a 7.45% coupon bond issued by Ford Motor Co. that
matures on July 16, 2031. Bloomberg’s Yield & Spread Analysis screen
(function YAS) is presented in Exhibit 2.5. The yield spreads against the
benchmark U.S. Treasury yield curve appear in a box at the bottom left-
hand corner of the screen. Using a settlement date of January 8, 2003,
the yield spread is 382 basis points versus the interpolated 28.5 year
benchmark Treasury yield. The yield spread is simply the difference
between the yields to maturity of these two yields (8.779% — 4.959%).
This yield spread measure is referred to as the nominal spread.

The nominal spread measure has several drawbacks. For the present,
the most important is that the nominal spread fails to account for the
term structure of spot rates for both bonds (e.g., non-Treasury and Trea-
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sury). Moreover, as we will see later in the chapter when we discuss bonds
with embedded options, the nominal spread does not take into consider-
ation the fact that expected interest rate volatility may alter the non-Trea-
sury bond’s expected future cash flows. We will focus here only on the
first drawback and pose an alternative spread measure that incorporates
the spot rate curve. Later, we will discuss another spread measure for
bonds with embedded options—the option-adjusted spread (OAS).

Zero-Volatility Spread
The zero-volatility spread, also referred to as the Z-spread or static spread,
is a measure of the spread that the investor would realize over the entire
Treasury spot rate curve if the bond were held to maturity. Unlike the
nominal spread, it is not a spread at one point on the yield curve. The
Z-spread is the spread that will make the present value of the cash flows
from the non-Treasury bond, when discounted at the Treasury rate plus
the spread, equal to the non-Treasury bond’s market price plus accrued
interest. A trial-and-error procedure is used to compute the Z-spread.
To illustrate how this is done, consider the following two 5-year bonds:

Issue Coupon Price Yield to Maturity
Treasury 5.055%  100.0000 5.0550%
Non-Treasury  7.000%  101.9576 6.5348%

The nominal spread for the non-Treasury bond is 147.98 basis points.
Let’s use the information presented in Exhibit 2.6 to determine the Z-
spread. The third column in Exhibit 2.6 shows the cash flows for the
7% S-year non-Treasury issue. The fourth column is a hypothetical
Treasury spot rate curve that we will employ in this example. The goal
is to determine the spread that, when added to all the Treasury spot
rates, will produce a present value for the non-Treasury bond equal to
its market price of $101.9576.

Suppose we select a spread of 100 basis points. To each Treasury spot
rate shown in the fourth column of Exhibit 2.6, 100 basis points are added.
So, for example, the 1-year (period 2) spot rate is 5.33% (4.33% plus 1%).
The spot rate plus 100 basis points is used to calculate the present values as
shown in the fifth column.® The total present value in the fifth column is
$104.110. Because the present value is not equal to the non-Treasury issue’s
price of ($101.9576), the Z-spread is not 100 basis points. If a spread of
120 basis points is tried, it can be seen from the next-to-the-last column of

3 The discount rate used to compute the present value of each cash flow in the third column is found
by adding the assumed spread to the spot rate and then dividing by 2.
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EXHIBIT 26 Determination of the Z-Spread for a 7% 5-Year Non-Treasury Issue
Selling at $101.9576 to Yield 6.5347%

Present Value ($) Assuming a Spread of

Cash Spot
Period Years Flow ($) Rate (%) 100 bp 120 bp 150 bp
1 0.5 3.50 4.20 3.4113 3.4080 3.4030
2 1.0 3.50 4.33 3.3207 3.3142 3.3045
3 1.5 3.50 4.39 3.2793 3.2222 3.2081
4 2.0 3.50 4.44 3.1438 3.1315 3.1133
N 2.5 3.50 4.51 3.0553 3.0405 3.0184
6 3.0 3.50 4.54 2.9708 2.9535 2.9278
7 3.5 3.50 4.58 2.8868 2.8672 2.8381
8 4.0 3.50 4.73 2.7921 2.7705 2.7384
9 4.5 3.50 4.90 2.6942 2.6708 2.6360
10 5.0 103.50 5.11 76.6037 75.8643 74.7699

Total 104.110 103.243 101.958

Exhibit 2.6 that the present value is $103.243; again, because this is not
equal to the non-Treasury issue’s price, 120 basis points is not the Z-
spread. The last column of Exhibit 2.6 shows the present value when a
150-basis-point spread is used. The present value of the cash flows is equal
to the non-Treasury issue’s price. Accordingly, 150 basis points is the Z-
spread, compared to the nominal spread of 147.98 basis points.

What does the Z-spread represent for this non-Treasury security?
Since the Z-spread is relative to the benchmark Treasury spot rate curve,
it represents a spread required by the market to compensate for all the
risks of holding the non-Treasury bond versus a Treasury security with
the same maturity. These risks include the non-Treasury’s credit risk,
liquidity risk, and the risks associated with any embedded options.

Divergence Between Z-Spread and Nominal Spread

Generally, the divergence is a function of the term structure’s shape and
the security’s characteristics. Among the relevant security characteristics
are coupon rate, term to maturity, and type of principal repayment provi-
sion—nonamortizing versus amortizing. The steeper the term structure,
the greater will be the divergence. For standard coupon-paying bonds
with a bullet maturity (i.e., a single payment of principal), the Z-spread
and the nominal spread will usually not differ significantly. For monthly-
pay amortizing securities the divergence can be substantial in a steep yield
curve environment.
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Z-Spread Relative to Any Benchmark

A Z-spread can be calculated relative to any benchmark spot rate curve
in the same manner. The question arises: What does the Z-spread mean
when the benchmark is not the Treasury spot rate curve (i.e., default-
free spot rate curve)? This is especially true in Europe, where swaps
curves are commonly used as a benchmark for pricing. When the Trea-
sury spot rate curve is the benchmark, we indicated that the Z-spread
for non-Treasury issues captured credit risk, liquidity risk, and any
option risks. When the benchmark is the spot rate curve for the issuer,
for example, the Z-spread reflects the spread attributable to the issue’s
liquidity risk and any option risks.

Accordingly, when a Z-spread is cited, it must be cited relative to
some benchmark spot rate curve. This is essential because it indicates
the credit and sector risks that are being considered when the Z-spread
is calculated. While Z-spreads are typically calculated in the United
States using Treasury securities as the benchmark interest rates, this is
usually not the case elsewhere. Vendors of analytical systems such as
Bloomberg commonly allow the user to select a benchmark.

VALUATION METHODOLOGIES

Our discussion of bond valuation has thus far been limited to bonds in
which neither the issuer nor the bondholder has the option to alter a
bond’s cash flows. Now we look at how to value bonds with embedded
options. The methodology described here is used to value options, caps,
and floors in Chapter 12.

There are two main approaches to the valuation of bonds with
embedded options: (1) the binomial lattice method, or simply binomial
method, and (2) the Monte Carlo simulation method. There are two
things that are common to both methods. First, each begins with an
assumption as to the statistical process that is assumed to generate the
term structure of interest rates. Second, each method is based on the
principle that arbitrage profits cannot be generated. By this it is meant
that the model will correctly price the on-the-run issues; or, equiva-
lently, the model is calibrated to the market.

It is important to understand that the user of any valuation model is
exposed to modeling risk. This is the risk that the output of the model is
incorrect because the assumptions, upon which it is based, are incorrect.
Consequently, it is imperative that the results of a valuation model be
stress-tested for modeling risk by altering the assumptions.
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Option-Adjusted Spread

What an investor seeks to do is to buy securities whose value is greater
than their price. A valuation model allows an investor to estimate the the-
oretical value of a security, which at this point would be sufficient to
determine the fairness of the price of the security. That is, the investor can
say that a particular bond is 1-point cheap or 2-points cheap, and so on.

A valuation model need not stop here, however. Instead, it can con-
vert the divergence between the price observed in the market for the
security and the theoretical value derived from the valuation model into
a yield spread measure. This step is necessary since many market partic-
ipants find it more convenient to think about yield spreads than price
differences.

The option-adjusted spread (OAS) was developed as a measure of
the yield spread that can be used to convert dollar differences between
value and price. Thus, basically, the OAS is used to reconcile value with
market price. But what is it a “spread” over? As we shall see, when we
describe the two valuation methodologies, the OAS is a spread over the
issuer’s spot rate curve or benchmark. The spot rate curve itself is not a
single curve, but a series of spot rate curves that allow for changes in
rates and cash flows. The reason that the resulting spread is referred to
as “option-adjusted” is because the cash flows of the security, whose
value is sought, are adjusted to reflect any embedded options.

Binomial Method®

The binomial method is a popular technique for valuing callable and
putable bonds. To illustrate this, we start with the on-the-run yield
curve for the particular issuer whose bonds we want to value. The start-
ing point is the Treasury’s on-the-run yield curve. To obtain a particular
issuer’s on-the-run yield curve, an appropriate credit spread is added to
each on-the-run Treasury issue. The credit spread need not be constant
for all maturities. For example, the credit spread may increase with
maturity.

In our illustration, we use the hypothetical on-the-run issues for an
issuer shown in Exhibit 2.7. Each bond is trading at par value (100) so
the coupon rate is equal to the yield to maturity. We will simplify the
illustration by assuming annual-pay bonds. Using the bootstrapping
methodology, the spot rates are those shown in the last column of
Exhibit 2.7.

*The model described in this section was presented in Andrew J. Kalotay, George O.
Williams, and Frank J. Fabozzi, “A Model for the Valuation of Bonds and Embedded
Options,” Financial Analysts Journal, May-June 1993, pp. 35-46.
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EXHIBIT 2.7 On-the-Run Yield Curve and Spot Rates for an Issuer

Maturity (yrs)  Yield to Maturity (%) Market Price ($)  Spot Rate (%)

1 3.5 100 3.5000
2 4.2 100 4.2147
3 4.7 100 4.7345
4 5.2 100 5.2707

Binomial Interest Rate Tree
Once we allow for embedded options, consideration must be given to
interest rate volatility. This can be done by introducing a binomial inter-
est rate tree. This tree is nothing more than a graphical depiction of the
1-period or short rates over time based on some assumption about inter-
est rate volatility. How this tree is constructed is illustrated below.

Exhibit 2.8 shows an example of a binomial interest rate tree. In
this tree, each node (bold circle) represents a time period that is equal to
one year from the node to its left. Each node is labeled with an N, repre-
senting node, and a subscript that indicates the path that the 1-year rate
took to get to that node. L represents the lower of the two 1-year rates
and H represents the higher of the two 1-year rates. For example, node
Ny means to get to that node the following path for 1-year rates
occurred: The 1-year rate realized is the higher of the two rates in the
first year and then the higher of the 1-year rates in the second year.’

Look first at the point denoted by just N in Exhibit 2.8. This is the
root of the tree and is nothing more than the current 1-year spot rate, or
equivalently the current 1-year rate, which we denote by r;. What we
have assumed in creating this tree is that the 1-year rate can take on two
possible values the next period and the two rates have the same proba-
bility of occurring. One rate will be higher than the other. It is assumed
that the 1-year rate can evolve over time based on a random process
called a lognormal random walk with a certain volatility.

We use the following notation to describe the tree in the first year:

6 = assumed volatility of the 1-year rate
r1, = lower 1-year rate one year from now
r1,u = higher 1-year rate one year from now

3 Note that Ny is equivalent to N jy in the second year, that in the third year Nyyy;.
is equivalent to Ny and Nygp, and that Ny is equivalent to Nypy. We have
simply selected one label for a node rather than clutter up the figure with unnecessary
information.
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EXHIBIT 2.8  4-Year Binomial Interest Rate Tree
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The relationship between 7 1 and 7y y is as follows:
2
1,0 = r1,1.(e7°)

where e is the base of the natural logarithm 2.71828.
For example, suppose that 71y is 4.4448% and o is 10% per year,
then

2x0.10

rig = 4.4448% (e ) = 5.4289%

In the second year, there are three possible values for the 1-year
rate, which we will denote as follows:

7oL = l-year rate in second year assuming the lower rate in the first
year and the lower rate in the second year

72 HH = l-year rate in second year assuming the higher rate in the first
year and the higher rate in the second year
roHL = l-year rate in second year assuming the higher rate in the first

year and the lower rate in the second year or equivalently the
lower rate in the first year and the higher rate in the second year
Yy g y
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The relationship between 7, ;1 and the other two 1-year rates is as fol-
lows: 75 jpy = TZ’LL(€4G) and 7y, = rZ’LL(eZG). So, for example, if 5y is
4.6958% and assuming once again that ¢ is 10%, then

4x0.10

roun = 4.6958%(e ) = 7.0053%

and

ropL = 4.6958% (> "%) = 5.7354%

In the third year there are four possible values for the 1-year rate,
which are denoted as follows: 73 ypp, 73.HHL, 73,HLL, and 73111, and
whose first three values are related to the last as follows:

6
T3 HHH = 73,LLL(€4°)

{0}
73HHL = 73,LLL(€

2
r3HLL = 73,00L(e)

Exhibit 2.8 shows the notation for a 4-year binomial interest rate
tree. We can simplify the notation by letting 7, be the 1-year rate ¢ years
from now for the lower rate since all the other short rates t years from
now depend on that rate. Exhibit 2.9 shows the interest rate tree using
this simplified notation.

It can be shown that the standard deviation of the 1-year rate is
equal to ryo. The standard deviation is a statistical measure of volatility,
and we will discuss this measure and its estimation in Chapter 7. It is
important to understand that the process that we assumed generates the
binomial interest rate tree (or equivalently the short rates), implies that
volatility is measured relative to the current level of rates. For example,
if 6 is 10% and the 1-year rate (rg) is 4%, then the standard deviation
of the 1-year rate is 4% x 10% = 0.4% or 40 basis points. However, if
the current 1-year rate is 12%, the standard deviation of the 1-year rate
would be 12% x 10% or 120 basis points.

Determining the Value at a Node

To find the value of the bond at a node, we first calculate the bond’s value
at the two nodes to the right of the node we are interested in. For example,
in Exhibit 2.9, suppose we want to determine the bond’s value at node Ny.
The bond’s value at nodes Ny and Nyy;, must be determined. Hold aside
for now how we get these two values because, as we will see, the process
involves starting from the last year in the tree and working backwards to
get the final solution we want, so these two values will be known.
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EXHIBIT 2.9  4-Year Binomial Interest Rate Tree with 1-Year Rates*
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" r, equals forward 1-year lower rate

Effectively what we are saying is that if we are at some node, then
the value at that node will depend on the future cash flows. In turn, the
future cash flows depend on (1) the bond’s value one year from now and
(2) the coupon payment one year from now. The latter is known. The
former depends on whether the 1-year rate is the higher or lower rate.
The bond’s value depending on whether the rate is the higher or lower
rate is reported at the two nodes to the right of the node that is the focus
of our attention. So, the cash flow at a node will be either (1) the bond’s
value if the short rate is the higher rate plus the coupon payment, or (2)
the bond’s value if the short rate is the lower rate plus the coupon pay-
ment. For example, suppose that we are interested in the bond’s value at
Ny. The cash flow will be either the bond’s value at Ny plus the cou-
pon payment, or the bond’s value at Nyy; plus the coupon payment.

To get the bond’s value at a node, we follow the fundamental rule
for valuation: The value is the present value of the expected cash flows.
The appropriate discount rate to use is the 1-year rate at the node. Now
there are two present values in this case: the present value if the 1-year
rate is the higher rate and one if it is the lower rate. Since it is assumed
that the probability of both outcomes is equal, an average of the two
present values is computed. This is illustrated in Exhibit 2.10 for any
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node assuming that the 1-year rate is 7. at the node where the valuation
is sought and letting:

Vi1 = bond’s value for the higher 1-year rate
Vi = bond’s value for the lower 1-year rate
C = coupon payment

Using our notation, the cash flow at a node is either:

Vi + C for the higher 1-year rate
Vi + C for the lower 1-year rate

The present value of these two cash flows using the 1-year rate at the
node, 7., is:

Vy+C

1 = Present value for the higher 1-year rate
(1+7s)
Vi+C

L = Present value for the lower 1-year rate
(1+7s)

Then, the value of the bond at the node is found as follows:

Value at a node = 1

2

VH+C+ Vi+C
(T+7:) (1+74)

EXHIBIT 2.10  Calculating a Value at a Node

Bond’s value in
higher rate state
1-year forward

¥
eVy+C <«  Cash flow in
1-year rate at v higher rate state
node where bond’s = e —
value is sought R
eV +C <  Cash flow in
7'y lower rate state

Bond’s value in
lower rate state
1-year forward
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EXHIBIT 2.11  The 1-Year Rates for Year 1 Using the 2-Year 4.2% On-the-Run
Issue: First Trial

e | 100.000
98.486 | # Nyy 4.2
° 4.2
& Ny|5.8017% | »

° 99.691 e 100.000
N|[3.5000% | % 99.475| & NyL 4.2
° 4.2
N |4.7500% | « e 100.000

NiL 4.2

Constructing the Binomial Interest Rate Tree

To see how to construct the binomial interest rate tree, let’s use the
assumed on-the-run yields we used earlier. We will assume that volatil-
ity, 0, is 10% and construct a 2-year tree using the 2-year bond with a
coupon rate of 4.2%.

Exhibit 2.11 shows a more detailed binomial interest rate tree with
the cash flow shown at each node. We’ll see how all the values reported
in the exhibit are obtained. The root rate for the tree, 7, is simply the
current 1-year rate, 3.5%.

In the first year there are two possible 1-year rates, the higher rate
and the lower rate. What we want to find is the two 1-year rates that will
be consistent with the volatility assumption, the process that is assumed
to generate the short rates, and the observed market value of the bond.
There is no simple formula for this. It must be found by an iterative pro-
cess (i.e., trial-and-error). The steps are described and illustrated below.

Step 1: Select a value for r{. Recall that r{ is the lower 1-year rate.
In this first trial, we arbitrarily selected a value of 4.75%.

Step 2: Determine the corresponding value for the higher 1-year
rate. As explained earlier, this rate is related to the lower 1-year rate as
follows: 71€2°. Since 7 is 4.75%, the higher 1-year rate is 5.8017% (=
4.75% **%19) This value is reported in Exhibit 2.11 at node Nyy.

Step 3: Compute the bond value’s one year from now. This value is
determined as follows:

3a. Determine the bond’s value two years from now. In our exam-
ple, this is simple. Since we are using a 2-year bond, the bond’s
value is its maturity value ($100) plus its final coupon payment
($4.2). Thus, it is $104.2.
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3b. Calculate the present value of the bond’s value found in 3a for
the higher rate in the second year. The appropriate discount
rate is the higher 1-year rate, 5.8017% in our example. The
present value is $98.486 (= $104.2/1.058017). This is the
value of Vi that we referred to earlier.

3c. Calculate the present value of the bond’s value found in 3a for
the lower rate. The discount rate assumed for the lower 1-year
rate is 4.75%. The present value is $99.475 (= $104.2/1.0475)
and is the value of V.

3d. Add the coupon to both Vi and V| to get the cash flow at Ny
and Ny, respectively. In our example, we have $102.686 for
the higher rate and $103.675 for the lower rate.

3e. Calculate the present value of the two values using the 1-year
rate 7.. At this point in the valuation, 7. is the root rate,
3.50%. Therefore,

Vu+C _ $102.686

= = $99.213
1+7. 1.035

and

Vi+C _ $103.675

= $100.169
1+7s 1.035

Step 4: Calculate the average present value of the two cash flows in
Step 3. This is the value we referred to earlier as

Value at a node = 1

2

+
(T+7:) (T+7s)

Vy+C Vi + C}

In our example, we have

Value at a node = %[$99.213 +$100.169] = $99.691
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EXHIBIT 212  The 1-Year Rates for Year 1 Using the 2-Year 4.2% On-the-Run

Issue

e| 100.000
98.834 | # Nyy 4.2

° 4.2

& Ny |5.4289% | %

e 100.000 e 100.000
N|3.5000% | % 99.766 | & Ny 4.2

° 4.2
N |4.4448% | % e 100.000
Nip 4.2

Step 5: Compare the value in Step 4 to the bond’s market value. If
the two values are the same, then the 7 used in this trial is the one we
seek. This is the 1-year rate that would then be used in the binomial
interest rate tree for the lower rate and to obtain the corresponding
higher rate. If, instead, the value found in step 4 is not equal to the mar-
ket value of the bond, this means that the value 7{ in this trial is not the
1-year rate that is consistent with (1) the volatility assumption, (2) the
process assumed to generate the 1-year rate, and (3) the observed mar-
ket value of the bond. In this case, the five steps are repeated with a dif-
ferent value for rq.

When 7q is 4.75%, a value of $99.691 results in Step 4 which is less
than the observed market price of $100. Therefore, 4.75% is too large
and the five steps must be repeated trying a lower rate for 7.

Let’s jump right to the correct rate for 7{ in this example and rework
steps 1 through 5. This occurs when r; is 4.4448%. The corresponding
binomial interest rate tree is shown in Exhibit 2.12.

Step 1: In this trial we select a value of 4.4448% for rq, the lower 1-
year rate.

Step 2: The corresponding value for the higher 1-year rate is
5.4289% (=4.4448%¢> 019),

Step 3: The bond’s value one year from now is determined as fol-
lows:

3a. The bond’s value two years from now is $104.2, just as in the
first trial.

3b. The present value of the bond’s value found in 3a for the higher
1-year rate, V, is $98.834 (= $104.2/1.054289).
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3c. The present value of the bond’s value found in 3a for the lower
1-year rate, Vi, is $99.766 (= $104.2/1.044448).

3d. Adding the coupon to Vi and V}, we get $103.034 as the cash
flow for the higher rate and $103.966 as the cash flow for the
lower rate.

3e. The present value of the two cash flows using the 1-year rate at
the node to the left, 3.5%, gives

Vu+C _ $103.034

= $99.550
T+7+ 1.035
and,
Vi+C _ $103.966 _ ¢,00 450
1+7. 1.035 ’

Step 4: The average present value is $100, which is the value at the
node.

Step 5: Since the average present value is equal to the observed mar-
ket price of $100, 71 or 7y | is 4.4448% and 7y py is 5.4289%.

We can “grow” this tree for one more year by determining r,. We
would use the 3-year on-the-run issue, the 4.7% coupon bond, to get r,.
The same five steps are used in an iterative process to find the 1-year
rates in the tree two years from now. Our objective is to find the value
of 7, that will produce a bond value of $100 (since the 3-year on-the-
run issue has a market price of $100) and is consistent with (1) a volatil-
ity assumption of 10%, (2) a current 1-year rate of 3.5%, and (3) the
two rates one year from now of 4.4448% (the lower rate) and 5.4289%
(the higher rate). We will not describe how to complete the tree using
the 3-year and 4-year on-the-run issues. Exhibit 2.13 shows the bino-
mial interest rate tree for the on-the-run issues in Exhibit 2.7.

Valuing an Option-Free Bond with the Tree
Now consider an option-free bond of this issuer with three years
remaining to maturity and a coupon rate of 6.5%. The value of this
bond can be calculated by discounting the cash flow at the spot rates in
Exhibit 2.7 as shown below:

$6.5 N $6.5 + $6.5 N $100 + $6.5

- ; . ~ = $104.643
(1.035)"  (1.042147)*  (1.047345)° (1.052707)
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EXHIBIT 2.13  Binomial Interest Rate Tree for Valuing Up to a 4-Year Bond for
Issuer (10% Volatility Assumed)
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An option-free bond that is valued using the binomial interest rate tree
should have the same value as discounting by the spot rates.

Exhibit 2.13 is the binomial interest rate tree that can be used to
value any bond for this issuer with a maturity up to four years. To illus-
trate how to use the binomial interest rate tree, consider once again the
6.5% option-free bond with three years remaining to maturity. Also
assume that the issuer’s on-the-run yield curve is the one in Exhibit 2.7,
hence the appropriate binomial interest rate tree is the one in Exhibit
2.13. Exhibit 2.14 shows the various values in the discounting process,
and produces a bond value of $104.643.

This value is identical to the bond value found when we discounted
with the spot rates. This clearly demonstrates that the valuation model
is consistent with the standard valuation model for an option-free bond.

Valuing a Callable Corporate Bond

Now we will demonstrate how the binomial interest rate tree can be
applied to value a callable bond. The valuation process proceeds in the
same fashion as in the case of an option-free bond, but with one excep-
tion: When the call option may be exercised by the issuer, the bond
value at a node must be changed to reflect the lesser of its values if it is
not called (i.e., the value obtained by applying the recursive valuation
formula described above) and the call price.
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For example, consider a 6.5% bond with four years remaining to
maturity that is callable in one year at $100. Exhibit 2.15 shows two
values at each node of the binomial interest rate tree. The discounting
process explained above is used to calculate the first of the two values at
each node. The second value is the value based on whether the issue will
be called. For simplicity, let’s assume that this issuer calls the issue if it
exceeds the call price of $100. Then, in Exhibit 2.15 at nodes Ny, Ny,
Nir> Nyp, Nip1, and Ny 1, the values from the recursive valuation for-
mula are $101.968, $100.032, $101.723, $100.270, $101.382, and
$100.315. These values exceed the assumed call price ($100), and there-
fore the second value is $100 rather than the calculated value. It is the
second value that is used in subsequent calculations. The root of the tree
indicates that the value for this callable bond is $102.899.

The question that we have not addressed in our illustration, which
is nonetheless important, is the circumstances under which the issuer
will call the bond. A detailed explanation of the call rule is beyond the
scope of this chapter. Basically, it involves determining when it would be
economic for the issuer on an after-tax basis to call the issue.

The bond valuation framework presented here can be used to ana-
lyze other embedded options such as put options, caps and floors on
floating-rate notes, and interest sensitive structured notes.

Volatility and the Theoretical Value

In our illustration, interest rate volatility was assumed to be 10%. The
volatility assumption has an important impact on the theoretical value.
More specifically, the higher the expected volatility, the higher the value
of an option. The same is true for an option embedded in a bond. Corre-
spondingly, this affects the value of the bond with an embedded option.

For example, for a callable bond, a higher interest rate volatility
assumption means that the value of the call option increases, and, since
the value of the option-free bond is not affected, the value of the call-
able bond must be lower. For a putable bond, higher interest rate vola-
tility means that its value will be higher.

To illustrate this, suppose that a 20% volatility is assumed rather
than 10%. The value of the hypothetical callable bond is $102.108 if
volatility is assumed to be 20% compared to $102.899 if volatility is
assumed to be 10%. The hypothetical putable bond at 20% volatility
has a value of $106.010 compared to $105.327 at 10% volatility.

In the construction of the binomial interest rate, it was assumed that
volatility is the same for each year. The methodology can be extended to
incorporate a term structure of volatility.
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Option-Adjusted Spread

Suppose the market price of the 3-year 6.5% callable bond is $102.218
and the theoretical value assuming 10% volatility is $102.899. This
means that this bond is cheap by $0.681 according to the valuation
model. Bond market participants prefer to think not in terms of a bond’s
price being cheap or expensive in dollar terms but rather in terms of a
yield spread—a cheap bond trades at a higher yield spread and an
expensive bond at a lower yield spread.

The OAS is the constant spread that, when added to all the short-
term rates on the binomial interest rate tree, will make the theoretical
value equal to the market price. In our illustration, if the market price is
$102.218, the OAS would be the constant spread added to every rate in
Exhibit 2.13 that will make the theoretical value equal to $102.218.
The solution in this case would be 35 basis points.

As with the value of a bond with an embedded option, the OAS will
depend on the volatility assumption. For a given bond price, the higher
the interest rate volatility assumed, the lower the OAS for a callable
bond and the higher the OAS for a putable bond. For example, if vola-
tility is 20% rather than 10%, it can be demonstrated that the OAS
would be 11 basis points.

This illustration clearly demonstrates the importance of the volatil-
ity assumption. Assuming volatility of 10%, the OAS is 35 basis points.
At 20% volatility, the OAS declines and, in this case, is negative and
therefore overvalued.

Monte Garlo Method

The second method for valuing bonds with embedded options is the
Monte Carlo simulation or, simply, the Monte Carlo method. This
method involves simulating a sufficiently large number of potential
interest rate paths in order to assess the value of a security along these
different paths. This method is the most flexible of the two valuation
methodologies for valuing interest rate sensitive instruments, where the
history of interest rates is important. Mortgage-backed securities are
commonly valued using this method. Some dealers use Monte Carlo
simulation to value callable and putable bonds.

Interest Rate History and Path-Dependent Cash Flows

For some fixed-income securities and derivative instruments, the periodic
cash flows are path-dependent. This means that the cash flow received in
one period is determined not only by the current interest rate level, but
also by the path that interest rates took to get to the current level.
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In the case of mortgage passthrough securities (or simply,
passthroughs), prepayments are path-dependent because this month’s
prepayment rate depends on whether there have been prior opportuni-
ties to refinance since the underlying mortgages were originated. Unlike
passthroughs, the decision as to whether a corporate issuer will elect to
refund an issue when the current rate is below the issue’s coupon rate is
not dependent on how rates evolved over time to the current level.

Moreover, in the case of adjustable-rate mortgages (ARMs), prepay-
ments are not only path-dependent but the periodic coupon rate
depends on the history of the reference rate upon which the coupon rate
is determined. This is because ARMs have periodic caps and floors as
well as a lifetime cap and floor. For example, an ARM whose coupon
rate resets annually could have the following restriction on the coupon
rate: (1) the rate cannot change by more than 200 basis points each year
and (2) the rate cannot be more than 500 basis points from the initial
coupon rate.

Pools of passthroughs are used as collateral for the creation of col-
lateralized mortgage obligations (CMOs). Consequently, for CMOs,
there are typically two sources of path dependency in a CMO tranche’s
cash flows. First, the collateral prepayments are path-dependent as dis-
cussed above. Second, the cash flow to be received in the current month
by a CMO tranche depends on the outstanding balances of the other
tranches in the deal. Thus, we need the history of prepayments to calcu-
late these balances.

Valuing Mortgage-Backed Securities®

Conceptually, the valuation of passthroughs using the Monte Carlo
method is simple. In practice, however, it is very complex. The simula-
tion involves generating a set of cash flows based on simulated future
mortgage refinancing rates, which in turn imply simulated prepayment
rates.

Valuation modeling for CMOs is similar to valuation modeling for
passthroughs, although the difficulties are amplified because the issuer
has sliced and diced both the prepayment and interest rate risk into
smaller pieces called #ranches. The sensitivity of the passthroughs com-
prising the collateral to these two risks is not transmitted equally to
every tranche. Some of the tranches wind up more sensitive to prepay-
ment and interest rate risk than the collateral, while some of them are
much less sensitive.

¢ Portions of the material in this section are adapted from Frank J. Fabozzi and Scott
F. Richard, “Valuation of CMOs,” Chapter 6 in Frank J. Fabozzi (ed.), CMO Port-
folio Management (Summit, N.J.: Frank J. Fabozzi Associates, 1994).
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The typical model used to generate random interest rate paths takes
as input today’s term structure of interest rates and a volatility assump-
tion. The term structure of interest rates is the theoretical spot rate (or
zero-coupon) curve implied by today’s Treasury securities. The volatility
assumption determines the dispersion of future interest rates in the sim-
ulation. The simulations are normalized so that the average simulated
price of a zero-coupon Treasury bond equals today’s actual price.

Each model has its own model of the evolution of future interest
rates and its own volatility assumptions. Typically, there are no signifi-
cant differences in the interest rate models of dealer firms and vendors,
although their volatility assumptions can be significantly different.

The random paths of interest rates should be generated from an
arbitrage-free model of the future term structure of interest rates. By
arbitrage-free it is meant that the model replicates today’s term structure
of interest rates, an input of the model, and that for all future dates
there is no possible arbitrage within the model. We will explain how this
is done later.

The simulation works by generating many scenarios of future inter-
est rate paths. In each month of the scenario, a monthly interest rate
and a mortgage refinancing rate are generated. The monthly interest
rates are used to discount the projected cash flows in the scenario. The
mortgage refinancing rate is needed to determine the cash flow because
it represents the opportunity cost the mortgagor is facing at that time.

If the refinancing rates are high relative to the mortgagor’s original
coupon rate (i.e., the rate on the mortgagor’s loan), the mortgagor will
have less incentive to refinance, or even a positive disincentive (i.e., the
homeowner will avoid moving in order to avoid refinancing). If the refi-
nancing rate is low relative to the mortgagor’s original coupon rate, the
mortgagor has an incentive to refinance.

Prepayments are projected by feeding the refinancing rate and loan
characteristics, such as age, into a prepayment model. Given the pro-
jected prepayments the cash flow along an interest rate path can be
determined.

To make this more concrete, consider a newly issued mortgage
passthrough security with a maturity of 360 months. Exhibit 2.16
shows N simulated interest rate path scenarios. Each scenario consists
of a path of 360 simulated 1-month future interest rates. Just how many
paths should be generated is explained later. Exhibit 2.17 shows the
paths of simulated mortgage refinancing rates corresponding to the sce-
narios shown in Exhibit 2.16. Assuming these mortgage refinancing
rates, the cash flow for each scenario path is shown in Exhibit 2.18.
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EXHIBIT 2.16  Simulated Paths of 1-Month Future Interest Rates

Interest Rate Path Number

Month 1 2 3 n N
1 f(1) f1(2) f3) .. A .. AN
f(1) 2(2) £L3) .. hr) .. AN
3 f3(1) 3(2) 3) .. fz3in) ... f[(N)
t (1) 1(2) 13) f(n) H(N)
358 f358(1)  f358(2)  f358(3) ... f3s8(n) ... f358(N)
359 f350(1)  f350(2)  f350(3) ... f3s0(m) ... f359(N)
360 f60(1)  f36002)  f36003) oo f3e0(n) oo f360(N)
Notation:

f:(n) = 1-month future interest rate for month ¢ on path n
N = number of interest rate paths

EXHIBIT 2.17  Simulated Paths of Mortgage Refinancing Rates

Interest Rate Path Number

Month 1 2 3 n N
1 r1(1) r1(2) 71(3) r1(n) 71(N)
(1) 72(2) 72(3) 72(n) 72(N)
3 73(1) 73(2) 73(3) r3(n) 73(N)
t 741) 742) 743) 74n) 74{N)
358 r3sg(1)  7358(2)  7358(3) ... 7r358(m) ... 7358(N)
359 r359(1)  7359(2)  7359(3) ... r359(m) ... 7359(N)
360 7360(1)  7360(2)  7360(3) ... 7360(n) ... 7360(N)
Notation:

r,(n) = mortgage refinancing rate for month ¢ on path n
N = number of interest rate paths
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EXHIBIT 2.18 Simulated Cash Flow on Each of the Interest Rate Paths

Interest Rate Path Number

Month 1 2 3 . n . N
1 Cy(1) Cy(2) Cy(3) Cy(n) Cy(N)
Cy(1) Cy(2) Cy(3) Cy(n) Cy(N)
3 C5(1) C5(2) C5(3) Cs(n) C;3(N)
4 Ct( 1) Ct(z) Ct(3) Ct(”) Ct(N)
358 Cssg(1)  Czs8(2)  C3s(3) ... Czsg(n) ... Cssg(N)
359 Css9(1)  C359(2)  C3s59(3) ... Czs9(n) ... C3s59(N)
360 Cs60(1)  C360(2)  C360(3) ... Czepln) ... C340(N)
Notation:

C,(n) = cash flow for month # on path #
N = number of interest rate paths

Given the cash flow on an interest rate path, its present value can be
calculated. The discount rate for determining the present value is the simu-
lated spot rate for each month on the interest rate path plus an appropriate
spread. The spot rate on a path can be determined from the simulated
future monthly rates. The relationship that holds between the simulated
spot rate for month T on path # and the simulated future 1-month rates is

2r(n) = {11+ fL001 +f0]. 11+ from1 T =1
where
z7(n) = simulated spot rate for month T on path #
fin) = simulated future 1-month rate for month j on path

Consequently, the interest rate path for the simulated future 1-
month rates can be converted to the interest rate path for the simulated
monthly spot rates as shown in Exhibit 2.19.

Therefore, the present value of the cash flow for month T on inter-
est rate path n discounted at the simulated spot rate for month T plus
some spread is

CT(”)

PV[C(m)] = ————
[1+20(n)+K]
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EXHIBIT 2.19  Simulated Paths of Monthly Spot Rates

Interest Rate Path Number

Month 1 2 3 n N
1 z1(1) z1(2) z1(3) 21(n) z1(N)
2 5(1) 5(2) H0B3) e ) .. (N
3 Z3(1) Z3(2) 23(3) 23(71) Z3(N)
: (1) 2(2) 4B el e 2N
358 2358(1)  z358(2)  z358(3) ... z3sg(n) .. z3s53(N)
359 z359(1)  2350(2)  z359(3) ... z3s9(n) ... z359(N)
360 2360(1)  2360(2)  2360(3) . z3e0(m) ... 2360(N)
Notation:

z4(n) = spot rate for month ¢ on path #
N = number of interest rate paths

where

PV[Cp(n)] = present value of cash flow for month T on path »
Cr(n) = cash flow for month T on path 7

zr(n) = spot rate for month T on path n

K = spread

The present value for path 7 is the sum of the present value of the
cash flow for each month on path n. That is,

PV[Path(n)] = PV[Cy(n)] + PV[Cy(n)] +... + PV[C340(n)]
where PV[Path(n)] is the present value of interest rate path 7.

Determining the Theoretical Value

The present value of a given interest rate path can be thought of as the
theoretical value of a passthrough if that path was actually realized. The
theoretical value of the passthrough can be determined by calculating
the average of the theoretical value of all the interest rate paths. That is,

PV[Path(1)]+ PV[Path(2)] + ... + PV[Path(N)]
N

Theoretical value =

where N is the number of interest rate paths.
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This procedure for valuing a passthrough is also followed for a
CMO tranche. The cash flow for each month on each interest rate path
is found according to the principal repayment and interest distribution
rules of the deal. In order to do this, a CMO structuring model is
needed. In any analysis of CMOs, one of the major stumbling blocks is
getting a good CMO structuring model.

Option-Adjusted Spread
As explained earlier, the option-adjusted spread is a measure of the yield
spread that can be used to convert dollar differences between theoretical
value and market price. It represents a spread over the issuer’s spot rate
curve or benchmark.

In the Monte Carlo model, the OAS is the spread that, when added
to all the spot rates on all interest rate paths, will make the average
present value of the paths equal to the observed market price (plus
accrued interest). Mathematically, OAS is the spread that will satisfy the
following condition:

PV[Path(1)] + PV[Path(2)] + ... + PV[Path(N)]

Market price =
N

where N is the number of interest rate paths.

Some Technical Issues

In the binomial method for valuing bonds, the interest rate tree is con-
structed so that it is arbitrage free. That is, if any on-the-run issue is val-
ued, the value produced by the model is equal to the market price. This
means that the tree is calibrated to the market. In contrast, in our dis-
cussion of the Monte Carlo method, there is no mechanism that we have
described above that will assure the valuation model will produce a
value for an on-the-run Treasury security (the benchmark in the case of
agency mortgage-backed securities) equal to the market price. In prac-
tice, this is accomplished by adding a drift term to the short-term return
generating process (Exhibit 2.16) so that the value produced by the
Monte Carlo method for all on-the-run Treasury securities is their mar-
ket price.” A technical explanation of this process is beyond the scope of
this chapter.®

7This is equivalent to saying that the OAS produced by the model is zero.

8 For an explanation of how this is done, see Lakhbir S. Hayre and Kenneth Lauter-
bach, “Stochastic Valuation of Debt Securities,” in Frank J. Fabozzi (ed.), Managing
Institutional Assets (New York: Harper & Row, 1990), pp. 321-364.
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There is also another adjustment made to the interest rate paths.
Restrictions on interest rate movements must be built into the model to
prevent interest rates from reaching levels that are believed to be unrea-
sonable (e.g., an interest rate of zero or an interest rate of 30%). This is
done by incorporating mean reversion into the model. By this it is meant
that at some point, the interest rate is forced toward some estimated
average (mean) value.

The specification of the relationship between short-term rates and
refinancing rates is necessary. Empirical evidence on the relationship is
also necessary. More specifically, the correlation between the short-term
and long-term rates must be estimated.

The number of interest rate paths determines how “good” the esti-
mate is, not relative to the truth but relative to the valuation model used.
The more paths, the more the theoretical value tends to settle down. It is
a statistical sampling problem. Most Monte Carlo models employ some
form of variance reduction to cut down on the number of sample paths
necessary to get a good statistical sample. Variance reduction techniques
allow us to obtain value estimates within a tick. By this we mean that if
the model is used to generate more scenarios, value estimates from the
model will not change by more than a tick. So, for example, if 1,024
paths are used to obtain the estimate value for a CMO tranche, there is
little more information to be had from the OAS model by generating
more than that number of paths. (For some very sensitive CMO tranches,
more paths may be needed to estimate value within one tick.)

Distrilution of Path Present Values

The Monte Carlo simulation method is a commonly used management
science tool in business. It is employed when the outcome of a business
decision depends on the outcome of several random variables. The
product of the simulation is the average value and the probability distri-
bution of the possible outcomes.

Unfortunately, the use of Monte Carlo simulation to value fixed-
income securities has been limited to just the reporting of the average
value, which is referred to as the theoretical value of the security. This
means that all of the information about the distribution of the path
present values is ignored. Yet, this information is quite valuable.

For example, consider a well-protected PAC bond. The distribution
of the present value for the paths should be concentrated around the
theoretical value. That is, the standard deviation should be small. In
contrast, for a support tranche, the distribution of the present value for
the paths could be wide, or equivalently, the standard deviation could
be large.
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Therefore, before using the theoretical value for a mortgage-backed
security generated from the Monte Carlo method, a manager should ask

for information about the distribution of the path’s present values.

KEY POINTS

1. Valuation is the process of determining the fair value of a finan-

cial asset.

2. The fundamental principle of valuation is that the value of any
financial asset is the present value of the expected cash flow,
where the cash flow is the cash that is expected to be received

each period from an investment.

3. For any bond in which neither the issuer nor the investor can alter
the repayment of the principal before its contractual due date, the
cash flow can easily be determined assuming that the issuer does not

default.

4. The difficulty in determining the cash flow arises for bonds where

either the issuer or the investor can alter the cash flow.

5. The base interest rate in valuing bonds is the rate on default-free
securities and U.S. Treasury securities are viewed as default-free secu-

rities.

6. The traditional valuation methodology is to discount every cash flow
of a bond by the same interest rate (discount rate), thereby incor-

rectly viewing each security as the same package of cash flows.

7. The proper approach values a bond as a package of cash flows,
with each cash flow viewed as a zero-coupon instrument and each

cash flow discounted at its own unique discount rate.

8. To properly value bonds, the rate on zero-coupon Treasury securi-

ties must be determined.

9. The Treasury yield curve indicates the relationship between the
yield on Treasury securities and maturity. However, the securities
included are a combination of zero-coupon instruments, that is,

Treasury bills, and Treasury coupon securities.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Since the U.S. Treasury does not issue zero-coupon securities with
a maturity greater than one year, a theoretical spot rate (i.e., zero-
coupon rate) curve must be constructed from the yield curve.

One approach to constructing the spot rate curve is bootstrap-
ping, the basic principle of which is that the value of the cash flow
from an on-the-run Treasury issue when discounted at the spot
rates should be equal to the observed market price.

From a Treasury spot rate curve, the value of any default-free security
can be determined.

The economic force that assures that Treasury securities will be
priced based on spot rates is the opportunity for government deal-
ers to profitably strip Treasury securities or for investors to risk-
lessly enhance portfolio returns.

To value a security with credit risk, it is necessary to determine a
term structure of credit risk or equivalently a zero-coupon credit
spread.

Evidence suggests that the credit spread increases with maturity
and the lower the credit rating, the steeper the curve.

Adding the zero-coupon credit spread for a particular credit qual-
ity within a sector to the Treasury spot rate curve gives the bench-
mark spot rate curve that should be used to value a security.

The nominal spread is the difference between the yield of a non-
Treasury and the yield on a comparable maturity benchmark
Treasury security.

The zero-volatility spread is a measure of the spread that the
investor would realize over the entire Treasury spot rate curve if
the bond were held to maturity.

There are two valuation methodologies that are being used to
value bonds with embedded options: the binomial method and the
Monte Carlo simulation method.

The methodologies seek to determine the fair or theoretical value

of the bond.
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21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

The option-adjusted spread (OAS) converts the cheapness or richness
of a bond into a spread over the future possible spot rate curves.

The spread is option adjusted because it allows for future interest
rate volatility to affect the cash flows.

The user of a valuation model is exposed to modeling risk and
should test the sensitivity of the model to alternative assumptions.

The binomial method involves generating a binomial interest rate
tree based on (1) an issuer’s on-the-run yield curve, (2) an assumed
interest rate generation process, and (3) an assumed interest rate
volatility.

The uncertainty of interest rates is introduced into the model by
introducing the volatility of interest rates.

In valuing a bond using the binomial interest rate tree, the cash flows
at a node are modified to take into account any embedded options.

The option-adjusted spread is the constant spread that when added
to the short rates in the binomial interest rate tree will produce a
valuation for the bond equal to the market price of the bond.

The cash flow of mortgage-backed securities is path dependent
and consequently the Monte Carlo method is commonly used to
value these securities.

The Monte Carlo method involves randomly generating many sce-
narios of future interest rate paths based on some volatility
assumption for interest rates.

The random paths of interest rates should be generated from an
arbitrage-free model of the future term structure of interest rates.

The Monte Carlo method applied to mortgage-backed securities
involves randomly generating a set of cash flows based on simu-
lated future mortgage refinancing rates.

The theoretical value of a security, on any interest rate path, is the
present value of the cash flow on that path where the spot rates
are those on the corresponding interest rate path.
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33. The theoretical value of a security is the average of the theoretical
values over all the interest rate paths.

34. In the Monte Carlo method, the option-adjusted spread is the
spread that, when added to all the spot rates on all interest rate
paths, will make the average present value of the paths equal to
the observed market price (plus accrued interest).

35. Information about the distribution of the present value for the
interest rate paths provides guidance as to the degree of uncer-
tainty associated with the theoretical value derived from the
Monte Carlo method.



Tools for Measuring Level
Interest Rate Risk

general principle of the valuation of financial assets is that the

present value of an expected future cash flow changes in the opposite
direction from changes in the interest rate used to discount the cash
flow. This inverse relationship lies at the heart of a crucial risk faced by
fixed-income investors—interest rate risk. Interest rate risk is the possi-
bility that the value of a bond position or portfolio will decline in value
as a result of an adverse movement in interest rates. For example, a long
bond position’s value will decline if interest rates rise, resulting in a loss.
Conversely, for a short bond position, a loss will be realized if interest
rates fall. To effectively control a portfolio’s exposure to interest rate
risk, it is necessary to quantify a portfolio’s sensitivity to a change in
interest rates. The purpose of this chapter and the next is to explain the
important elements of interest rate risk for various types of fixed-
income products and to illustrate the various methods used to measure
it. In this chapter, we measure interest rate risk using tools that presup-
pose that the yield curve is flat and moves in parallel shifts. In the chap-
ter that follows this one, we will relax this assumption and describe
tools for measuring yield curve risk.

The objectives of this chapter are to:

1. Hlustrate the price volatility properties of an option-free bond.

2. Provide a general formula that can be used to calculate the duration of any
security.

93
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3. Explain why the traditional duration measure, modified duration, is of lim-
ited value in determining the duration of a security with an embedded option.

4. Distinguish between modified duration, effective duration, and dollar dura-
tion.

5. Explain what is meant by negative convexity for a callable bond, a mort-
gage passthrough security, and asset-backed securities backed by residen-
tial mortgages.

6. Explain what the convexity measure of a bond is and the distinction
between modified convexity and effective convexity.

7. Describe the relationship between Macaulay duration and modified duration.

8. Explain how the duration of a floater and inverse floater are determined.

9. Explain market-based approaches for estimating duration of a mortgage-
backed security.

10. Explain price value of a basis point and yield value of a price change.
11. Explain how to control interest rate risk in active bond portfolio strategies.

PRICE VOLATILITY CHARACTERISTICS OF BONDS

There are four characteristics of a bond that affect its price volatility:
(1) term to maturity, (2) coupon rate, (3) the level of yields, and (4) the
presence of embedded options. In this section, we will examine each of
these price volatility characteristics.

The Price/Yield Relationship

Exhibit 3.1 depicts the inverse relationship between an option-free
bond’s price (located on the vertical axis) and its discount rate or
required yield (located on the horizontal axis).! There are two impor-
tant ideas to be gleaned from the price/yield relationship depicted in the
exhibit. First, the relationship is downward sloping. This is nothing
more than the inverse relationship between present values and discount
rates at work. Second, the relationship is represented as a curve rather
than a straight line. In fact, the curve’s shape in Exhibit 3.1 is referred to
as convex. By convex, it simply means the curve is “bowed in” relative
to the origin.? This second observation raises two questions about the
convex or curved shape of the price/yield relationship. First, why is it
curved? Second, what is the importance of the curvature?

'n our discussion, we will use the terms “required yield,” “discount rate,” and “in-
terest rate” interchangeably.

2 Mathematically, if a relationship is convex, it implies the following: If we pick any
pair of points on the curve and join them with a straight line, the line segment will
lie above the curve.
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EXHIBIT 3.1  Price/Yield Relationship for a Hypothetical Option-Free Bond

Price

Required Yield

The answer to the first question is mathematical and becomes
apparent by examining the denominator of the bond pricing formula
presented in Chapter 2. Since we are raising one plus the periodic
required yield to powers greater than one, it should not be surprising
that the relationship between the level of the bond’s price and the level
of the required yield is a curve rather than a straight line.

As for the importance of the curvature to bond investors, let’s con-
sider what happens to bond prices when the required yield rises and
falls. First, what happens to bond prices as the required yield falls?
Bond prices rise. How about the rate at which bond prices rise as the
required yield falls? If the price/yield relationship were linear, as the
required yield fell, bond prices would rise at a constant rate. However,
the relationship is not linear; it is curved and curved inward. See Exhibit
3.1. Accordingly, when required yields fall, bond prices increase at an
increasing rate. If one has a long position in the bond, this is a benefit.
Now, let’s consider what happens when required yields rise. Bond prices
fall. How about the rate at which bond prices fall as the required yield
rises? Once again, if the price/yield relationship were linear, as required
yields rose, bond price would fall as a constant rate. Since it curved
inward, when required yields rise, bond prices decrease at a decreasing
rate. If one has a long position in the bond, this is an appealing feature.

Recall that the slope of a curve at a particular point is equal to the
slope of a straight line that just touches the curve at that point (i.e., a tan-
gent line). What happens to the slope of the tangent line to the price/yield
relationship as we move from higher required yields to lower required
yields? The slope of the tangent line gets progressively steeper. This result
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is exactly what we have seen, namely, that bond prices increase at an
increasing rate when required yields fall. Conversely, what happens to the
slope of the tangent line as we move from lower to higher required yields?
The slope of the tangent line gets progressively flatter. Bond prices
decrease at a decreasing rate when required yields rise.

Price Volatility Characteristics of Option-Free Bonds

Let’s begin by focusing on option-free bonds (i.e., bonds that do not
have embedded options). A fundamental characteristic of an option-free
bond is that the price of the bond changes in the opposite direction from
a change in the bond’s required yield. Exhibit 3.2 illustrates this prop-
erty for four hypothetical bonds assuming a par value of $100.

When the price/yield relationship for any hypothetical option-free
bond is graphed, it exhibits the basic shape depicted in Exhibit 3.1. The
price/yield is for an instantaneous change in the required yield. Exhibit
3.3 shows the price/yield relationship for a U.S. Treasury principal strip
that matures February 15, 2012. Using a settlement date of June 14,
2002, the yield is 5.322%. To construct the graph, the principal strip
was repriced using increments and decrements of 10 basis points from
7.322% to 3.322%. Exhibit 3.4 shows the two price/yield relationships
for a 3.25% coupon, 2-year Treasury note that matures on May 31,
2004 and a 4.875% coupon, 10-year note that matures on February 15,
2012. Both notes are priced with a settlement date of June 14, 2002.
Note the 10-year Treasury note’s price/yield relationship is more steeply
sloped and more curved than the price/yield relationship for the 2-year
Treasury note. The reasons for these differences will be discussed shortly.

EXHIBIT 3.2  Price/Yield Relationship for Four Hypothetical Option-Free Bonds

Price ($)
Yield (%) 7%, 10-year 7%, 30-year 9%, 10-year 9%, 30-year

5.00 115.5892 130.9087 131.1783 161.8173
6.00 107.4387 113.8378 122.3162 141.5133
6.50 103.6348 106.5634 118.1742 132.8171
6.90 100.7138 101.2599 114.9908 126.4579
6.99 100.0711 100.1248 114.2899 125.0947
7.00 100.0000 100.0000 114.2124 124.9447
7.01 99.9290 99.8754 114.1349 124.7950
7.10 99.2926 98.7652 113.4409 123.4608
7.50 96.5259 94.0655 110.4222 117.8034
8.00 93.2048 88.6883 106.7952 111.3117

9.00 86.9921 79.3620 100.0000 100.0000
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EXHIBIT 3.3  Price/Yield Relationship for a 10-Year Treasury Principal Strip
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EXHIBIT 3.4  Price/Yield Relationship for a 3.25% 2-Year Treasury Note and a
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EXHIBIT 3.5 Instantaneous Percentage Price Change for Four Hypothetical Bonds
(Initial Yield for all Four Bonds is 7%)

Price ($)
Yield (%) 7%, 10-year 7%, 30-year 9%, 10-year 9%, 30-year

5.00 15.5892 30.9087 14.8547 29.5111
6.00 7.4387 13.8378 7.0954 13.2607
6.50 3.6368 6.5634 3.4688 6.3007
6.90 0.7138 1.2599 0.6815 1.2111
6.99 0.0711 0.1248 0.0679 0.1201
7.00 0.0000 0.0000 0.0000 0.0000
7.01 -0.0710 -0.1246 -0.0679 —0.1200
7.10 -0.0707 -1.2350 -0.6750 -1.1880
7.50 -3.4740 -5.9350 -3.3190 -5.7160
8.00 —6.7950 -11.3120 —6.4940 -10.9110
9.00 —-13.0080 -20.6380 -12.4440 -19.9650

The price sensitivity of a bond to changes in the required yield can
be measured in terms of the dollar price change or the percentage price
change. Exhibit 3.5 uses the four hypothetical bonds in Exhibit 3.2 to
show the percentage change in each bond’s price for various changes in
yield, assuming that the initial yield for all four bonds is 7%. An exami-
nation of Exhibit 3.5 reveals the following properties concerning the
price volatility of an option-free bond:

Property 1: Although the price moves in the opposite direction from
the change in required yield, the percentage price change is not the
same for all bonds.

Property 2: For small changes in the required yield, the percentage
price change for a given bond is roughly the same, whether the
required yield increases or decreases.

Property 3: For large changes in required yield, the percentage price
change is not the same for an increase in required yield as it is for a
decrease in required yield.

Property 4: For a given large change in basis points in the required
yield, the percentage price increase is greater than the percentage price
decrease.

While the properties are expressed in terms of percentage price change,
they also hold for dollar price changes.
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EXHIBIT 3.6  Graphical Illustration of Properties 3 and 4 for an Option-Free Bond

Price (Y = Y;) = (Y2 — Y)(equal basis point changes)
(Pr=P)>(P- Py
o
P
P

P,

P, 2
Y, Y Y, Yield

An explanation for these two properties of bond price volatility lies
in the convex shape of the price/yield relationship. Exhibit 3.6 illus-
trates this. The following notation is used in the exhibit

Y = initial yield
Y, = lower yield
Y, = higher yield
P = initial price
Py = price at lower yield Y
P, = price at higher yield Y,

What was done in the exhibit was to change the initial yield (Y) up and
down by the same number of basis points. That is, in Exhibit 3.6, the
yield is decreased from Y to Y{ and increased from Y to Y, such that the
magnitude of the change is the same:

Y-Y =Y,-Y

Also, the amount of the change in yield is a large number of basis
points.

The vertical distance from the horizontal axis (the yield) to the
intercept on the graph shows the price. The change in the initial price
(P) when the yield declines from Y to Y; is equal to the difference
between the new price (Pq) and the initial price. That is,
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Change in price when yield decreases = P — P

The change in the initial price (P) when the yield increases from Y to Y,
is equal to the difference between the new price (P;) and the initial
price. That is,

Change in price when yield increases = P — P,

As can be seen in the exhibit, the change in price when yield
decreases is not equal to the change in price when yield increases by the
same number of basis points. That is,

Pl—P?tP—Pz

This is what Property 3 states. Moreover, a comparison of the price
change shows that the change in price when yield decreases is greater
than the change in price when yield increases. That is,

Pl—P>P—P2

This is Property 4.

The implication of Property 4 is that if an investor is long a bond,
the price appreciation that will be realized, if the required vyield
decreases, is greater than the capital loss that will be realized if the
required vyield increases by the same number of basis points. For an
investor who is short a bond, the reverse is true: The potential capital
loss is greater than the potential capital gain if the yield changes by a
given number of basis points.

To see how the convexity of the price/yield relationship impacts
Property 4, look at Exhibits 3.7 and 3.8. Exhibit 3.7 shows a less con-
vex price/yield relationship than Exhibit 3.6. That is, the price/yield
relationship in Exhibit 3.7 is less bowed than the price/yield relationship
in Exhibit 3.6. Because of the difference in the convexities, look at what
happens when the yield increases and decreases by the same number of
basis points and the yield change is a large number of basis points. We
use the same notation in Exhibits 3.7 and 3.8 as in Exhibit 3.6. Notice
that while the price gain, when the required yield decreases, is greater
than the price decline, when the required yield increases, the gain is not
much greater than the loss. In contrast, Exhibit 3.8 has much greater
convexity than the bonds in Exhibits 3.6 and 3.7 and the price gain is
significantly greater than the loss for the bonds depicted in Exhibits 3.6
and 3.7.
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EXHIBIT 8.7 Impact of Convexity on Property 4: Less Convex Bond

Price (Y = Y1) = (Y7 = Y) (equal basis point changes)
(Pr = PYy>(P = Py

P
p
P
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Y, Y Y, Yield

EXHIBIT 3.8 Impact of Convexity on Property 4: Highly Convex Bond

Price
(Y ~ Y;) = (Y, — Y)(equal basis point changes)
P,

Py - P)>(P-P)

Y, Y Y, Yield
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Price Volatility Characteristics of Bonds with Embedded Options

Now let’s turn to the price volatility characteristics of bonds with
embedded options. As explained in previous chapters, the price of a
bond with an embedded option is comprised of two components. The
first is the value of the same bond if it had no embedded option. That is,
the price if the bond is option free. The second component is the value
of the embedded option.

The two most common types of embedded options are call (or pre-
pay) options and put options. As interest rates in the market decline, the
issuer may call or prepay the debt obligation prior to the scheduled
principal repayment date. The other type of option is a put option. This
option gives the investor the right to require the issuer to purchase the
bond at a specified price. Below we will examine the price/yield relation-
ship for bonds with both types of embedded options (calls and puts) and
implications for price volatility.

Bonds with Call and Prepay Options

In the discussion below, we will refer to a bond that may be called or is
prepayable as a callable bond. Exhibit 3.9 shows the price/yield rela-
tionship for an option-free bond and a callable bond. The convex curve
given by a-a” is the price/yield relationship for an option-free bond. The
unusual shaped curve denoted by a-b in the exhibit is the price/yield
relationship for the callable bond.

The reason for the price/yield relationship for a callable bond is as
follows. When the prevailing market yield for comparable bonds is higher
than the coupon rate on the callable bond, it is unlikely that the issuer
will call the issue. For example, if the coupon rate on a bond is 7% and
the prevailing market yield on comparable bonds is 12%, it is highly
unlikely that the issuer will call a 7% coupon bond so that it can issue a
12% coupon bond. Since the bond is unlikely to be called, the callable
bond will have a similar price/yield relationship as an otherwise compara-
ble option-free bond. Consequently, the callable bond is going to be val-
ued as if it is an option-free bond. However, since there is still some value
to the call option, the bond won’t trade exactly like an option-free bond.

As yields in the market decline, the concern is that the issuer will call
the bond. The issuer won’t necessarily exercise the call option as soon as
the market yield drops below the coupon rate. Yet, the value of the embed-
ded call option increases as yields approach the coupon rate from higher
yield levels. For example, if the coupon rate on a bond is 7% and the mar-
ket yield declines to 7.5%, the issuer will most likely not call the issue.
However, market yields are at a level at which the investor is concerned
that the issue may eventually be called if market yields decline further. Cast
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in terms of the value of the embedded call option, that option becomes
more valuable to the issuer and therefore it reduces the price relative to an
otherwise comparable option-free bond.?> In Exhibit 3.9, the value of the
embedded call option at a given yield can be measured by the difference
between the price of an option-free bond (the price shown on the curve a-@’)
and the price on the curve a-b. Notice that at low yield levels (below y* on
the horizontal axis), the value of the embedded call option is high.

Let’s look at the difference in the price volatility properties relative
to an option-free bond given the price/yield relationship for a callable
bond shown in Exhibit 3.9. Exhibit 3.10 blows up the portion of the
price/yield relationship for the callable bond where the two curves in
Exhibit 3.9 depart (segment b-b" in Exhibit 3.9). We know from our dis-
cussion of the price/yield relationship that for a large change in yield of
a given number of basis points, the price of an option-free bond
increases by more than it decreases (Property 4 above). Is that what
happens for a callable bond in the region of the price/yield relationship
shown in Exhibit 3.10? No, it is not. In fact, as can be seen in the
exhibit, the opposite is true! That is, for a given large change in yield,
the price appreciation is less than the price decline.

EXHIBIT 3.9  Price/Yield Relationship for a Callable Bond and an Option-Free Bond

Price a

Option-Free Bond
a-a

Callable Bond
a-b

Yield

3 For readers who are already familiar with option theory, this characteristic can be re-
stated as follows: When the coupon rate for the issue is below the market yield, the em-
bedded call option is said to be “out-of-the-money.” When the coupon rate for the issue
is above the market yield, the embedded call option is said to be “in-the-money.”
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EXHIBIT 3.10  Negative Convexity Region of the Price/Yield Relationship for a
Callable Bond

Price (Y-Y;)=(Y,-Y) (equal basis point changes)
(P1=P)<(P-Pp)

bl

Yy Y Y, Yield

The price volatility characteristic of a callable bond is important to
understand. The characteristic of a callable bond—that its price appre-
ciation is less than its price decline when rates change by a large number
of basis points—is referred to as negative convexity.* But notice from
Exhibit 3.9 that callable bonds do not exhibit this characteristic at every
yield level. When yields are high (relative to the issue’s coupon rate), the
bond exhibits the same price/yield relationship as an option-free bond
and therefore at high yield levels it also has the characteristic that the
gain is greater than the loss. Because market participants have referred
to the shape of the price/yield relationship shown in Exhibit 3.10 as
negative convexity, market participants refer to the relationship for an
option-free bond as positive convexity. Consequently, a callable bond
exhibits negative convexity at low yield levels and positive convexity at
high yield levels. This is depicted in Exhibit 3.11.

As can be seen from the exhibits, when a bond exhibits negative
convexity, the bond compresses in price as rates decline. That is, at a
certain yield level there is very little price appreciation when rates
decline. When a bond enters this region, the bond is said to exhibit
“price compression.”

* Mathematicians refer to this shape as being “concave.”



Tools for Measuring Level Interest Rate Risk 65

EXHIBIT 3.11  Negative and Positive Convexity Exhibited by a Callable Bond

Price

Negative 1 Positive 4
~f——— convexity ——j- | <f——— convexity —m
region I region
y* Yield

Bonds with Embedded Put Options

Putable bonds may be redeemed by the bondholder on the dates and at
the put price specified in the indenture. Typically, the put price is par
value. The advantage to the investor is that if yields rise such that the
bond’s value falls below the put price, the investor will exercise the put
option. If the put price is par value, this means that if market yields rise
above the coupon rate, the bond’s value will fall below par and the
investor will then exercise the put option.

The value of a putable bond is equal to the value of an option-free
bond plus the value of the put option. Thus, the difference between the
value of a putable bond and the value of an otherwise comparable
option-free bond is the value of the embedded put option. This can be
seen in Exhibit 3.12 which shows the price/yield relationship for a
putable bond (the curve a—b) and an option-free bond (the curve a—a’).

At low yield levels (low relative to the issue’s coupon rate), the price
of the putable bond is basically the same as the price of the option-free
bond because the value of the put option is small. As rates rise, the price
of the putable bond declines, but the price decline is less than that for an
option-free bond. The divergence in the price of the putable bond and an
otherwise comparable option-free bond at a given yield level is the value
of the put option. When yields rise to a level where the bond’s price
would fall below the put price, the price at these levels is the put price.
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EXHIBIT 3.12  Price/Yield Relationship for a Putable Bond and an Option-Free
Bond

Price a

Option-Free Bond
a-a’

Putable Bond
a-b
b

Yield

DURATION

Given the background about a bond’s price volatility characteristics, we
can now turn our attention to an alternate approach to full valuation
discussed in Chapter 1: the duration/convexity approach. Simply put,
duration is a measure of the approximate sensitivity of a bond’s value to
rate changes. More specifically, duration is the approximate percentage
change in value for a 100-basis-point change in rates. We will see in this
section that duration is the first approximation (i.e., linear) of the per-
centage price change. To improve the estimate obtained using duration,
a measure called “convexity” can be used. Hence, using duration and
convexity together to estimate a bond’s percentage price change result-
ing from interest rate changes is called the duration/convexity approach.

Calculating Duration
The duration of a bond is estimated as follows:

Price if yields decline — Price if yields rise
2 (Initial price)(Change in yield in decimal)




Tools for Measuring Level Interest Rate Risk 67

EXHIBIT 3.13 Bloomberg Yield Analysis for 4.875% 10-Year Treasury Note
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If we let

Ay = change in yield in decimal
Vo initial price

V_ price if yields decline by Ay
v, price if yields increase by Ay

then duration can be expressed as

) V_-V,
Duration = ———— (3.1)
2(Vy)(Ay)

For example, consider the 4.875% coupon, 10-year note discussed
earlier that matures on February 15, 2012 and on a settlement date of June
14, 2002 is priced to yield 4.886% with a full price of 101.5119 since it is
between coupon payment dates. Exhibit 3.13 presents Bloomberg’s Yield
Analysis (YA) screen for this security. Let’s change (i.e., shock) the note’s
required yield up and down by 20 basis points and determine what the
new prices will be in the numerator of equation (3.1). If the required yield
were decreased by 20 basis points from 4.886% to 4.686 %, the note’s full
price would increase to 103.0525. Conversely, if the yield increases by 20
basis points, the full price would decrease to 99.9995. Thus,
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Ay = 0.002
Vo = 101.5119
V_ = 103.0525
V., = 99.9995
Then
Duration = 103.0525 -99.9995 7519

2x(101.5119) % (0.002)

Note that our calculation for duration of 7.519 agrees (within rounding
error) with Bloomberg’s calculation in Exhibit 3.13. Bloomberg’s interest
rate risk measures are located in a box titled “Sensitivity Analysis” in the
lower left-hand corner of the screen. The duration measure we just calcu-
lated is labeled “Adj/Mod Duration” which stands for adjusted/modified
duration. We’ll discuss this further later in this chapter.

Duration is interpreted as the approximate percentage change in price
for a 100-basis-point change in the required yield. Consequently, a dura-
tion of 7.519 means that the approximate percentage change in the bond’s
price will be 7.519% for a 100-basis-point change in the required yield.
Moreover, since duration is a linear approximation, the approximate per-
centage price change for a 50-basis-point change in required yield is one-
half the duration or in the case 3.7595%. This result generalizes.

It is paramount to keep in mind when interpreting duration that the
change in yield referred to above is the same change in yield for all
maturities. This assumption is commonly referred to as the parallel yield
curve shift assumption. Thus, the foregoing discussion about the price
sensitivity of a security to interest rate changes is limited to parallel
shifts in the yield curve. In the next chapter, we will address the case
where the yield curve shifts in a nonparallel manner.

A common question often raised at this juncture is the consistency
between the yield change that is used to compute duration (Ay) using equa-
tion (3.1) and the interpretation of duration. For example, recall that in
computing the duration of the 10-year Treasury note, we used a 20-basis-
point yield change to obtain the two prices used in the numerator in equa-
tion (3.1). Yet, we interpret the duration measure computed using equation
(3.1) as the approximate percentage price change for a 100-basis-point
change in yield. The reason is that regardless of the yield change used to
estimate duration in equation (3.1), the interpretation is unchanged. If we
used a 30-basis-point change in yield to compute the prices used in the
numerator of equation, the resulting duration measure is interpreted as the
approximate percentage price change for a 100-basis-point change in yield.
Simply put, the choice of Ay in equation (3.1) is arbitrary. Shortly, we will
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use different changes in yield to illustrate the sensitivity (or lack thereof) of
the computed duration using equation (3.1).

Approximating the Percentage Price Change Using Duration

In order to approximate the percentage price change for a given change
in yield and a given duration, we employ the following formula:

Approximate percentage price change = —Duration X Ay x 100 (3.2)

The reason for the negative sign on the right-hand side of equation (3.2)
is due to the inverse relationship between price change and yield change.

For example, consider the 4.875% coupon, 10-year U.S. Treasury
note trading at a full price of 101.5119 whose duration we just computed
is 7.519. The approximate percentage price change for a 10-basis-point
increase in the required yield (i.e., Ay = +0.001) is

Approximate percentage price change = —7.519 x (+0.001) x 100 = —-0.7519

How good is this approximation? The actual percentage price
change is —0.7484 (= (100.7522 — 101.5119)/101.5119). Duration, in
this instance, did an accurate job of estimating the percentage price
change. We would reach the same conclusion if we used duration to esti-
mate the percentage price change if the yield declined by 10 basis points
(i.e., Ay = =0.001). In this case, the approximate percentage price
change would be +0.7519 (i.e., the direction of the estimated price
change is the reverse but the magnitude of the change is the same
because it is a linear approximation.)

In terms of estimating the new price, let’s see how duration per-
forms. The initial full price is 101.5119. For a 10-basis-point increase in
yield, duration estimates that the price will decline by -0.7519%. Thus,
the full price will decline to 100.7486 (found by multiplying 101.5119
by one minus 0.007519). The actual full price if the yield increases by
10 basis points is 100.7522. Thus, the price estimate using duration is
very close to the actual price. For a 10-basis-point decrease in yield, the
actual full price is 102.2787 and the estimated price using duration is
102.2752 (a price increase of 0.7519%).

Now let us examine how well duration does in estimating the per-
centage price change when the yield increases by 200 basis points rather
than a 10 basis points. In this case, Ay is equal to +0.02. Substituting
into equation (3.2) we have

Approximate percentage price change = —-7.519 x (+0.02) x 100
=-15.038%
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EXHIBIT 3.14  Application of Duration to Approximate the Percentage Price
Change

Percent
New Price Price Change
Yield Based Based
Change Initial on on
(bp) Price  Duration Actual Duration  Actual Comment

+10 101.5119 100.7486 100.7522  -0.7519  —0.7484 Estimated price close to
new price.

-10 101.5119 102.2787 102.2787  +0.7519  +0.7554 Estimated price close to
new price.

+200 101.5119 86.2470 87.5627 -15.038 -13.740 Underestimates new price.
-200 101.5119 116.7772 118.2794 +15.038  +16.520 Underestimates new price.

How accurate is this estimate? The actual percentage price change when
the yield increases by 200 basis points (4.886% to 6.886%) is —=13.74%.
Thus, the estimate is considerably less accurate than when we used
duration to approximate the percentage price change for a change in
yield of only 10 basis points. If we use duration to approximate the per-
centage price change when the yield decreases by 200 basis points, the
approximate percentage price change in this scenario is +15.038%
(remember only the sign changes). The actual percentage price change is
+16.52%.

As before, let’s examine the use of duration in terms of estimating
the new price. Since the initial full price is 101.5119 and a 200-basis-
point increase in yield will decrease the price by —=13.74 %, the estimated
new price using duration is 86.247 (found by multiplying 101.5119 by
one minus 0.15038). The actual full price if the yield rises by 200 basis
points (4.886% to 6.886%) is 87.5627. Consequently, the estimate is
not as accurate as the estimate for a 10-basis-point change in yield. The
estimated new price using duration for a 200-basis-point decrease in
yield (4.886% to 2.886%) is 116.7772 compared to the actual price of
118.2794. Once again, the estimation of the price using duration is not
as accurate as for a 10-basis-point change. Notice that whether the yield
is increased or decreased by 200 basis points, duration underestimates
what the new price will be. We will discover why shortly. Exhibit 3.14
summarizes what we found in our application to approximate the 10-
year U.S. Treasury note’s percentage price change.

This result should come as no surprise to careful readers of the last
section on price volatility characteristics of bonds. Specifically equation
(3.2) is somewhat at odds with the properties of the price/yield relation-



Tools for Measuring Level Interest Rate Risk n

ship. We are using a linear approximation for a price/yield relationship
that is convex.

Graphical Depiction of Using Duration to Estimate Price Changes

Earlier we used the graph of the price/yield relationship to demonstrate
the price volatility properties of bonds. We can use graphs to illustrate
what we observed in our examples about how duration estimates the
percentage price change, as well as some other noteworthy points.

The shape of the price/yield relationship for an option-free bond is
convex. Exhibit 3.15 shows this relationship. In the exhibit a tangent
line is drawn to the price/yield relationship at yield y*. (For those unfa-
miliar with the concept of a tangent line, it is a straight line that just
touches a curve at one point within a relevant (local) range. In Exhibit
3.15, the tangent line touches the curve at the point where the yield is
equal to y* and the price is equal to p*.) The tangent line is used to esti-
mate the new price if the yield changes. If we draw a vertical line from
any yield (on the horizontal axis), as in Exhibit 3.15, the distance
between the horizontal axis and the tangent line represents the price
approximated by using duration starting with the initial yield y".

EXHIBIT 8.15  Price/Yield Relationship for an Option-Free Bond with a Tangent Line

Price Actual price

Tangent line at y*
(estimated price)

y* Yield
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EXHIBIT 3.16  Estimating the New Price Using a Tangent Line

Price Actual price
Error in estimating price
¢ based only on duration
p L R R A

Tangent line
at y* (estimated price)

b - — —

<l - - -
—
<<

4 Yield

Now how is the tangent line, used to approximate what the new
price will be if yields change, related to duration? The tangent line tells
us the approximate new price of a bond if the yield changes. Given (1)
the initial price and (2) the new price of a bond if the yield changes
using the tangent line, the approximate percentage price change can be
computed for a given change in yield. But this is precisely what dura-
tion, using equation (3.2), gives us: the approximate percentage change
for a given change in yield. Thus, using the tangent line one obtains the
same approximate percentage price change as using equation (3.2).

This helps us understand why duration did an effective job of esti-
mating the percentage price change, or equivalently the new price, when
the yield changes by a small number of basis points. Look at Exhibit
3.16. Notice that for a small change in yield, the tangent line does not
depart much from the price/yield relationship. Hence, when the yield
changes up or down by 10 basis points, the tangent line does a good job
of estimating the new price, as we found in our earlier numerical illus-
tration.
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EXHIBIT 3.17  Estimating the New Price for a Large Yield Change for Bonds with
Different Convexities

Price | Actual price
for bond A

Bond B has greater convexity than bond A.
Price estimate better for bond A than bond B.

Actual price
for bond B

y 34

Tangent line
at y* (estimated price)

y* Yield

Exhibit 3.16 also shows what happens to the estimate using the tan-
gent line when the yield changes by a large number of basis points.
Notice that the error in the estimate gets larger the further one moves
from the initial yield. The estimate is less accurate the more convex the
bond. This is illustrated in Exhibit 3.17.

Also note that regardless of the magnitude of the yield change, the
tangent line always underestimates what the new price will be for an
option-free bond because the tangent line is below the price/yield rela-
tionship. This explains why we found in our illustration that when using
duration we underestimated what the actual price will be.

Rate Shocks and Duration Estimate

In calculating duration using equation (3.1), it is necessary to shock
interest rates (yields) up and down by the same number of basis points
to obtain the values for V_ and V.. In our illustration, 20 basis points
was arbitrarily selected. But how large should the shock be? That is,
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how many basis points should be used to shock the rate? Looking at
equation (3.1) it is relatively easy to discern why the size of the interest
rate shock should not matter too much. Specifically, the choice of Ay has
two effects on equation (3.1). In the numerator, the choice of Ay affects
the spread between V_ and V, in that the larger the interest rate shock,
the larger the spread between the two prices. In the denominator, the
choice of Ay appears directly and the denominator is larger for larger
values of Ay. The two effects should largely neutralize each other, unless
the price/yield relationship is highly convex (i.e., curved).

In Exhibit 3.18, the duration estimate for our three U.S. Treasury
securities from Exhibits 3.3 and 3.4 using equation (3.1) for rate shocks
of 1 basis point to 100 basis points is reported. The duration estimates
for the 2-year note are unaffected by the size of the shock. The duration
estimates for the 10-year note are affected only slightly even though a
10-year note will have higher positive convexity (i.e., a price/yield rela-
tionship that is more curved) than a 2-year note. Lastly, if the duration
estimates are ever going to be affected by the size of the interest rate
shock, this should be evident when this exercise is performed on a 10-
year principal strip, which has large positive convexity relative to the
other two securities (i.e., a price/yield relationship that is very curved).
However, even in this case, the duration estimates are affected only mar-
ginally. It would appear that the size of the interest rate shock is unim-
portant for approximating the duration of option-free bonds using
equation (3.1).°

EXHIBIT 3.18  Duration Estimates for Different Rate Shocks

Assumptions: All of these bonds are priced with a settlement date of 6/14/02. The
initial yields for the 2-year note, 10-year note and 10-year principal strip are
2.969%, 4.886%, and 5.322% respectively.

Bond 1bp 10bps 20bps S50bps 100 bps

2-year, 3.25% coupon U.S. Treasury 1.886  1.886 1.886 1.886 1.887
note maturing 5/31/04

10-year, 4.875% coupon U.S. Treasury ~ 7.518  7.519 7.519 7.521 7.530
note maturing 2/15/12

10-year U.S. Treasury principal strip 9421 9421 9.421 9.425 9.439
maturing 2/15/12

3 When calculating modified duration, Bloomberg uses an interest rate shock of 100
basis points to calculate V_and V,.
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When we deal with more complicated securities, small rate shocks
that do not reflect the types of rate changes that may occur in the mar-
ket do not permit the determination of how prices can change because
expected cash flows may change when dealing with bonds with embed-
ded options. In comparison, if large rate shocks are used, we encounter
the asymmetry caused by convexity. Moreover, large rate shocks may
cause dramatic changes in the expected cash flows for bonds with
embedded options that may be far different from how the expected cash
flows will change for smaller rate shocks.

There is another potential problem with using small rate shocks for
complicated securities. The prices that are inserted into the duration
formula as given by equation (3.1) are derived from a valuation model.
The duration measure depends crucially on a valuation model. If the
rate shock is small and the valuation model used to obtain the prices for
equation (3.1) is poor, dividing poor price estimates by a small shock in
rates in the denominator will have a significant affect on the duration
estimate.

What is done in practice by dealers and vendors of analytical sys-
tems? Each system developer uses rate shocks that they have found to be
realistic based on historical rate changes.

Dollar Duration
Duration is related to percentage price change. However, for two bonds
with the same duration, the dollar price change will not be the same.
For example, consider two bonds, W and X. Suppose that both bonds
have a duration of 5, but that W is trading at par while X is trading at
90. A 100-basis-point change for both bonds will change the price by
approximately 5%. This means a price change of $5 (5% times $100)
for W and a price change of $4.5 (5% times $90) for X.

The dollar price volatility of a bond can be measured by multiplying
duration by the full dollar price and the number of basis points (in deci-
mal form). That is,

Dollar price change = Duration x Dollar price
x Yield change (in decimal)

The dollar price volatility for a 100-basis-point change in yield is
Dollar price change = Duration x Dollar price x 0.01

or equivalently,
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Dollar price change = Duration x Dollar price/100

The dollar price change calculated using the above formula is called
dollar duration. In some contexts, dollar duration refers to the price
change for a 100-basis-point change in yield. The dollar duration for
any number of basis points can be computed by scaling the dollar price
change accordingly. For example, for a 50-basis-point change in yields,
the dollar price change or dollar duration is

Dollar price change = Duration X Dollar price/200

For a one basis point change in yield, the dollar price change will
give the same result as the price value of a basis point.

The dollar duration for a 100-basis-point change in yield for bonds
W and X is

For bond W: Dollar duration = 5 x 100/100 5.0
For bond X: Dollar duration = 5x90/100 = 4.5

Modified Duration versus Effective Duration

One form of duration that is cited by practitioners is modified duration.
Modified duration is the approximate percentage change in a bond’s
price for a 100-basis-point change in yield assuming that the bond’s
expected cash flows do not change when the yield changes. What this
means is that in calculating the values of V_ and V, in equation (3.1),
the same cash flows used to calculate V(y are used. Therefore, the change
in the bond’s price when the yield is changed is due solely to discounting
cash flows at the new yield level.

The assumption that the cash flows will not change when the yield is
changed makes sense for option-free bonds such as noncallable Treasury
securities. This is because the payments made by the U.S. Department of
the Treasury to holders of its obligations do not change when interest
rates change. However, the same cannot be said for bonds with embed-
ded options (i.e., callable and putable bonds, mortgage-backed securi-
ties, and certain asset-backed securities). For these securities, a change
in yield may significantly alter the expected cash flows.

Earlier in the chapter, we presented the price/yield relationship for
callable and prepayable bonds. Failure to recognize how changes in
yield can alter the expected cash flows will produce two values used in
the numerator of equation (3.1) that are not good estimates of how the
price will actually change. The duration is then not a good number to
use to estimate how the price will change.
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When we discussed valuation models for bonds with embedded
options, we learned how these models (lattice models and Monte Carlo
simulation) take into account how changes in yield will affect the
expected cash flows. Thus, when V_ and V, are the values produced from
these valuation models, the resulting duration takes into account both the
discounting at different interest rates and how the expected cash flows
may change. When duration is calculated in this manner, it is referred to
as effective duration or option-adjusted duration or OAS duration. Below
we explain how effective duration is calculated based on the lattice model
and the Monte Carlo model.

Calculating the Effective Duration Using the Lattice Model

In Chapter 2, we explained how the lattice model is used to value bonds
with embedded options. In our illustrations we used one form of the lat-
tice model, the binomial model. The procedure for calculating the val-
ues to be substituted into the duration formula, equation (3.1), using
the binomial model is now described. V, is determined as follows:

Step 1: Calculate the option-adjusted spread (OAS) for the issue.

Step 2: Shift the on-the-run yield curve up by a small number of
basis points.

Step 3: Construct a binomial interest rate tree based on the new
yield curve in Step 2.

Step 4: To each of the short rates in the binomial interest rate tree,
add the OAS to obtain an “adjusted tree.”

Step 5: Use the adjusted tree found in Step 4 to determine the value
of the bond, which is V,.

To determine the value of V_, the same five steps are followed
except that in Step 2, the on-the-run yield curve is shifted down by a
small number of basis points.

Notice that in the calculation of V, and V_ the yield for each matu-
rity is changed by the same number of basis points. This assumption is
called the parallel yield curve shift assumption that we referred to earlier.

To illustrate how V, and V_ are determined in order to calculate
effective duration, we will use the same on-the-run yield curve that we
used in Chapter 2 assuming a volatility of 10%. The 4-year callable
bond with a coupon rate of 6.5% and callable at par selling at 102.218
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will be used in this illustration. We showed that the OAS for this issue is
35 basis points.

Exhibit 3.19a shows the adjusted tree by shifting the yield curve up
by an arbitrarily small number of basis points, 25 basis points, and then
adding 35 basis points (the OAS) to each 1-year rate. The adjusted tree
is then used to value the bond. The resulting value, V,, is 101.621.
Exhibit 3.19b shows the adjusted tree by shifting the yield curve down
by 25 basis points and then adding 35 basis points to each 1-year rate.
The resulting value, V_, is 102.765.

The results are summarized below:

Ay =0.0025 V,=101.621 V_=102.765 V;=102.218
Therefore,

102.765 - 101.621 _

Effective duration = =
2(102.218)0.0025

This procedure is the one used by Bloomberg to calculate effective duration.

As an illustration of the difference between modified and effective
duration, let’s consider a callable bond issued by Fannie Mae.
Bloomberg’s Security Description screen (DES) for this issue is presented
in Exhibit 3.20. Note that this 6% coupon bond matures on January 18,
2012 and is callable at par only on January 18, 2005. This type of call
structure is known as a “European call.” Bloomberg’s Option-Adjusted
Spread Analysis (YAS) screen shown in Exhibit 3.21 gives three dura-
tion measures in center of the screen. Based on a settlement date of June
18, 2002, the modified duration is 7.07. This duration measure treats
the bond as if it is option-free and values the bond as if changes in inter-
est rates have no impact on the bond’s expected cash flows. This number
is located in the row labeled “M Dur” and the column labeled “To
Mty.” Next, Bloomberg calculates a duration measure assuming the
bond will be called on the first call date (and in the case the only call
date) of January 18, 2005. Essentially, the bond is valued as if it is
straight bond that matures on the first call date and the investor receives
the call price at this time (which for this issue is par). It is important to
recognize that the call option impact’s on the bond’s expected cash flows
is not considered explicitly. This duration measure is located in the col-
umn labeled “To Call on 1/18/2005” and is 2.31. It is lower, of course,
because the bond’s maturity is assumed to be seven years shorter
namely, January 18, 2005 as opposed to January 18, 2012.
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EXHIBIT 3.20  Bloomberg Security Description Screen for a 6% Callable
Fannie Mae Bond

DES 59 Corp DES
SECURITY DESCRIPTION
0g |

Source: Bloomberg Financial Markets

EXHIBIT 8.21 Bloomberg Option-Adjusted Spread Analysis Screen for a 6%
Callable Fannie Mae Bond
Assumption: Volatility is 20%

59 Corp

JUSTED SPREAD ANALYSIS

Source: Bloomberg Financial Markets
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EXHIBIT 3.22 Bloomberg Option-Adjusted Spread Analysis Screen for a 6%
Callable Fannie Mae Bond
Assumption: Volatility is 25 %

PSS Corp  YAS
Lm

N-ADJUSTED SPREAD ANALYSIS

Price

RUNOREE 101.0454

6/18/2002

Source: Bloomberg Financial Markets

The third duration measure explicitly considers the embedded call
option’s impact on the bond’s expected future cash flows. In this exam-
ple, the valuation model used to compute the effective duration is the log-
normal binomial interest rate tree just as in the illustration in Exhibit
3.19 earlier in this section. Bloomberg allows the user to select the valua-
tion model used in the calculation and these are located in bottom-center
of the screen.® Moreover, the benchmark yield curve used in the calcula-
tion is the Constant Maturity Treasury curve and this is located on the
right-hand side of the screen. Given an interest rate volatility assumption
of 20%, the OAS is 51 basis points and the value of the embedded call
option is 3.24 (per $100 of the par value). The effective duration is 5.16
and this is located in the column labeled “OAS Method.”

Since effective duration explicitly considers the impact of the
embedded call option on the bond’s expected cash flows using a valua-
tion model, if the call option’s value changes, then the bond price’s sen-
sitivity to changes in the required yield should change as well. To see
this, consider the Bloomberg Option-Adjusted Spread Analysis screen
shown in Exhibit 3.22 for the same Fannie Mae issue. The important

® Once again, the user has a choice among several different benchmark yield curves.
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difference between this exhibit and the previous one is that the callable
bond is valued assuming an interest rate volatility of 25% rather than
20%, all else is the same. As a result of the higher assumed interest rate
volatility, the value of the embedded call option increases to 4.92 (per
$100 of par value) and the OAS declines to 29.1 basis points just as we
demonstrated in Chapter 2. Let’s examine the impact of the higher inter-
est rate volatility assumption on our three duration measures.

The “To Mty” duration (i.e., modified duration) and the “To Call
on 1/18/2005” duration are the same as before 7.07 and 2.31, respec-
tively. The reason being is that these two measures ignore the impact of
the embedded call option on the bond’s expected cash flows so they are
unaffected by a change in the interest rate volatility assumption. Note,
however, that the effective duration (in the column labeled “OAS
Method?) is lower, 4.85, as opposed to 5.16. Specifically, as the assumed
interest rate volatility increases from 20% to 25%, the effective dura-
tion decreases from 5.16 to 4.85. The reason for this result is straight-
forward. As the interest rate volatility increases, the likelihood the call
option will be exercised increases. In other words, the probability that
the bond will called on January 18, 2005 increases, so the bond’s
expected maturity shortens. Decreasing the expected maturity, all else
equal, will decrease the bond price’s sensitivity to changes in the
required yield so the effective duration decreases.

Calculating the Effective Duration Using the Monte Carlo Model

The same procedure is used to calculate the effective duration for a
security valued using the Monte Carlo model. The short-term rates are
used to value the cash flow on each interest rate path. To obtain the two
values to substitute into the duration formula, the OAS is calculated
first. The short-term rates are then shifted up a small number of basis
points, obtaining new refinancing rates and cash flows. V, is then calcu-
lated by discounting the cash flow on an interest rate path using the new
short-term rates plus the OAS. V_ is then calculated in the same manner
by shifting the short-term rates down by a small number of basis points.
Again, since all rates are shifted by the same number of basis points, the
resulting duration assumes a parallel shift in the yield curve.

Macaulay Duration and Modified Duration
It is worth comparing the relationship between modified duration to
another duration measure. Modified duration can also be written as’:

7 More specifically, this is the formula for the modified duration of a bond on a cou-
pon anniversary date.
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1 1xPVCF+2xPVCF,+...+nxPVCF, (3.3)
(1+yield/k) k x Price
where
k = number of periods, or payments, per year (e.g., k = 2 for

semiannual-pay bonds and k = 12 for monthly-pay bonds)
n = number of periods until maturity (i.e., number of years to
maturity times k)
yield to maturity of the bond
present value of the cash flow in period # discounted at the
yield to maturity where t = 1, 2, ..., n

yield
PVCE,

The expression in the brackets of the modified duration formula
given by equation (3.3) is a measure formulated in 1938 by Frederick
Macaulay.® This measure is popularly referred to as Macaulay duration.
Thus, modified duration is commonly expressed as

Macaulay duration

Modified duration =
odified duration L+ yield/ k)

Bloomberg reports Macaulay duration on its YA (yield analysis)
screen in the Sensitivity Analysis box in the lower left-hand corner of
Exhibit 3.13. Macaulay duration is labeled “CNV DURATION (YEARS)”
where the CNV stands for “conventional.”

The general formulation for duration as given by equation (3.1)
provides a short-cut procedure for determining a bond’s modified dura-
tion. Because it is easier to calculate the modified duration using the
short-cut procedure, almost all vendors of analytical software will use
equation (3.1) rather than equation (3.3) to reduce computation time.

However, it must be clearly understood that modified duration is a
flawed measure of a bond’s price sensitivity to interest rate changes for a
bond with an embedded option and therefore so is Macaulay duration.
The use of the formula for duration given by equation (3.3) misleads the
user because it masks the fact that changes in the expected cash flows must
be recognized for bonds with embedded options. Although equation (3.3)
will give the same estimate of percentage price change for an option-free
bond as equation (3.1), equation (3.1) is still better because it acknowl-
edges that cash flows and thus value can change due to yield changes.

8 Frederick Macaulay, Some Theoretical Problems Suggested by the Movement of In-
terest Rates, Bond Yields, and Stock Prices in the U.S. Since 1856 (New York: Na-
tional Bureau of Economic Research, 1938).
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EXHIBIT 3.28 Summary of a 3-Treasury Bond Portfolio

Full Par Market
Price Yield Amount Value Duration
Bond ($) (%) Owned($) ($)

2-year, 3.25% coupon U.S. Trea-  100.6555 2.969 5,000,000 5,032,778.35 1.886
sury note maturing 5/31/04

10-year, 4.875% coupon U.S. 101.5119 4.886 4,000,000 4,060,352.20 7.518
Treasury note maturing 2/15/12

10-year U.S. Treasury principal 60.1730 5.322 2,000,000 1,203,461.86 9.421
strip maturing 2/15/02

Portfolio Duration

A portfolio’s duration can be obtained by calculating the weighted aver-
age of the duration of the bonds in the portfolio. The weight is the pro-
portion of the portfolio that a security comprises. Mathematically, a
portfolio’s duration can be calculated as follows:

where

= market value of bond i/market value of the portfolio
i duration of bond i
number of bonds in the portfolio

~ O &
(TITI

To illustrate the calculation, consider the following 3-bond portfolio in
which all three bonds are U.S. Treasuries from Exhibits 3.3 and 3.4.
Exhibit 3.23 presents the full price per $100 of par value for each bond,
its yield, the par amount owned, the market value and its duration
assuming a settlement date of June 14, 2002.

In this illustration, the 2-year note and the 10-year note are priced
with a settlement date between coupon payments dates so the market
prices reported are full prices. The market value for the portfolio is
$10,296,592.21. Since each bond is option-free, modified duration can
be used.

In this illustration, K is equal to 3 and

wy = $5,032,778.35/$10,296,592.21 = 0.489 Dy = 1.886
w, = $4,060,352.20/$10,296,592.21 = 0.394 D, =7.518
ws = $1,203,461.86/$10,296,592.21 = 0.117 D; = 9.421

The portfolio’s duration is
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0.489(1.886) + 0.394(7.518) + 0.117(9.421) = 4.987

A portfolio duration of 4.987 means that for a 100-basis-point
change in the yield for each of the three bonds, the portfolio’s market
value will change by approximately 4.987%. It is paramount to keep in
mind; the yield for each of the three bonds must change by 100 basis
points for the duration measure to be useful. This is a critical assump-
tion and its importance cannot be overemphasized. Portfolio managers
will find it necessary to be able to measure a portfolio’s exposure to a
reshaping of the yield curve. We will examine methods for doing so in
the next chapter.

An alternative procedure for calculating a portfolio’s duration is to
calculate the dollar price change for a given number of basis points for
each security in the portfolio and then sum up all the changes in market
value. Dividing the total of the changes in market value by the portfo-
lio’s initial market value produces a percentage change in market value
that can be adjusted to obtain the portfolio’s duration.

For example, consider the 3-bond portfolio given in Exhibit 3.23.
Suppose that we calculate the dollar change in market value for each
bond in the portfolio based on its respective duration for a 50-basis-
point change in yield. We would then have

Change in Value
Market for 50 bp
Bond Value ($) Duration Yield Change ($)
2-year, 3.25% coupon U.S. Trea- 5,032,778.35 1.886 47,459.10
sury note maturing 5/31/04
10-year, 4.875% coupon U.S. 4,060,352.20  7.518 152,628.64
Treasury note maturing 2/15/12
10-year U.S. Treasury principal 1,203,461.86  9.421 55,689.07
strip maturing 2/15/12
Total 255,776.81

Thus, a 50-basis-point change in all rates will change the market
value of the 3-bond portfolio by $255,776.81. Since the market value of
the portfolio is $10,296,592.21, a 50-basis-point change produced a
change in value of 2.484% ($255,776.81 divided by $10,296,592.21).
Since duration is the approximate percentage change for a 100-basis-
point change in rates, this means that the portfolio is 4.968 (found by
doubling 2.484). This is virtually the same value for the portfolio’s
duration as found earlier.
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Contribution to Portfolio Duration

Some portfolio managers view their exposure to a particular issue or to
a sector in terms of the percentage of that issue or sector in the portfo-
lio. A better measure of exposure of an individual issue or sector to
changes in interest rates is in terms of its contribution to the portfolio
duration. Contribution to portfolio duration is computed by multiply-
ing the percentage that the individual issues comprises of the portfolio
by the duration of the individual issue or sector. Specifically,

Contribution to portfolio duration
_ Market value of issue or sector

- x Duration of issue or sector
Market value of portfolio

This exposure can also be cast in terms of dollar exposure. To accom-
plish this, the dollar duration of the issue or sector is used instead of the
duration of the issue or sector.

A portfolio manager who desires to determine the contribution to a
portfolio of a sector relative to the contribution of the same sector in a
broad-based market index can compute the difference between these
two contributions.

OTHER DURATION MEASURES

Numerous duration measures are routinely employed by fixed-income
practitioners and risk managers that relate to both fixed-rate and float-
ing-rate securities. We discuss these measures in this section.

Spread Duration for Fixed-Rate Bonds
As we have seen, duration is a measure of the change in a bond’s value
when interest rates change. The interest rate that is assumed to shift is
the Treasury rate, which serves as the benchmark interest rate. However,
for non-Treasury instruments, the yield is equal to the Treasury yield
plus a spread to the Treasury yield curve. This is why non-Treasury
securities are often called “spread products.” Of course, the price of a
bond exposed to credit risk can change even though Treasury yields are
unchanged because the spread required by the market changes. A mea-
sure of how a non-Treasury security’s price will change if the spread
sought by the market changes is called spread duration.

The problem is, what spread is assumed to change? There are three
measures that are commonly used for fixed-rate bonds: nominal spread,
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zero-volatility spread, and option-adjusted spread. Each of these spread
measures were defined earlier in the book.

The nominal spread is the traditional spread measure. The nominal
spread is simply the difference between the yield on a non-Treasury
issue and the yield on a comparable maturity Treasury. When the spread
is taken to be the nominal spread, spread duration indicates the approx-
imate percentage change in price for a 100-basis-point change in the
nominal spread holding the Treasury yield constant.

The zero-volatility or static spread is the spread that when added to
the Treasury spot rate curve will make the present value of the cash
flows equal to the bond’s price plus accrued interest. When spread is
defined in this way, spread duration is the approximate percentage
change in price for a 100-basis-point change in the zero-volatility
spread holding the Treasury spot rate curve constant.

Finally, the option-adjusted spread (OAS) is the constant spread
that, when added to all the rates on the interest rate tree, will make the
theoretical value equal to the market price. Spread duration based on
OAS can be interpreted as the approximate percentage change in price
of a non-Treasury for a 100-basis-point change in the OAS, holding the
Treasury rate constant.

A sensible question arises: How do you know whether a spread
duration for a fixed-rate bond is a spread based on the nominal spread,
zero-volatility spread or the OAS? The simple answer is you do not
know! You must ask the broker/dealer or vendor of the analytical sys-
tem. To add further to the confusion surrounding spread duration, con-
sider the term “OAS duration” that is referred to by some market
participants. What does it mean? On the one hand, it could mean simply
the spread duration that we just described. On the other hand, many
market participants use the term “OAS duration” interchangeably with
the term “effective duration.” Once again, the only way to know what
OAS is measuring is to ask the broker/dealer or vendor.

Spread Duration for Floaters

Two measures have been developed to estimate the sensitivity of a floater to
each component of the coupon reset formula: the index (i.e., reference rate)
and the spread (i.e., quoted margin). Index duration is a measure of the
price sensitivity of a floater to changes in the reference rate holding the
spread constant. Spread duration measures a floater’s price sensitivity to a
change in the spread assuming that the reference rate is unchanged.

Duration of an Inverse Floater

An inverse floater possesses a coupon rate that changes in the direction
opposite to that of some reference rate or market rate. Inverse floaters
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exist in the corporate and municipal bond markets. However, the largest
issuance of inverse floaters has been in the collateralized mortgage obliga-
tions (CMO) market. There are several methods that can be employed to
create to create an inverse floater. For example, a dealer buys a fixed-rate
bond in the secondary market and places the bond in a trust. Subsequently,
the trust issues a floating-rate security and an inverse floating-rate security.

As noted throughout this chapter, duration is measure of a security’s
price sensitivity to a change in required yield. Because valuations are
additive (i.e., the value of the underlying collateral is the sum of the
floater and inverse floater values), durations (properly weighted) as we
have seen are additive as well. Accordingly, the duration of an inverse
floater is related in a particular fashion to the duration of the collateral
and the duration of the floater.

The duration of an inverse floater will be a multiple of the duration
of the collateral from which it is created. To understand this, suppose
that a 30-year fixed-rate bond with a market value of $100 million is
split into a floater and an inverse floater with market values of $80 mil-
lion and $20 million, respectively. Assume that the duration of the collat-
eral (i.e., the 30-year fixed-rate bond) is 8. Given this information, we
know that for a 100-basis-point change in required yield that the collat-
eral’s value will change by approximately 8% or $8 million (8% times
$100 million). Since the floater and inverse floater are created from the
same collateral, the combined change in value of the floater and the
inverse floater must also be $8 million given a 100-basis-point change in
required yield. The question becomes how one allocates the change in
value between the floater and inverse floater. The duration of the floater
will be small because on each coupon reset date, any change in interest
rates (via the reference rate) is also reflected in the size of the floater’s
coupon payment. Accordingly if the duration of the floater is small, then
the inverse floater must experience the full force of the $8 million change
in value. For this to occur, the duration of the inverse floater must be
approximately 40. A duration of 40 will mean a 40% change in the
inverse floater’s value for a 100-basis-point change in required yield and
a change in value of approximately $8 million (40% times $20 million).

Notice from our illustration that the duration of an inverse floater is
greater than the collateral’s term to maturity. For those individuals who
interpret duration in terms of years (i.e., Macaulay duration presented
earlier in the chapter) this presents something of a puzzle. After all, how
can a security have a duration greater than the underlying collateral
from which it is created? Of course, there is no puzzle. The confusion is
the lingering residue from continuing to think about duration in the
context in which it was developed by Frederick Macaulay in 1938—as a
measure of the average time taken by a security, on a discounted basis,
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to return the original investment. The significance and interpretation of
Macaulay duration lie in its link to bond price volatility.

In general, assuming that the duration of the floater is close to zero,
it can be shown that the duration of an inverse floater is:

Duration of inverse floater

= (1 + L)(Duration of collateral) x ng_alp.rlg
Inverse price

where L = leverage of inverse floater.

Empirical Duration for an MBS
Empirical duration, sometimes referred to as implied duration, is the
sensitivity of a mortgage-backed security (MBS) as estimated empiri-
cally from historical prices and yields.” Regression analysis, a statistical
technique described in Chapter 6, is used to estimate the relationship.
More specifically, the relationship estimated is the percentage change in
the price of the MBS of interest to the change in the general level of
Treasury yields.

To obtain the empirical duration, Paul DeRossa, Laurie Goodman,
and Mike Zazzarino suggest the following relationship be estimated
using multiple regression analysis:!'°

Percentage change in price = ¢+ b{(Ay) + b,(P —100)(Ay)
+b3[(P—100)*(Ay) if P > 100, otherwise 0] + error term

where

P price (with par equal to 100)
Ay = change in yield

and ¢, by, by, and b3 are the parameters to be estimated.

The inclusion of the second and third terms in the relationship is to
allow for the price sensitivity to vary depending on the price level of the
mortgages. The reason for the inclusion of the error term is explained in
Chapter 6.

9 The first attempt to calculate empirical duration was by Scott M. Pinkus and Marie
A. Chandoha, “The Relative Price Volatility of Mortgage Securities,” Journal of
Portfolio Management (Summer 1986), pp. 9-22.

10 Paul DeRossa, Laurie Goodman, and Mike Zazzarino, “Duration Estimates on
Mortgage-Backed Securities,” Journal of Portfolio Management (Winter 1993), pp.
32-37.
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The expectation is that the parameter ¢ would be equal to zero
when the relationship is estimated. The expected sign of b, is negative.
That is, there is an inverse relationship between yield changes and price
changes. Finally, the terms b, and b3 are expected to have a positive
sign.

DeRossa, Goodman, and Zazzarino estimated the relationship using
daily data for the 5-year period (11/19/86 to 11/18/91) for Ginnie Mae
and Fannie Mae 8s, 9s, 10s, and 11s. The yield used was the 10-year
Treasury, although they indicate that nearly identical results were real-
ized if they used the 7-year Treasury. In all of their estimated regres-
sions, all of the parameters had the expected sign.

Given the estimated relationship, the empirical duration for differ-
ent coupons at different price levels can be found by dividing the esti-
mated relationship by the change in yield. That is,

Percentage change in price
Ay
= c+by +b,(P-100)+ b3[(P - 100)*(Ay) if P> 100, otherwise 0]

Duration =

For an MBS trading at par, P is 100, and the empirical duration is
therefore by.

There are three advantages to the empirical duration approach.!!
First, the duration estimate does not rely on any theoretical formulas or
analytical assumptions. Second, the estimation of the required parame-
ters are easy to compute using regression analysis. Finally, the only
inputs that are needed are a reliable price series and Treasury yield
series.

There are disadvantages.!? First, a reliable price series for the data
may not be available. For example, there may be no price series avail-
able for a thinly traded mortgage derivative security or the prices may
be matrix priced or model priced rather than actual transaction prices.
Second, an empirical relationship does not impose a structure for the
options embedded in an MBS and this can distort the empirical dura-
tion. Third, the price history may lag current market conditions. This
may occur after a sharp and sustained shock to interest rates has been
realized. Finally, the volatility of the spread to Treasury yields can dis-
tort how the price of an MBS reacts to yield changes.

' See Bennett W. Golub, “Towards a New Approach to Measuring Mortgage Duration,”
Chapter 32 in Frank J. Fabozzi (ed.), The Handbook of Mortgage-Backed Securities (Chi-
cago: Probus Publishing, 1995), p. 672.

12 Golub, “Towards a New Approach to Measuring Mortgage Duration.”
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CONVEXITY

The duration measure indicates that regardless of whether interest rates
increase or decrease, the approximate percentage price change is the
same. However, as we noted earlier, this is not consistent with Property
3 of a bond’s price volatility. Specifically, while for small changes in
yield the percentage price change will be the same for an increase or
decrease in yield, for large changes in yield this is not true. This suggests
that duration is only a good approximation of the percentage price
change for small changes in yield.

We demonstrated this property earlier using a 4.875% coupon, 10-
year Treasury note priced to yield 4.886% with a duration of 7.518. For
a 10-basis-point change in yield, the estimate was accurate for both an
increase and decrease in yield. However, for a 200-basis-point change in
yield the approximate percentage price change was off considerably.

The reason for this result is that duration is in fact a first (linear)
approximation for a small change in yield.!* The approximation can be
improved by using a second approximation. This approximation is
referred to as “convexity.” The use of this term in the industry is unfor-
tunate since the term convexity is also used to describe the shape or cur-
vature of the pricelyield relationship. The convexity measure of a
security can be used to approximate the change in price that is not
explained by duration.'

Convexity Measure

The convexity measure of a bond is approximated using the following
formula:

. V,+V_=-2V,
Convexity measure = ————— —— (3.4)

2
2V, (Ay)

13 The reason it is a linear approximation can be seen in Exhibit 3.16, where the tan-
gent line is used to estimate the new price. That is, a straight line is being used to
approximate a nonlinear (i.e., convex) relationship.

14 Mathematically, any function can be estimated by a series of approximations re-
ferred to a Taylor series expansion. Each approximation or term of the Taylor series
is based on a corresponding derivative. For a bond, duration is the first term ap-
proximation of the price change and is related to the first derivative of the bond’s
price with respect to a change in the required yield. The convexity measure is the
second approximation and related to the second derivative of the bond’s price. We
will see the technique used again when we discuss the delta and gamma of an option
in Chapter 12.
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where the notation is the same as used earlier for duration as given by
equation (3.4).

For the 4.875%, 10-year Treasury note priced to yield 4.886% with
a settlement date of June 14, 2002, we know that for a 20-basis-point
change in yield (Ay = 0.002):

Vy=101.5119, V_=103.0525, V, = 99.9995

Note once again, because the settlement date is not a coupon payment
date (see Exhibit 3.4), that we use full prices in the calculation. Substi-
tuting these values into the convexity measure given by equation (3.4):

Convexity measure = 99.9995 +103.0525 —2(101.5119) _ 34.58

2(101.5088)(0.002)*

We’ll see how to use this convexity measure shortly. Before doing
so, there are three points that should be noted. First, there is no simple
interpretation of the convexity measure as there is for duration. Second,
it is more common for market participants to refer to the value com-
puted in equation (3.4) as the “convexity of a bond” rather than the
“convexity measure of a bond.” Finally, the convexity measure reported
by dealers and vendors will differ for an option-free bond. The reason is
that the value obtained from equation (3.4) is often scaled for the rea-
son explained after we demonstrate how to use the convexity measure.

Convexity Adjustment to Percentage Price Change

Given the convexity measure, the approximate percentage price change
adjustment due to the bond’s convexity (i.e., the percentage price
change not explained by duration) is

Convexity adjustment to percentage price change (3.5)
= Convexity measure X (Ay)2 x 100 .

For example, for the 4.875% 10-year Treasury note, the convexity
adjustment to the percentage price change based on duration if the yield
increases from 4.886% to 6.886% is

34.58 x (0.02)* x 100 = 1.383%
If the yield decreases from 4.886% to 6.886%, the convexity adjust-

ment to the approximate percentage price change based on duration
would also be 1.383%.
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The approximate percentage price change based on duration and
the convexity adjustment is found by summing the two estimates. So,
for example, if yields change from 4.886% to 6.886%, the estimated
percentage price change would be as follows:

Estimated change using duration alone = -15.038
Convexity adjustment = _+1.383
Total estimated percentage price change = -13.655%

The actual percentage price change is -13.741%.
For a decrease of 200 basis points, from 4.886% to 2.886%, the
approximate percentage price change would be as follows:

Estimated change using duration alone = +15.038
Convexity adjustment +1.383
Total estimated percentage price change = +16.42%

The actual percentage price change is +16.518%. Thus, duration com-
bined with the convexity adjustment does a much better job of estimat-
ing the sensitivity of a bond’s price change to large changes in yield.
Accordingly, for large changes in required yield, duration and convexity
used together deliver a more accurate estimate of how much a bond’s
price will change for a given change in required yield than duration used
alone.

Notice that when the convexity measure is positive, we have the sit-
uation described earlier that the gain is greater than the loss for a given
large change in rates. That is, the bond exhibits positive convexity. We
can see this in the example above. However, if the convexity measure is
negative, we have the situation where the loss will be greater than the
gain. For example, suppose that a callable bond has an effective dura-
tion of 4 and a convexity measure of —30. This means that the approxi-
mate percentage price change for a 200-basis-point change is 8%. The
convexity adjustment for a 200-basis-point change in rates is then

-30 % (0.02)>x 100 = -1.2

The convexity adjustment is —1.2%, and therefore the bond exhibits the
negative convexity property illustrated in Exhibit 3.17. The approxi-
mate percentage price change after adjusting for convexity is as follows:

Estimated change using duration -8.0%
Convexity adjustment -1.2%
Total estimated percentage price change = -9.2%
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For a decrease of 200 basis points, the approximate percentage
price change would be as follows:

Estimated change using duration = +8.0%
Convexity adjustment = -1.2%
Total estimated percentage price change = +6.8%

Notice that the loss is greater than the gain—a property called negative
convexity that we discussed earlier and illustrated in Exhibit 3.11.

Scaling the Convexity Measure
The convexity measure as given by equation (3.4) means nothing in iso-
lation. It is the substitution of the computed convexity measure into
equation (3.5) that provides the estimated adjustment for convexity that
is meaningful. Therefore, it is possible to scale the convexity measure in
any way as long as the same convexity adjustment is obtained.

For example, in some books the convexity measure is defined as follows:

. V,+V_-2V,
Convexity measure = —————— (3.6)

Vo(Ay)

Equation (3.6) differs from equation (3.4) since it does not include 2 in
the denominator. Thus, the convexity measure computed using equation
(3.6) will be double the convexity measure using equation (3.4). So, for
our earlier illustration, since the convexity measure using equation (3.4)
is 34.58, the convexity measure using equation (3.6) would be 69.16.

Which is correct, 34.58 or 69.162 The answer is both. The reason is
that the corresponding equation for computing the convexity adjust-
ment would not be given by equation (3.5) if the convexity measure is
obtained from equation (3.6). Instead, the corresponding convexity
adjustment formula would be as follows:

Convexity adjustment to percentage price change (3.7)
= (Convexity measure/2) X (Ay)2 x 100 '

Equation (3.7) differs from equation (3.5) in that the convexity measure is
divided by 2. Thus, the convexity adjustment will be the same whether one
uses equation (3.4) to get the convexity measure and equation (3.5) to get
the convexity adjustment or one uses equation (3.6) to compute the con-
vexity measure and equation (3.7) to determine the convexity adjustment.

Some dealers and vendors scale convexity in a different way. One
can also compute the convexity measure as follows:
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. V,+V_-2V,
Convexity measure = ———— (3.8)

2V (Ay)*(100)

Equation (3.8) differs from equation (3.4) by the inclusion of 100 in the
denominator. In our illustration, the convexity measure would be 0.3458
rather than 34.58 using equation (3.4). The convexity adjustment for-
mula corresponding to the convexity measure given by equation (3.8) is
then

Convexity adjustment to percentage price change (3.9)
= Convexity measure X (Ay)2 x 10,000 '

Similarly, one can express the convexity measure as shown in equa-
tion (3.10):

V,+V_ -2V,

Convexity measure = >
Vo(Ay)~(100)

(3.10)

For the 10-year Treasury note we have been using in our illustrations,
the convexity measure is 0.692. The corresponding convexity adjust-
ment is

Convexity adjustment to percentage price change

. ) (3.11)
= (Convexity measure/2) X (Ay)~ x 10,000

Consequently, the convexity measure (or just simply “convexity” as it is
referred to by some market participants) that could be reported for this
option-free bond are 34.58, 69.16, 0.3458, or 0.6916. All of these val-
ues are correct, but they mean nothing in isolation. To use them to
obtain the convexity adjustment to the price change estimated by dura-
tion requires knowing how they are computed so that the correct con-
vexity adjustment formula is used. It is the convexity adjustment that is
important—not the convexity measure in isolation.

It is also important to understand this when comparing the convex-
ity measures reported by dealers and vendors. For example, if one dealer
shows a manager Bond A with a duration of 4 and a convexity measure
of 50, and a second dealer shows the manager Bond B with a duration
of 4 and a convexity measure of 80, which bond has the greater percent-
age price change response to changes in interest rates? Since the dura-
tion of the two bonds is identical, the bond with the larger convexity
measure will change more when rates decline. However, not knowing
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how the two dealers computed the convexity measure means that the
manager does not know which bond will have the greater convexity
adjustment. If the first dealer used equation (3.4) while the second
dealer used equation (3.6), then the convexity measures must be
adjusted in terms of either equation. For example, the convexity mea-
sure of 80 computed using equation (3.6) is equal to a convexity mea-
sure of 40 based on equation (3.4).

Let’s return to Exhibit 3.13 which is the Bloomberg Yield Analysis
screen for the 10-year Treasury note in our illustration. Bloomberg’s
convexity measure is displayed in the Sensitivity Analysis box in lower
left-hand corner of the screen. Specifically, the convexity measure
reported is 0.6916 which is the same number we calculated using equa-
tion (3.10). This means that equation (3.11) should be employed to
obtain the convexity adjustment when using the convexity measure
reported by Bloomberg.

Modified Convexity and Effective Convexity

The prices used in equation (3.4) to calculate convexity can be obtained
by either assuming that when the yield changes the expected cash flows
either do not change or they do change. In the former case, the resulting
convexity is referred to as modified convexity. (Actually, in the industry,
convexity is not qualified by the adjective “modified.”) In contrast,
effective convexity assumes that the cash flows do change when yields
change. This is the same distinction made for duration.

As with duration, there is little difference between modified convex-
ity and effective convexity for option-free bonds. However, for bonds
with embedded options there can be quite a difference between the cal-
culated modified convexity and effective convexity measures. In fact, for
all option-free bonds, either convexity measure will have a positive
value. For bonds with embedded options, the calculated effective con-
vexity measure can be negative when the calculated modified convexity
measure is positive.

As an illustration, consider a 6.4% coupon bond issued by Fannie
Mae that matures on May 14, 2009. Exhibit 3.24 presents the Bloomberg
Security Description screen for this issue. The bond is callable on or after
May 14, 2004 with at a minimum of 10 business days notice. Using a set-
tlement date of June 24, 2002, let’s compare the modified and effective
convexities. Exhibit 3.25 shows the Bloomberg Option-Adjusted Spread
Analysis screen. The modified convexity is 0.37 and is located in the cen-
ter-right portion of the screen in the column labeled “To Mty.” The effec-
tive convexity is —0.59 and is located in the column labeled “OAS
Method.”
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EXHIBIT 3.24 Bloomberg Security Description Screen for a 6.4% Callable
Fannie Mae Bond

i Corp DES

SECUEITY DESCEIPTIDN

ttachment

Source: Bloomberg Financial Markets

EXHIBIT 3.26 Bloomberg Option-Adjusted Spread Analysis Screen for a 6.4%
Callable Fannie Mae Bond
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EXHIBIT 3.26 Bloomberg Yield Analysis for a 4.375% 5-Year Treasury Note
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Source: Bloomberg Financial Markets

PRICE VALUE OF A BASIS POINT

Some managers use another measure of the price volatility of a bond to
quantify interest rate risk—the price value of a basis point (PVBP). This
measure, also called the dollar value of an 01 (DVO01), is the absolute
value of the change in the price of a bond for a 1-basis-point change in
yield. That is,

PVBP = | initial price — price if yield is changed by 1 basis point |

Does it make a difference if the yield is increased or decreased by 1
basis point? It does not because of Property 2—the change will be about
the same for a small change in basis points.

To illustrate the computation, let examine a 4.375% coupon, 5-year
U.S. Treasury note that matures on May 15, 2012. Bloomberg’s YA (Yield
Analysis) Screen is presented in Exhibit 3.26. If the bond is priced to yield
4.033% on a settlement date of June 24, 2002, we can compute the PVBP
by using the prices for either the yield at 4.043 or 4.023. The bond’s initial
full price at 4.033% is 101.9763. If the yield is decreased by 1 basis point
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to 4.023%, the PVBP is 0.0444 (1102.0207 — 101.9763l). If the yield is
increased by 1 basis point to 4.043%, the PVBP is 0.0444 (1101.9319 -
101.9763l). Note that our PVBP calculation agrees with Bloomberg’s calcu-
lation labeled “DOLLAR VALUE OF A 0.01” that is presented in the Sen-
sitivity Analysis box located in the lower left-hand corner of the screen.

The PVBP is related to duration. In fact, PVBP is simply a special
case of a measure called dollar duration. Dollar duration is the approxi-
mate dollar price change for a 100-basis-point change in yield. We
know that a bond’s duration is the approximate percentage price change
for a 100-basis-point change in interest rates. We also know how to
compute the approximate percentage price change for any number of
basis points given a bond’s duration using equation (3.2). Given the ini-
tial price and the approximate percentage price change for 1 basis point,
we can compute the change in price for a 1-basis-point change in rates.

For example, consider once again the 4.375% coupon, 5-year Treasury
note. From Exhibit 3.26, the duration is 4.353. Using equation (3.2), the
approximate percentage price change for a 1 basis point increase in interest
rates (i.e., Ay = 0.0001) ignoring the negative sign in equation (3.2) is

4.353 x (0.0001) x 100 = 0.04353%

Given the initial full price of 101.9763, the dollar price change esti-
mated using duration is

0.04353% x 101.9763 = $0.0444

This is the same price change as shown above for a PVBP for this bond.'?

Yield Value of Price Change

Another common measure of interest rate risk is called the yield value of
a price change. The price change is the tick (e.g., Y52 for Treasuries or %
for corporates) for the particular bond being examined. Suppose we are
examining a Treasury so a tick is ¥52. The yield value of a price change
for a Treasury is the change in yield for a %52 change in price. The yield
value of a price change is determined by calculating the difference
between the yield to maturity at the current price and the yield to matu-
rity if the bond price’s was increased/decreased by Y52. In other words,
how much does the current yield to maturity have to change to either
increase or decrease the current price by Y2 (i.e., 1 tick)? The smaller
the yield value of a price change, the greater the dollar price volatility.

13 Bloomberg’s “Risk” measure is simply the PVBP x 100. For bonds that are trading
close to par, Risk should be close to modified duration.
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EXHIBIT 3.27 The Effect of Yield Level on Price Volatility
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To illustrate, let us return to the 4.375% coupon, S-year Treasury note
in Exhibit 3.26. On a settlement date of June 24, 2002, the bond is yield-
ing 4.033% with a full price of 101.9763. The yield value of a Va2,
reported by Bloomberg in the Sensitivity Analysis box in the lower left-
hand corner of the screen, is 0.00704. This number tells us how the yield
must fall/rise to increase/decrease the bond’s price by one tick (i.e., ¥52). If
we reprice the bond at 4.02596% (4.033% — 0.00704%), the full price is
102.0076. The difference between these two prices is 0.03125 (102.0076 —
101.9763) which is the dollar value of 1/32 when par is $100.

THE IMPORTANGE OF YIELD VOLATILITY

What we have not considered thus far is the volatility of interest rates.
For example, as we explained earlier, all other factors equal, the higher
the coupon rate, the lower the price volatility of a bond to changes in
interest rates. In addition, the higher the level of yields, the lower the
price volatility of a bond to changes in interest rates. This is illustrated
in Exhibit 3.27, which shows the price/yield relationship for an option-
free bond. When the yield level is high (Y in the exhibit) a change in
interest rates does not produce a large change in the initial price (Py in
the exhibit). However, when the yield level is low (Y] in the exhibit) a
change in interest rates of the same number of basis points as shown
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when the yield is high does produce a large change in the initial price
(P in the exhibit).

This can also be cast in terms of duration properties: the higher the
coupon, the lower the duration; and the higher the yield level the lower
the duration. Given these two properties, a 10-year noninvestment
grade bond has a lower duration than a current coupon 10-year Trea-
sury note since the former has a higher coupon rate and trades at a
higher yield level. Does this mean that a 10-year noninvestment grade
bond has less interest rate risk than a current coupon 10-year Treasury
note? Consider also that a 10-year Swiss government bond has a lower
coupon rate than a current coupon 10-year U.S. Treasury note and
trades at a lower yield level. Therefore, a 10-year Swiss government
bond will have a higher duration than a current coupon 10-year Trea-
sury note. Does this mean that a 10-year Swiss government bond has
greater interest rate risk than a current coupon 10-year U.S. Treasury
note? The missing link is the relative volatility of rates, which we shall
refer to as yield volatility or interest rate volatility.

The greater the expected yield volatility, the greater the interest rate
risk for a given duration and current value of a position. In the case of
noninvestment grade bonds, while their durations are less than current
coupon Treasuries of the same maturity, the yield volatility is greater
than that of current coupon Treasuries. For the 10-year Swiss govern-
ment bond, while the duration is greater than for a current coupon 10-
year U.S. Treasury note, the yield volatility is considerably less than that
of 10-year U.S. Treasury notes.

Consequently, to measure the exposure of a portfolio or position to
rate changes, it is necessary to measure yield volatility. This requires an
understanding of the fundamental principles of probability distribu-
tions. The measure of yield volatility is the standard deviation of yield
changes. In Chapter 7, we show how to estimate yield volatility. As we
will see, depending on the underlying assumptions, there could be a
wide range for the yield volatility estimate.

A framework that ties together the price sensitivity of a bond position
to rate changes and yield volatility is the value-at-risk (VaR) framework,
discussed in Chapter 8.

Controlling Interest Rate Risk in Active Bond Portfolio

Strategies

Bond portfolio strategies can be classified as either active portfolio strat-
egies or structured portfolio strategies. Essential to all active strategies
is specification of expectations about the factors that influence the per-
formance of bonds. Structured portfolio strategies involve minimal
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expectational input. The goal is to design a portfolio so as to replicate
the performance of a bond index or to satisfy predetermined liabilities.

There are four types of active strategies: rate expectations strategies,
yield curve strategies, yield spread strategies, and individual bond selec-
tion strategies. Here we will explain how to control the interest rate risk
for all but yield curve strategies. Measuring and controlling risk in yield
curve strategies is the subject of later chapters.

Rate expectations strategies seek to capitalize on expectations about
interest rate movements. A manager who believes that he or she can
accurately forecast the future level of interest rates will alter the portfo-
lio’s sensitivity to interest rate changes. As duration is a measure of
interest rate sensitivity, this involves increasing a portfolio’s duration if
interest rates are expected to fall and reducing duration if interest rates
are expected to rise. For those managers whose benchmark is a bond
index, this means increasing the portfolio duration relative to the index
if interest rates are expected to fall and reducing it if interest rates are
expected to rise. The degree to which the duration of the managed port-
folio is permitted to diverge from that of the bond index may be limited
by the client.

A portfolio’s duration may be altered by swapping (or exchanging)
bonds in the portfolio for new bonds that will achieve the target portfo-
lio duration. Such swaps are commonly referred to as rate anticipation
swaps. Alternatively, a more efficient means for altering the duration of
a bond portfolio is to use interest rate futures contracts. As we explain
in Chapter 9, buying futures increases a portfolio’s duration, while sell-
ing futures decreases it.

Yield spread strategies involve positioning a portfolio to capitalize
on expected changes in yield spreads between sectors of the bond mar-
ket. Swapping (or exchanging) one bond for another when the manager
believes that the prevailing yield spread between two bonds in the mar-
ket is out of line with their historical yield spread, and that the yield
spread will realign by the end of the investment horizon, are called
intermarket spread swaps.

Individual security selection strategies involve identifying mispriced
securities and taking a position in those securities so as to benefit when
the market realigns. The most common strategy identifies an issue as
undervalued because either (1) its yield is higher than that of compara-
bly rated issues, or (2) its yield is expected to decline (and price there-
fore rise) because credit analysis indicates that its rating will improve.

A swap in which a manager exchanges one bond for another bond
that is similar in terms of coupon, maturity, and credit quality, but
offers a higher yield, is called a substitution swap. This swap depends
on a capital market imperfection. Such situations sometimes exist in the
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bond market owing to temporary market imbalances and the frag-
mented nature of the non-Treasury bond market. The risk the manager
faces in undertaking a substitution swap is that the bond purchased may
not be truly identical to the bond for which it is exchanged.

What is critical in assessing yield spread and individual security
selection strategies when an intermarket swap or substitution swap are
being contemplated is to compare positions that have the same dollar
duration. To understand why, consider two bonds, X and Y. Suppose
that the price of bond X is 80 and has a modified duration of 5 while
bond Y has a price of 90 and has a modified duration of 4. Since modi-
fied duration is the approximate percentage change per 100-basis-point
change in yield, a 100-basis-point change in yield for bond X would
change its price by about 5%. Based on a price of 80, its price will
change by about $4 per $80 of market value. Thus, its dollar duration
for a 100-basis-point change in yield is $4 per $80 of market value. Sim-
ilarly, for bond Y, its dollar duration for a 100-basis-point change in
yield per $90 of market value can be determined. In this case it is $3.6.
So, if bonds X and Y are being considered as alternative investments in
some strategy other than one based on anticipating interest rate move-
ments, the amount of each bond in the strategy should be such that they
will both have the same dollar duration.

To illustrate this, suppose that a manager owns $10 million of par value
of bond X, which has a market value of $8 million. The dollar duration of
bond X per 100-basis-point change in yield for the $8 million market value
is $400,000. Suppose further that this manager is considering exchanging
bond X that she owns in her portfolio for bond Y. If the manager wants to
have the same interest rate exposure (i.e., dollar duration) for bond Y that
she currently has for bond X, she will buy a market value amount of bond Y
with the same dollar duration. If the manager purchased $10 million of par
value of bond Y and therefore $9 million of market value of bond Y, the
dollar value change per 100-basis-point change in yield would be only
$360,000. If, instead, the manager purchased $10 million of market value of
bond Y, the dollar duration per 100-basis-point change in yield would be
$400,000. Since bond Y is trading at 90, $11.11 million of par value of
bond Y must be purchased to keep the dollar duration of the position from
bond Y the same as for bond X.

Mathematically, this problem can be expressed as follows:

$Dx = dollar duration per 100-basis-point change in yield for bond
X for the market value of bond X held

MD~y = modified duration for bond Y

MVy = market value of bond Y needed to obtain the same dollar
duration as bond X
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Then, the following equation sets the dollar duration for bond X equal
to the dollar duration for bond Y:

$Dy = (MDy/100) MVy

Solving for MVy,

MVy = $Dx/(MDy/100)

Dividing by the price per $1 of par value of bond Y gives the par value
of Y that has an approximately equivalent dollar duration as bond X.
In our illustration, $D is $400,000 and M Dy is 4, then

MVy = $400,000/(4/100) = $10,000,000

Since the market value of bond Y is 90 per $100 of par value, the price
per $1 of par value is 0.9. Dividing $10 million by 0.9 indicates that the
par value of bond Y that should be purchased is $11.11 million.

Failure to adjust a portfolio repositioning based on some expected
change in yield spread so as to hold the dollar duration the same means
that the outcome of the portfolio will be affected by not only the
expected change in the yield spread but also a change in the yield level.
Thus, a manager would be making a conscious yield spread bet and pos-
sibly an undesired bet on the level of interest rates.

KEY POINTS

1. The pricelyield relationship for an option-free bond is convex.

2. A property of an option-free bond is that for a small change in
yield, the percentage price change is roughly the same whether the
yield increases or decreases.

3. A property of an option-free bond is that for a large change in
yield, the percentage price change is not the same for an increase
in yield as it is for a decrease in yield.

4. A property of an option-free bond is that for a given change in
basis points, the percentage price increase is greater than the per-
centage price decrease.
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10.

11.

12.

13.

14.

15.

16.

17.

. The coupon and maturity of an option-free bond affect its price

volatility.

For a given term to maturity and initial yield, the lower the cou-
pon rate the greater the price volatility of a bond.

. For a given coupon rate and initial yield, the longer the term to

maturity, the greater the price volatility.

For a given change in yield, price volatility is lower when yield lev-
els in the market are high than when yield levels are low.

. The percentage price change of a bond can be estimated by chang-

ing the yield by a small number of basis points and observing how
the price changes.

Modified duration is the approximate percentage change in a
bond’s price for a 100-basis-point parallel shift in the yield curve
assuming that the bond’s cash flow does not change when the yield
curve shifts.

Modified duration is the slope of a tangent line to the price/yield
relationship.

The size of the interest rate shock is unimportant for approximating
the duration of option-free bonds.

The dollar duration of a bond measures the dollar price change
when the required yield changes.

Modified duration is not a useful measure of the price sensitivity
for bonds with embedded options.

Effective duration is the approximate percentage price change of a
bond for a 100-basis-point parallel shift in the yield curve allow-
ing the cash flow to change in response to the change in yield.

The difference between modified duration and effective duration
for bonds with embedded options can be significant.

The duration measure is only as good as the valuation model from
which it is derived.
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18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

A portfolio’s duration is obtained by calculating the weighted average
of the durations of the bonds in the portfolio.

Empirical duration uses historical price series for MBS and data
on Treasury yields to statistically estimate duration.

The estimate of a bond’s price sensitivity based on duration can be
improved by using a bond’s convexity measure.

The convexity measure means nothing in isolation; it is the con-
vexity adjustment that is important.

The price value of a basis point is the absolute value of the change
in the price of a bond for a 1-basis-point change in yield.

The yield value of a price change is determined by calculating the
difference between the yield to maturity if the bond’s price was
increased/decreased by one tick.

The greater the expected yield volatility, the greater the interest
rate risk for a given duration and current value of the position.

A rate expectations strategy involves positioning the duration of a
portfolio based on whether rates are expected to increase or
decrease.

For a manager pursuing a rate expectations strategy, the portfolio
duration relative to the bond index will be increased if interest
rates are expected to fall and the duration will be reduced relative
to the bond index if interest rates are expected to rise.

When contemplating an intermarket spread swap or a substitution
swap, it is critical to keep the dollar duration of the portfolio con-
stant.






Measuring Yield GCurve Risk

Duration is a useful metric for assessing a bond portfolio’s sensitivity
to a parallel shift in the reference yield curve (e.g., the Treasury yield
curve). When the yield curve shift is not parallel, however, two bond
portfolios with the same duration will not generally experience the same
return performance. To evaluate differences in expected performance
across portfolios, it is therefore necessary to quantify the price impact
due to changes in the shape, as opposed to a parallel shift, of the yield
curve. The purpose of this chapter is to discuss the various types of yield
curve shifts, how different portfolios perform when the yield curve
shifts, and how to measure a portfolio’s exposure to yield curve risk.

The objectives of this chapter are to:

1. Describe the types of shifts that have been observed for the yield curve.

2. Demonstrate why duration and convexity do not provide information about
the interest rate risk of a portfolio if the yield curve does not shift in a paral-
lel fashion.

3. Explain what tracking error is and how yield curve risk can be measured in
terms of tracking error.

4. Describe the cash flow distribution analysis approach for measuring yield

curve risk.

. Explain key rate duration as a measure of yield curve risk.

. Explain the slope elasticity measure of yield curve risk.

7. Explain the likely yield curve shift approach to managing yield curve risk.

AN

TYPES OF YIELD CURVE SHIFTS

The yield curve has taken on multiple shapes over time. An upward
sloping yield curve (also called a positive or normal yield curve) is one

109
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EXHIBIT 4.1 Bloomberg Screen of Upward-Sloping Yield Curve

GRAB Govt FMCH
Hit <PAGE> for more info or <MEMU> for list of curves.
FAIR MARKET YIELD CURVES - HISTORY
IATURTTY EANGE ERN - EJIR

Source: Bloomberg Financial Markets

in which yield increases with term to maturity. Exhibit 4.1 shows a
Bloomberg Fair Market Yield Curve (FMCH) screen for an upward
sloping U.S. Treasury par curve on June 28, 2002. The yield curve
exhibits this basic shape most of the time. Specifically, an upward slop-
ing yield curve usually exhibits three common traits. First, the yield
curve is very steeply sloped on the short end of the curve (maturities less
than 5 years). Second, somewhere between the maturities of 5 and 10
years, a positively sloped yield curve starts bending over—this is called
the “shoulder” of the yield curve. Third, the long end of the yield curve
is usually relatively flat (maturities greater than 10 years).

While an upward sloping yield curve is by far the most common,
three other shapes occasionally appear. A downward sloping yield curve
(also called an inverted yield curve) is one in which the yield declines
with maturity. Exhibit 4.2 shows a Bloomberg FMCH screen for a
downward sloping U.S. Treasury par curve on November 16, 2000. For
a humped yield curve, the yield increases with maturity initially and
then subsequently declines with maturity.

Exhibit 4.3 shows a Bloomberg FMCH screen for a humped U.S.
Treasury par curve on April 26, 2000. There are two interesting points
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EXHIBIT 42 Bloomberg Screen of Downward-Sloping Yield Curve

Govt FMCH

AGE> for more info o NU> for list of cu
FAIR MARK IELD CURVES - HISTORY

Source: Bloomberg Financial Markets

EXHBIT 4.3 Bloomberg Screen of Humped Yield Curve

Govt FMCH
E> for more info or <MENU> for list of c S
FAIR MARKET YIEL:l])I: CURVES - HISTORY
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Source: Bloomberg Financial Markets
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EXHIBIT 4.4 Bloomberg Screen of Flat Yield Curve

Govt FMCH

E> for more info or <MENU> for list of curves.

FAIR MAPKETI YIELD CURVES - HISTORY

E EG - EON

Source: Bloomberg Financial Markets

to note on humped yield curves. First, before a yield curve inverts, we
normally observe a humped yield curve. Second, the short end of the
yield curve is the last section of the yield curve to invert.

The last yield curve shape is a flat yield curve. As the name implies,
the yield is approximately the same for each maturity. A flat yield curve
is an elusive beast. Exhibit 4.4 shows a Bloomberg FMCH screen for a
section of the Japanese governments yield curve (maturities 2 years
through 6 years) on November 4, 2002. At first glance, this yield curve
does not appear to be very flat. Look at the vertical axis on the left-hand
side of the screen—it ranges between 0 and 28 basis points. This is
about the flattest yield curve that one will ever observe.

The yield curve can change its shape on three different dimensions.
The first dimension is a change in level (i.e., a parallel shift) such that
the yield for all maturities changes by approximately the same number
of basis points. A change in the slope of the yield curve (i.e., a flattening
or steepening of the yield curve) is the second dimension and is usually
measured as the spread between the yield on a longer maturity bond and
the yield on a shorter maturity bond. The final dimension is a change in
curvature which is also referred to a change in humpedness or a butter-
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fly shift. Empirical evidence suggests that these changes in the yield
curve’s shape are not independent of each other. For example, a down-
ward shift in level is typically accompanied with a steepening of the
yield curve and an increase in curvature. Conversely, an upward shift in
level tends to be associated with a flattening of the yield curve and a
decrease in curvature.!

DURATION, CONVEXITY AND CHANGES IN THE
YIELD CURVE'S SHAPE

As noted, a portfolio’s duration indicates the approximate percentage
price change for a parallel shift in the yield curve. Of course, this mea-
sure of interest rate risk assumes that all interest rates change by the
same number of basis points. Two portfolios with similar durations may
perform quite differently if the yield curve shifts in a nonparallel fash-
ion. To illustrate this point, consider a butterfly trade.

A butterfly trade usually consists of three securities with different dura-
tions. In this illustration, we will employ three U.S. Treasury securities:

B The shortest duration instrument carries a coupon of 3% and matures
on January 31, 2004.

B The intermediate duration instrument has a coupon of 5% and
matures on August 15, 2011.

B The longest duration Treasury matures on February 15, 2026 and car-
ries 6% coupon.

In a butterfly trade, the intermediate duration instrument is the butter-
fly’s “body” (also called a “bullet portfolio”) and the shorter and longer
duration instruments are “wings” (also called a “barbell portfolio™).
Accordingly, a portfolio manager engaging in a butterfly trade can buy
the wings (barbell) and sell the body (bullet) or the reverse.

As an illustration, look at Exhibit 4.5 which shows the Bloomberg’s
Butterfly/Barbell Swap (BBS) screen. In this example, we will be using
the three Treasuries described above to construct a butterfly trade where
we will sell the bullet (i.e., the body) and simultaneously purchasing the

! For evidence on how changes in the yield curve’s shape affect returns on U.S. Trea-
suries, see Frank J. Jones, “Yield Curve Strategies,” Journal of Fixed Income, Septem-
ber 1991, pp. 43-61; Robert Litterman and José Scheinkman, “Common Factors
Affecting Bond Returns,” Journal of Fixed Income, June 1991, pp. 54-61; and Steven
V. Mann and Pradipkumar Ramanlal, “The Relative Performance of Yield Curve
Strategies,” Journal of Portfolio Management, Summer 1997, pp. 64-70.
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EXHIBIT 4.5 Bloomberg’s Butterfly/Bullet Swap Screen

GRAB Govt BBS

BUTTERFLY /BARBELL SUWAP
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TOTAL RETURN FOR VARIOUS YIELD SHIFTS

Source: Bloomberg Financial Markets

barbell (i.e., the wings). The bullet portfolio is a $1 million par value
position in the 5% coupon Treasury that has a duration/convexity of
7.06/0.60. Next, the barbell portfolio is constructed by choosing the
portfolio weights in the 3% coupon Treasury and the 6% coupon Trea-
sury such that its duration is equal to the bullet’s duration. As can be
seen in the center of the screen, the weighted average duration of the
barbell portfolio is 7.05. Note also that risk weights of the bullet and
barbell also match. Recall from Chapter 3, Bloomberg’s Risk is equal to
the dollar value of a 1-basis-point change in yield multiplied by 100.
Accordingly, “Risk” is tantamount to dollar duration.

While their durations are equal, there are two crucial differences
between these two portfolios. First, the convexity measures of the two
portfolios are not equal. Indeed, the weighted average convexity of the
barbell is 1.20 compared to the bullet’s convexity of 0.60. Second, the
“yield” for the two portfolios is not the same. The yield for the bullet
portfolio is simply the yield to maturity of the 5% coupon Treasury,
3.99%. The traditional (and incorrect) yield calculation for the barbell
portfolio is found by taking a market-value weighted average of the
yield to maturity of the two bonds included in the barbell portfolio.
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EXHIBIT 4.6  Yield Curve Shifts for Bloomberg’s Butterfly/Barbell Swap Screen

Pivotal Shift in Basis Points

Negative Pivot No Pivot Positive Pivot

Sb ID IbD SO ID LD SO ID LD

Upward Parallel Shift ~ +50 +25 0 +25 +25 +2§ 0 +25 +50
in Basis Points

No Shift +25 0 -25 0 0 0 -25 0 +25

Downward Parallel 0 -25 -50 -25 -25 -25 =50 =25 0
Shift in Basis Points

Using this method, the barbell’s “yield” is 3.383%.2 Thus, in order to
obtain the benefits of the barbell’s higher positive convexity, one must
give up almost 61 basis points in yield over the duration-matched bullet
portfolio. This yield difference is often called the “cost of convexity.”

Now let’s examine how our butterfly trade of buying the barbell and
selling the bullet performs as the yield curve changes shape. This analy-
sis is located at the bottom one-third of the screen under the heading
“Total Return for Various Yield Shifts.” The matrix tells the dollar gain
or loss of our butterfly trade for nine different yield curve scenarios for
an instantaneous shift in the yield curve. Exhibit 4.6 shows how the
yields change for the shortest duration, intermediate duration, and long
duration instruments. SD, ID, and LD are labels for the yield change on
the shortest duration bond, the intermediate duration bond, and the
longest duration bond. The default setting is parallel and pivotal shifts
of positive and negative 25 basis points.>

Let us examine how our butterfly trade (buy barbell, sell bullet) per-
forms when the yield curve shifts and changes slope. The middle column
of the total return matrix in Exhibit 4.5 tells us the dollar change in the
portfolio’s value for an upward parallel shift of 25 basis points, no
change in the yield curve, and a downward parallel shift of 25 basis

2To see why this approach is incorrect, consider a portfolio of ten Treasury coupon
strips and the appropriate principal strip that exactly matches the cash flows of a 5-
year Treasury note. Suppose further that the market value of the portfolio of strips
is equal to the Treasury note’s full price. The market value weighted average of the
strip yields will almost never equal the yield to maturity of the 5-year Treasury note.
The proper way to determine a portfolio yield is weight the yield to maturity of in-
dividual bonds using duration dollars. However, even properly calculated, yield is
not a total return measure.

3 For further details, see Kenwei Chong, “Bite the Bullet or Press the Barbell?”
Bloomberg Markets, October 1998, pp. 79-84.
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points. For an upward parallel shift of 25 basis points of the three bond
yields, the barbell outperforms the bullet by a small amount, $223.01.
Specifically, a long position in the shortest duration and longest dura-
tion bonds outperforms by $223.01 relative to a position in a same
duration intermediate bond. For a downward parallel shift in yields, the
barbell also outperforms the bullet by a small amount, $183.57. Both of
these results are not surprising. Since these two portfolios have the same
duration, they will experience about the same dollar price change for a
parallel shift in yields with a slight advantage for the barbell owing to
its higher positive convexity. Indeed, for a larger parallel shift in yields,
the barbell should outperform the bullet by larger amounts. In other
words, the barbell’s higher positive convexity will have a higher payoff
the larger the change in rates, all else equal.

Now we turn our attention to a nonparallel shift in the yield curve.
Let’s combine a 25 basis point shift in the three yields with a “negative
pivotal” shift. A negative pivotal shift adds an additional 25 basis points
(in this example) to the yield of the shorter duration bond and subtracts
an incremental 25-basis-points from the yield on the longer duration
bond. Thus, an upward parallel shift of 25 basis points combined with a
negative pivotal shift of 25 basis points results in net changes in the
three bond yields of +50, +25, and 0 basis points, respectively. Con-
versely, a downward parallel shift of 25 basis points combined with a
negative pivotal shift of 25 basis points results in changes in the three
bond yields of 0, =25, and =50 basis points, respectively. Using the same
logic, a negative pivotal shift without a parallel shift leads to a 25-basis-
point increase in the yield of the shortest duration bond’s yield and a 25-
basis-point decrease in the yield of the longest duration bond’s yield
leaving the intermediate duration bond’s yield unchanged.

All three of these nonparallel yield shifts flatten the yield curve.
When this occurs, the barbell outperforms the bullet by a substantial
amount. This result can be seen in the first column of the total return
matrix of Exhibit 4.5. A flattening yield curve tends to favor barbells
because the value of the longest duration bond is increasing and it con-
tributes relatively more weight to the barbell’s performance. Robin
Grieves, in his empirical study of butterfly trades, finds that over short
investment horizons that barbells outperform bullets when the yield
curve flattens.*

Now let’s steepen the yield curve using a positive pivotal shift—a
shift that subtracts an incremental 25 basis points (in this example)
from the yield on the shorter duration bond and adds an incremental 25

* See Robin Grieves, “Butterfly Trades,” Journal of Portfolio Management, Fall
1999, pp. 87-96.
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EXHIBIT 4.7 Bloomberg’s Butterfly/Bullet Swap Screen
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basis points to the yield on longer duration bond. The yield changes for
the three bonds for a positive pivotal upward parallel shift, no shift, and
a downward parallel shift are presented in the rightmost column in
Exhibit 4.6. All three of these nonparallel yield shifts steepen the yield
curve. When this occurs, the bullet outperforms the barbell by a sub-
stantial amount. This result appears in the third column of the total
return matrix of Exhibit 4.5.

One additional statement about barbells and bullets is worthy of
note. Namely, the statement made earlier that there is a tradeoff
between convexity and yield does not necessarily arise in the market.
This should not be surprising since the yield measure is not a good indi-
cator of a portfolio’s potential return. To illustrate, consider the bullet
and barbell portfolios in Exhibit 4.7 which shows a Bloomberg BBS
screen. As before, the durations of the two portfolios are equal but the
barbell’s convexity is higher the bullet’s convexity (1.06 versus 0.79).
Notice the weighted average yield for the barbell is also higher
(3.987%) than the bullet portfolio’s yield (3.843%).

In summary, looking at measures such as yield (either yield to matu-
rity or some type of portfolio yield measure), duration or convexity tell
us relatively little about the performance of bond portfolios over some
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investment horizon because performance depends on the magnitude of
the change in yields and how the yield curve shifts. Accordingly, when
one is constructing a portfolio to match the performance of a bench-
mark (e.g., a bond market index), care must be given to match the port-
folio’s risk profile to that of the benchmark. Matching by duration alone
will not give any assurance about how either the portfolio or the bench-
mark index will respond to changes in the shape of the yield curve.

TRACKING ERROR AND YIELD CURVE RISK

When a portfolio manager’s benchmark is a bond market index, risk is
measured by the standard deviation of the return of the portfolio rela-
tive to the return of the benchmark. This risk measure is called tracking
error and is computed as follows:

Step 1: Compute the total return for a portfolio for each period.
Step 2: Obtain the total return for the benchmark for each period.

Step 3: Obtain the difference between the values found in Step 1 and
Step 2. The difference is referred to as the active return.

Step 4: Compute the standard deviation of the active returns. The
resulting value is the tracking error.

The first panel of Exhibit 4.8 shows the calculation of the tracking
error for a hypothetical portfolio assuming that the benchmark is the
Lehman Brothers Aggregate Bond Index. The observations are monthly
for 2001. The portfolio’s monthly tracking error is 27.73 basis points.

The tracking error is unique to the benchmark used. For example,
suppose the benchmark is the Salomon Smith Barney BIG Index. The
monthly tracking error for the same portfolio is 31.15 basis points (see
the second panel in Exhibit 4.8).

The tracking error measurement is in terms of the observation
period. So, if monthly returns are used, the tracking error is a monthly
tracking error. If weekly returns are used, the tracking error is a weekly
tracking error. Tracking error is annualized as follows:

When observations are monthly: Annual tracking error

= Monthly tracking error x /12
When observations are weekly: ~ Annual tracking error

= Monthly tracking error x /52
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EXHIBIT 4.8 Calculation of Tracking Error for a Hypothetical Portfolio:
Benchmark is the Lehman Aggregate Bond Index and Benchmark Index
Observation period = January 2001-December 2001

Panel a: Benchmark index = Lehman Aggregate Bond Index

Month in  Portfolio B’ Benchmark Active
2001 Return (%) Index Return (%)  Return (%)
Jan 1.59 1.64 -0.05
Feb 1.00 0.87 0.13
March 0.22 0.50 -0.28
April -0.30 -0.42 0.12
May 0.95 0.60 0.35
June 0.15 0.38 -0.23
July 2.10 2.24 -0.14
Aug 1.10 1.15 -0.05
Sept 1.05 1.17 ~0.12
Oct 1.95 2.09 -0.14
Nov -0.98 -1.38 0.40
Dec -0.42 -0.64 _0.22
Sum 0.21
Mean 0.0175
Variance 0.0769
Standard Deviation = Tracking error 0.2773
Tracking error (in basis points) = 27.73

For example, when the Lehman index is used, the annual tracking
error for the portfolio is

Annual tracking error = 27.73 basis points x /12 = 96.06 basis points

Backward-Looking versus Forward-Looking Tracking Error

We have just described how to calculate tracking error based on the
actual active returns for a portfolio. Calculations computed for a port-
folio based on a portfolio’s actual active returns reflect the portfolio
manager’s decisions during the observation period with respect to the
factors that affect tracking error. We call tracking error calculated from
observed active returns for a portfolio backward-looking tracking error,
ex post tracking error, or actual tracking error.
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EXHIBIT 4.8 (Continued)
Panel b: Salomon Smith Barney BIG Index

Monthin  Portfolio B’s Benchmark Active

2001 Return (%) Index Return (%)  Return (%)
Jan 1.59 1.65 -0.06
Feb 1.00 0.89 0.11
March 0.22 0.52 -0.30
April -0.30 -0.47 0.17
May 0.95 0.65 0.30
June 0.15 0.33 -0.18
July 2.10 2.31 -0.21
Aug 1.10 1.10 0.00
Sept 1.05 1.23 -0.18
Oct 1.95 2.02 -0.07
Nov -0.98 -1.38 0.40
Dec -0.42 -0.59 _0.17
Sum 0.15
Mean 0.0125
Variance 0.0970
Standard Deviation = Tracking error 0.3115
Tracking error (in basis points) = 31.15
Notes:

Active return = Portfolio return — Benchmark Index return

Variance = Sum of the squares of the deviations from the mean/11
(Division by 11, which is number of observations minus 1)

Standard deviation = Tracking error = Square root of variance

A problem with using backward-looking tracking error in portfolio
management is that it does not reflect the effect of current decisions by the
portfolio manager on the future active returns and, for that reason, the
future tracking error that may be realized. If, for example, the manager sig-
nificantly changes the portfolio’s duration or sector allocation, then the
backward-looking tracking error, which is calculated using data from prior
periods would not accurately reflect the current portfolio risks going for-
ward. That is, the backward-looking tracking error will have little predic-
tive value and can be misleading regarding portfolio risks going forward.

The portfolio manager needs a forward-looking estimate of tracking
error to reflect the portfolio risk going forward. The way this is done in
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practice is by using the services of a commercial vendor or dealer firm
that has modeled the factors that affect the tracking error associated
with the bond market index that is the portfolio manager’s benchmark.
These models are called multifactor risk models. Given a manager’s
current portfolio holdings, the portfolio’s current exposure to the vari-
ous risk factors can be calculated and compared to the benchmark’s
exposures to the risk factors. Using the differential factor exposures and
the risks of the factors, a forward-looking tracking error for the portfo-
lio can be computed. This tracking error is also referred to as predicted
tracking error and ex ante tracking error.

Given a forward-looking tracking error, a range for the future possi-
ble portfolio active return can be calculated assuming that the active
returns are normally distributed. For example, assume the following:

Benchmark = Lehman Aggregate Bond Index

Expected return for Lehman Aggregate Bond Index = 10%
Forward-looking tracking error relative to Lehman Aggregate Bond
Index = 100 basis points

Then from the properties of a normal distribution (see Chapter 5), we
know that:

Number of Range for portfolio  Corresponding range
standard deviations active return for portfolio return ~ Probability
1 =1% 9%-11% 67%
2% 8%-12% 95%
3 3% 7%—-13% 99%

It should be noted that there is no guarantee that the forward-look-
ing tracking error at the start of, say, a year would exactly match the
backward-looking tracking error calculated at the end of the year. There
are two reasons for this. The first is that as the year progresses and
changes are made to the composition of the portfolio, the forward-look-
ing tracking error estimate would change to reflect the new exposure to
risk factors. The second is that the accuracy of the forward-looking
tracking error at the beginning of the year depends on the extent of the
stability in the variances and correlations that commercial vendors use
in their statistical models to estimate forward-looking tracking error.
These problems notwithstanding, the average of forward looking track-
ing error estimates obtained at different times during the year will be
reasonably close to the backward-looking tracking error estimate
obtained at the end of the year.
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Forward-Looking Tracking Error and Term Structure Risk

The forward-looking tracking error is useful in risk control and portfo-
lio construction. The manager can immediately see the likely effect on
tracking error of any intended change in the portfolio. Thus, scenario
analysis can be performed by a portfolio manager to assess proposed
portfolio strategies and eliminate those that would result in tracking
error beyond a specified tolerance for risk.

The risk factors affecting the Lehman Brothers Aggregate Bond
Index have been investigated by Lev Dynkin, Jay Hyman, and Wei Wu.’
The risk factors are divided into two types: systematic risk factors and
non-systematic risk factors. Systematic risk factors are forces that affect
all securities in a certain category in the benchmark index. Nonsystem-
atic factor risk is the risk that is not attributable to the systematic risk
factors.

Systematic risk factors, in turn, are divided into two categories:
term structure risk factors and nonterm structure risk factors. Term
structure risk factors are risks associated with changes in the shape of
the yield curve (level and shape changes). Nonterm structure risk factors
include sector risk, quality risk, optionality risk, coupon risk, MBS sec-
tor risk, MBS volatility risk, and MBS prepayment risk. Our focus here
is on term structure risk factors.

Give the risk factors associated with a benchmark, forward-looking
tracking error can be estimated for a portfolio. The tracking error
occurs because the portfolio constructed deviates from the exposures for
the benchmark. For example, suppose that the duration for the Lehman
Brothers Aggregate Bond Index is 4.3 and a portfolio manager con-
structs a portfolio with a duration of 4.9. Then there is different expo-
sure to changes in the level of interest rates. This is one element of
systematic term structure factor risk. What can be determined from the
difference in durations is what the (forward-looking) tracking error due
to the term structure risk factor will be.

The tracking error for a portfolio relative to a benchmark can be
decomposed as follows:

B Tracking error due to systematic risk factors:

e Tracking error due to term structure risk factor

e Tracking error due to nonterm structure risk factors
B Tracking error due to nonsystematic risk factors

5 Lev Dynkin, Jay Hyman, and Wei Wu, “Multi-Factor Risk Factors and Their Ap-
plications,” in Frank J. Fabozzi (ed.), Professional Perspectives on Fixed Income
Portfolio Management, Volume 2 (New Hope, PA: Frank J. Fabozzi Associates,
2001).
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A portfolio manager provided with information about forwarding-
looking tracking error for the current portfolio can quickly assess if (1)
the risk exposure for the portfolio is one that is acceptable and (2) if the
particular risk exposures are the ones that the manager wants. A client
can in fact use forward-looking tracking error to communicate the
degree of active portfolio management that it wants the portfolio man-
ager it has retained to pursue.

Forward-looking tracking errors is obtained from vendors of multifac-
tor risk models who, in turn, have constructed databases for the factors
using statistical techniques. It is from this information that a portfolio man-
ager can obtain the tracking error due to term structure risk factors.®

For example, Exhibit 4.9 shows a portfolio consisting of 57 bonds
on September 30, 1998. Suppose that the benchmark for this portfolio
is the Lehman Brothers Aggregate Bond Index. It can be shown that the
tracking error for the portfolio is 52 basis points. Tracking error due to
the term structure risk factor is the dominant source of total tracking
error, 36.3 basis points.

EXHIBIT 4.9 Portfolio Holdings (September 30, 1998)

Issuer Name Coup Maturity  Moody S&P  Par Val %
BAKER HUGHES 8.000 05/15/04 A2 A 5,000 0.87
BOEING CO 6.350 06/15/03 Aa3 AA 10,000 1.58
COCA-COLA ENTERPRISES I 6.950 11/15/26 A3 A+ 50,000 8.06
ELI LILLY CO 6.770 01/01/36 Aa3 AA 5,000 0.83
ENRON CORP 6.625 11/15/05 Baa2 BBB+ 5,000 0.80
FEDERAL NATL MTG ASSN 5.625 03/15/01 Aaa+ AAA+ 10,000 1.53
FEDERAL NATL MTG ASSN-G 7.400 07/01/04 Aaa+ AAA+ 8,000 1.37
FHLM Gold 7-Years Balloon 6.000 04/01/26 Aaa+ AAA+ 20,000 3.03
FHLM Gold Guar Single F. 6.500 08/01/08 Aaa+ AAA+ 23,000 3.52
FHLM Gold Guar Single F. 7.000 01/01/28 Aaa+ AAA+ 32,000 4.93
FHLM Gold Guar Single F. 6.500 02/01/28 Aaa+ AAA+ 19,000 2.90
FIRST BANK SYSTEM 6.875 09/15/07 A2 A- 4,000 0.65
FLEET MORTGAGE GROUP 6.500 09/15/99 A2 A+ 4,000 0.60
FNMA Conventional Long T. 8.000 05/01/21 Aaa+ AAA+ 33,000 5.14
FNMA MTN 6.420 02/12/08 Aaa+ AAA+ 8,000 1.23
FORD MOTOR CREDIT 7.500 01/15/03 Al A 4,000 0.65
FORT JAMES CORP 6.875 09/15/07 Baa2 BBB- 4,000 0.63
GNMA I Single Family 9.500 10/01/19 Aaa+ AAA+ 13,000 2.11
GNMA I Single Family 7.500 07/01/22 Aaa+ AAA+ 30,000 4.66
GNMA I Single Family 6.500 02/01/28 Aaa+ AAA+ 5,000 0.76
GTE CORP 9.375 12/01/00 Baal A 50,000 8.32

®In Chapter 15 we will see how tracking error due to quality risk is used in the anal-
ysis of credit risk.
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EXHIBIT 4.9 (Continued)

Issuer Name Coup Maturity  Moody S&P  Par Val %
INT-AMERICAN DEV BANK-G 6.375 10/22/07 Aaa AAA 6,000 1.00
INTL BUSINESS MACHINES 6.375 06/15/00 Al A+ 10,000  1.55
LEHMAN BROTHERS INC 7.125 07/15/02 Baal A 4,000 0.59
LOCKHEED MARTIN 6.550 05/15/99 A3 BBB+ 10,000 1.53
MANITOBA PROV CANADA 8.875 09/15/21 Al AA- 4,000 0.79
MCDONALDS CORP 5.950 01/15/08 Aa2 AA 4,000 0.63
MERRILL LYNCH & CO.-GLO 6.000 02/12/03 Aa3 AA- 5,000 0.76
NATIONSBANK CORP 5.750 03/15/01 Aa2 A+ 3,000 0.45
NEW YORK TELEPHONE 9.375 07/15/31 A2 A+ 5,000 0.86
NIKE INC 6.375 12/01/03 Al A+ 3,000 0.48
NORFOLK SOUTHERN CORP 7.800 05/15/27 Baal BBB+ 4,000 0.71
NORWEST FINANCIAL INC. 6.125 08/01/03 Aa3 AA- 4,000 0.62
ONT PROV CANADA-GLOBA 7.375 01/27/03 Aa3 AA- 4,000 0.65
PUB SVC ELECTRIC + GAS 6.125 08/01/02 A3 A- 3,000 0.47
RAYTHEON CO 7.200 08/15/27 Baal BBB 8,000 1.31
RESOLUTION FUNDING CORP 8.125 10/15/19 Aaa+ AAA+ 17,000 3.51
TIME WARNER ENT 8.375 03/15/23 Baa2 BBB- 5,000  0.90
ULTRAMAR DIAMOND SHAM 7.200 10/15/17 Baa2 BBB 4,000 0.63
US TREASURY BONDS 10.375 11/15/12 Aaa+ AAA+ 10,000 2.17
US TREASURY BONDS 10.625 08/15/15 Aaa+ AAA+ 14,000 3.43
US TREASURY BONDS 6.250 08/15/23 Aaa+ AAA+ 30,000 5.14
US TREASURY NOTES 8.875 02/15/99 Aaa+ AAA+ 9,000 1.38
US TREASURY NOTES 6.375 07/15/99 Aaa+ AAA+ 4,000 0.61
US TREASURY NOTES 7.125 09/30/99 Aaa+ AAA+ 17,000 2.59
US TREASURY NOTES 5.875 11/15/99 Aaa+ AAA+ 17,000 2.62
US TREASURY NOTES 6.875 03/31/00 Aaa+ AAA+ 8,000 1.23
US TREASURY NOTES 6.000 08/15/00 Aaa+ AAA+ 11,000 1.70
US TREASURY NOTES 8.000 05/15/01 Aaa+ AAA+ 9,000 1.50
US TREASURY NOTES 7.500 11/15/01 Aaa+ AAA+ 10,000 1.67
US TREASURY NOTES 6.625 03/31/02 Aaa+ AAA+ 6,000 0.96
US TREASURY NOTES 6.250 08/31/02 Aaa+ AAA+ 10,000 1.60
US TREASURY NOTES 5.750 08/15/03 Aaa+ AAA+ 1,000 0.16
US TREASURY NOTES 6.500 05/15/05 Aaa+ AAA+ 1,000 0.17
US TREASURY NOTES 6.125 08/15/07 Aaa+ AAA+ 1,000 0.17
WELLS FARGO + CO 6.875 04/01/06 A2 A- 5,000  0.80
WESTPAC BANKING CORP 7.875 10/15/02 Al A+ 3,000 0.49

Source: Exhibit 9 in Lev Dynkin, Jay Hyman, and Wei Wu, “Multi-Factor Risk
Models and Their Applications,” Professional Perspectives on Fixed Income Portfo-
lio Management, Volume 3 (2001), pp. 101-143.
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YIELD CURVE RISK MEASURES

The weakness of duration and convexity measures, as we have illus-
trated earlier in this chapter, is that it assumes that when yields along
the yield curve change, each yield changes by the same number of basis
points. Simply put, all bond yields are the same regardless of when the
cash flows are delivered across time and changes in yields are perfectly
correlated. In this section, we describe several approaches that have
been used to measure the exposure of a portfolio or a position to
changes in the yield curve. They include:

1. Cash flow distribution analysis versus a benchmark.
2. Key rate duration.

3. Slope elasticity measure.

4. Analysis of likely shifts in the yield curve.

Cash Flow Distribution Analysis versus a Benchmark

The most straightforward approach to assessing a portfolio’s risk expo-
sure to yield curve shifts is by looking at the distribution of the present
value of the cash flows for the portfolio being managed versus its bench-
mark. The benchmark will be either a bond index or a liability struc-
ture. The steps are as follows:

Step 1: Determine the discrete time periods for the analysis. The
shortest and longest time is determined by the shortest and longest cash
flows for the portfolio and the benchmark. Each time period is referred
to as a cash flow vertex.

Step 2: Compute the cash flows for the portfolio and the benchmark
for each cash flow vertex.

Step 3: Compute the present value of the cash flows for the portfo-
lio and the benchmark for each cash flow vertex. The spot rate used to
compute the present value is the spot rate for the cash flow vertex. For
example, if the cash flow vertex is year 5, the 5-year spot rate is used.

Step 4: Compute the duration contribution at each cash flow vertex
for the portfolio and the benchmark.

Step 5: Compute the duration contribution as a percentage of dura-
tion for both the portfolio and the benchmark for each cash flow vertex.

Step 6: Compute the difference in the portfolio percentage and
benchmark percentage computed in Step 5 for each cash flow vertex.
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EXHIBIT 410  Cash Flow Distribution Analysis Lehman Aggregate Index
(as of 6/30/99)

Time Percent Duration Percent of
Period of PV Contribution Duration

0 2.5 0.00 0.0
0.5 5.8 0.03 0.6
1 5.9 0.06 1.2
1.5 10.6 0.16 3.2
2 12.1 0.24 4.9
3 12.7 0.38 7.8
4 10.7 0.43 8.7
S 7.6 0.38 7.8
6 5.7 0.34 7.0
7 4.7 0.33 6.8
8 3.9 0.32 6.5
9 3.8 0.35 7.1
10 4.6 0.46 9.5
15 3.8 0.57 11.6
20 2.4 0.47 9.7
25 1.0 0.26 5.3
30 0.3 0.10 2.1
40 0.0 0.02 0.3
Total @ 4.88 100.0

Source: Exhibit 5 in Kenneth E. Volpert, “Managing Indexed and Enhanced Indexed
Bond Portfolios,” Chapter 4 in Frank J. Fabozzi (ed.), Fixed Income Readings for
the Chartered Financial Analyst Program (New Hope, PA: Frank J. Fabozzi Associ-
ates, 2000).

* There was considerable rounding in reporting the values in this column. For this
reason, the total does not add to 100%.

Steps 1-5 are shown in Exhibit 4.10 for the Lehman Brothers Aggre-
gate Index as of June 30, 1999. It is the last column in the exhibit that a
portfolio is compared against to identify exposure to yield curve risk.

The application is not straightforward because of the inclusion of
bonds with embedded options and mortgage-backed and asset-backed
securities. Suppose a bond is a 7-year bond that is callable in three
years. The cash flows for this bond depends on the portfolio manager’s
assessment of the probability that it will be called in three years. For
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mortgage-backed and asset-backed securities, the cash flows depend on
the prepayment assumption.

Another mechanical aspect of the process is the allocation of cash
flows to the cash flow vertices when a cash flow is not exactly on a cash
flow vertex date. For example, consider a bond whose coupon payment
of $1 million is to be received 4.75 years from now and that there is a 4-
year and 5-year cash flow vertex such as in Exhibit 4.10. How should
the $1 million coupon payment be allocated? The procedure would be
to allocate 25% to the 4-year cash flow vertex and 75% to the 5-year
cash flow vertex.

Despite its simplicity, the cash flow distribution analysis is com-
monly used as a measure of yield curve risk for index fund managers
according to Kenneth Volpert, Principal and Senior Portfolio Manager
of The Vanguard Group.”

Key Rate Duration

One approach to measuring the sensitivity of a bond to changes in the
shape of the yield curve is to change the yield for a particular maturity
of the yield curve and determine the sensitivity of a security or portfolio
to this change holding all other yields constant. The sensitivity of the
bond’s value to a particular change in yield is called rate duration. There
is a rate duration for every point on the yield curve. Consequently, there
is not one rate duration but a vector of rate durations representing each
maturity on the yield curve. The total change in value if all rates move
by the same number of basis points simultaneously is simply the dura-
tion of a security or portfolio to a parallel shift in rates.

The most popular version of this approach was developed by Tho-
mas Ho in 1992.% This approach examines how changes in Treasury
yields at different points on the spot curve affect the value of a bond
portfolio. Ho’s methodology has three basic steps. The first step is to
select several key maturities or “key rates” of the spot rate curve. Ho’s
approach focuses on 11 key maturities on the spot rate curve. These rate
durations are called key rate durations. The specific maturities on the
spot rate curve for which a key rate duration is measured are 3 months,
1 year, 2 years, 3 years, S years, 7 years, 10 years, 15 years, 20 years, 25
years, and 30 years. However, in order to illustrate Ho’s methodology,
we will select only three key rates: 1 year, 10 years, and 30 years.

7Kenneth E. Volpert, “Managing Indexed and Enhanced Indexed Bond Portfolios,”
Chapter 4 in Frank J. Fabozzi (ed.), Fixed Income Readings for the Chartered Finan-
cial Analyst Program (New Hope, PA: Frank J. Fabozzi Associates, 2000), p. 91.

8 Thomas S. Y. Ho, “Key Rate Durations: Measures of Interest Rate Risk,” The Jour-
nal of Fixed Income, September 1992, pp. 29-44.
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EXHIBIT 411  Valuation of 5-Year 6% Coupon Bond Using Spot Rates

Spot Rate ~ Cash Flow  Present Value

Years Period (in percent) (in dollars) (in dollars)
0.5 1 3.00 3 2.96
1.0 2 3.25 3 2.90
1.5 3 3.50 3 2.85
2.0 4 3.75 3 2.79
2.5 5 4.00 3 2.72
3.0 6 4.10 3 2.66
3.5 7 4.20 3 2.59
4.0 8 4.30 3 2.53
4.5 9 4.35 3 2.47
5.0 10 4.40 103 82.86

Total 107.32

The next step is to specify how other rates on the spot curve change
in response to key rate changes. Ho’s rule is that a key rate’s effect on
neighboring rates declines linearly and reaches zero at the adjacent key
rates. For example, suppose the 10-year key rate increases by 40 basis
points. All spot rates between 10 years and 30 years will increase but
the amount each changes will be different and the magnitude of the
change diminishes linearly. Specifically, there are 40 semiannual periods
between 10 and 30 years. Each spot rate starting with 10.5 years
increases by 1 basis point less than the spot rate to its immediate left
(i.e., 39 basis points) and so forth. The 30-year rate which is the adja-
cent key rate is assumed to be unchanged. Thus, only one key rate
changes at a time. Spot rates between 1 year and 10 years change in an
analogous manner such that all rates change but by differing amounts.
Changes in the 1-year key rate affect spot rates between 1 and 10 years,
while spot rates 10 years and beyond are assumed to be unaffected by
changes in the 1-year spot rate. In a similar vein, changes in the 30-year
key rate affect all spot rates between 30 years and 10 years while spot
rates shorter than 10 years are assumed to be unaffected by changes in
the 30-year rate. This process is illustrated in Exhibit 4.11. Note that if
we add the three rate changes together we obtain a parallel yield curve
shift of 40 basis points.

The third and final step is to calculate the percentage change in the
bond’s portfolio value when each key rate and neighboring spot rates
are changed. There will be as many key rate durations as there are pre-
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EXHIBIT 412  Graph of the Initial Spot Curve and the Spot Curve After the 0.5-
Year Key Rate Shift
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selected key rates. Let’s illustrate this process by calculating the key rate
duration for a coupon bond. Our hypothetical 6% coupon bond has a
maturity value of $100 and matures in five years. The bond delivers
coupon payments semiannually. Valuation is accomplished by discount-
ing each cash flow using the appropriate spot rate. The bond’s current
value is $107.32 and the process is illustrated in Exhibit 4.12. The ini-
tial hypothetical (and short) spot curve is contained in column (3).” The
present values of each of the bond’s cash flows is presented in the last
column.

To compute the key rate duration of the 5-year bond, we must select
some key rates. We assume the key rates are 0.5, 3, and 5 years. To com-
pute the 0.5-year key rate duration, we shift the 0.5-year rate upwards by
20 basis points and adjust the neighboring spot rates between 0.5 and 3
years as described earlier. (The choice of 20 basis points is arbitrary.)
Exhibit 4.13 is a graph of the initial spot curve and the spot curve after the
0.5-year key rate and neighboring rates are shifted. The next step is to com-

? The spot rates are annual rates and are reported as bond-equivalent yields. When
present values are computed, we use the appropriate semiannual rates that are taken
to be one half the annual rate.
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EXHIBIT 4.13  Valuation of the 5-Year 6% Coupon Bond After 0.5-Year Key Rate
and Neighboring Spot Rates Change

Spot Rate  Cash Flow  Present Value

Years Period (in percent) (in dollars) (in dollars)
0.5 1 3.20 3 2.95
1.0 2 3.41 3 2.90
1.5 3 3.62 3 2.84
2.0 4 3.83 3 2.78
2.5 5 4.04 3 2.71
3.0 6 4.10 3 2.66
3.5 7 4.20 3 2.59
4.0 8 4.30 3 2.53
4.5 9 4.35 3 2.47
5.0 10 4.40 103 82.86

Total 107.30

pute the bond’s new value as a result of the shift. This calculation is shown
in Exhibit 4.14. The bond’s value subsequent to the shift is $107.30. To
estimate the 0.5-year key rate duration, we divide the percentage change in
the bond’s price as a result of the shift in the spot curve by the change in the
0.5-year key rate. Accordingly, we employ the following formula:

where
Py
P
Ay

Key rate duration

Py-P,

the bond’s value after the shift in the spot curve
the bond’s value using the initial spot curve

shift in the key rate (in decimal)

Substituting in numbers from our illustration presented above, we
can compute the 0.5-year key rate duration as follows:

P, = 107.30
Py = 107.32
Ay = 0.002

0.5-year key rate duration

107.32-107.30
107.32(0.002)
0.0932
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EXHIBIT 414  Graph of How Spot Rates Change when Key Rates Change
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To compute the 3-year key rate duration, we repeat this process. We
shift the 3-year rate by 20 basis points and adjust the neighboring spot
rates as described earlier. Exhibit 4.15 shows a graph of the initial spot
curve and the spot curve after the 3-year key rate and neighboring rates
are shifted. Note that in this case the only two spot rates that do not
change are the 0.5-year and the 5-year key rates. Then, we compute the
bond’s new value as a result of the shift. The bond’s post-shift value is
$107.25 and the calculation appears in Exhibit 4.16. Accordingly, the 3-
year key rate duration is computed as follows:
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EXHIBIT 418  Graph of the Initial Spot Curve and the Spot Curve After the 3-Year
Key Rate Shift
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EXHIBIT 4.16  Valuation of the 5-Year 6% Coupon Bond After 3-Year Key Rate
and Neighboring Spot Rates Change

Spot Rate  Cash Flow  Present Value

Years Period (in Percent) (in Dollars) (in Dollars)
0.5 1 3.00 3 2.96
1.0 2 3.29 3 2.90
1.5 3 3.58 3 2.84
2.0 4 3.87 3 2.78
2.5 S 4.16 3 2.71
3.0 6 4.30 3 2.64
3.5 7 4.35 3 2.58
4.0 8 4.40 3 2.52
4.5 9 4.40 3 2.47
5.0 10 4.40 103 82.86

Total 107.25
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EXHIBIT 4.17  Graph of the Initial Spot Curve and the Spot Curve After the 5-Year
Key Rate Shift
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107.32-107.25
107.32(0.002)
0.3261

3-year key rate duration

The final step is to compute the 5-year key duration. We shift the 5
year rate by 20 basis points and adjust the neighboring spot rates.
Exhibit 4.17 presents a graph of the initial spot curve and the spot curve
after the 5-year key rate and neighboring rates are shifted. The bond’s
post-shift value is $106.48 and the calculation appears in Exhibit 4.18.
Accordingly, the 5-year key rate duration is computed as follows:

107.32 -106.48
107.32(0.002)
3.9135

5-year key rate duration

What information can be gleaned from these key rate durations?
Each key rate duration by itself means relatively little. However, the dis-
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EXHIBIT 4.18  Valuation of the 5-Year 6% Coupon Bond After
5-Year Key Rate and Neighboring Spot Rates Change

Spot Rate  Cash Flow  Present Value

Years Period (in percent) (in dollars) (in dollars)
0.5 1 3.00 3 2.96
1.0 2 3.25 3 2.90
1.5 3 3.50 3 2.85
2.0 4 3.75 3 2.79
2.5 5 4.00 3 2.72
3.0 6 4.10 3 2.66
3.5 7 4.25 3 2.59
4.0 8 4.40 3 2.52
4.5 9 4.50 3 2.46
5.0 10 4.60 103 82.05

Total 106.48

tribution of the bond’s key rate durations helps us assess its exposure to
yield curve risk. Intuitively, the sum of the key rate durations is approx-
imately equal to a bond’s duration.'® As a result, it is useful to think of
a set of key rate durations as a decomposition of duration into sensitivi-
ties to various portions of the yield curve. In our illustration, it is not
surprising that the lion’s share of the yield curve risk exposure of the
coupon bond in our illustration is due to the bond’s terminal cash flow,
so the 5-year key rate duration is the largest of the three. Simply put, the
5-year bond’s value is more sensitive to movements in longer spot rates
and less sensitive to movements in shorter spot rates.

Key rate durations are most useful when comparing two (or more)
bond portfolios that have approximately the same duration. If the spot
curve is flat and experiences a parallel shift, these two bond portfolios
can be expected to experience approximately the same percentage
change in value. However, the performance of the two portfolios will
generally not be the same for a nonparallel shift in the spot curve. The
key rate duration profile of each portfolio will give the portfolio man-
ager some clues about the relative performance of the two portfolios
when the yield curve changes shape and slope.

As an illustration of the information that can be gleaned from key
rate durations, let’s employ the bullet and barbell portfolios constructed

19The reason it is only approximate is because modified duration assumes a flat yield
curve whereas key rate duration takes the spot curve as given.
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EXHIBIT 4.19 Bloomberg’s Screen of Key Rate Durations for the Bullet Portfolio
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earlier. Recall, the bullet portfolio is a $1 million par value position in
the 5% coupon Treasury maturing in August 2011 that has a duration
of 7.06. Conversely, the barbell portfolio is constructed by choosing the
portfolio weights in the 3% coupon Treasury maturing in January 2004
and the 6% coupon Treasury maturing February 2026 such that its
duration is equal to the bullet’s duration.

Exhibit 4.19 shows a Bloomberg screen of key rate durations for the
bullet portfolio. The key rate durations are called “Portfolio Grid Point
Deltas.” Bloomberg allows the user to chose up to 15 key rates. Accord-
ingly, there are 15 key rate durations in this illustration. To calculate the
key rate duration, each key rate is changed by 10 basis points (the
default) and neighboring rates on the curve are adjusted as described
earlier. The set of key rate durations indicates how interest rate risk for
a particular portfolio is allocated across the yield curve. For the bullet
portfolio, interest rate risk is concentrated in 8- and 9-year maturities.
Thus, the bullet portfolio is most sensitive to movements in the middle
of the curve and less sensitive to movements in the short and long end of
the curve.



136 MEASURING AND CONTROLLING INTEREST RATE AND CREDIT RISK

EXHIBIT 420 Bloomberg’s Screen of Key Rate Durations for the Barbell Portfolio
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Source: Bloomberg Financial Markets

Exhibit 4.20 shows a Bloomberg screen of key rate durations for the
barbell portfolio. For this portfolio, interest rate risk is concentrated in
the short and long end of the yield curve. Furthermore, it is relatively
insensitive to the movement of yields for the intermediate maturities.
This finding is consistent with the results of our barbell and bullet simu-
lation. Namely, the barbell is very sensitive to a flattening yield curve.

Slope Elasticity Measure

The slope elasticity measure, introduced by Schumacher, Dektar, and
Fabozzi for managing the yield curve risk of portfolios of collateralized
mortgage obligation bonds, also looks at the sensitivity of a position or
portfolio to changes in the slope of the yield curve.!' Schumacher, Dek-
tar, and Fabozzi define the yield curve slope as the spread between the
30-year on-the-run Treasury yield and the 3-month Treasury bill yield

" Michael P. Schumacher, Daniel C. Dektar, and Frank J. Fabozzi, “Yield Curve
Risk of CMO Bonds,” in Frank J. Fabozzi (ed.), CMO Portfolio Management (New
Hope, PA: Frank J. Fabozzi Associates, 1994). An adaptation of this work appears
as Chapter 14 in this book.
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(i.e., basically the longest and the shortest points on the Treasury yield
curve). They find that while this is not a perfect definition, it captures
most of the effect of changes in yield curve slope.

They then define changes in the yield curve as follows: Half of any
basis point change in the yield curve slope results from a change in the
3-month yield and half from a change in the 30-year yield. For example,
with a 200-basis-point steepening of the yield curve, the assumption is
that 100 basis points of that steepening come from a rise in the 30-year
yield, and another 100 basis points come from a fall in the 3-month
yield.

The sensitivity of a bond’s price to changes in the yield curve is sim-
ply its slope elasticity. They define slope elasticity as the approximate
negative percentage change in a bond’s price resulting from a 100 basis
point change in the slope of the curve. Slope elasticity is calculated as
follows: increase and decrease the yield curve slope, calculate the price
change for these two scenarios after adjusting for the price effect of a
change in the level of yields, and compare the prices to the initial price.
More specifically, the slope elasticity for each scenario is calculated as
follows:

Price effect of a change in slope/Base price

Change in yield curve slope

The slope elasticity is then the average of the slope elasticity for the two
scenarios.

A bond or bond portfolio that benefits when the yield curve flattens
is said to have positive slope elasticity; a bond or a bond portfolio that
benefits when the yield curve steepens is said to have negative slope elas-
ticity. The definition of yield curve risk follows from that of slope elas-
ticity. It is defined as the exposure of the bond to changes in the slope of
the yield curve.

In Chapter 14, we show to use the slope elasticity methodology for
controlling the yield curve risk of a mortgage-backed securities portfolio.

Analysis of Likely Yield Curve Shifts

While key rate duration is a useful measure for identifying the exposure
of a portfolio to different potential shifts in the yield curve, it is difficult
to employ this approach to yield curve risk in hedging a portfolio. An
alternative approach is to investigate how yield curves have changed
historically and incorporate typical yield curve change scenarios into the
hedging process. This approach of using likely yield curve changes
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EXHIBIT 421 Typical Monthly Yield Curve Shifts (bps)

Level Change due to

Years Up Down Flattening  Steepening

2 23.0 -23.0 17.2 -17.2
5 25.8 -25.8 11.2 -11.2
10 243 243 3.4 -3.4

Source: Kenneth Dunn, Roberto Sella, and Frank J. Fabozzi, “Hedging Mortgage Se-
curities,” forthcoming in Frank ]. Fabozzi (ed.), Fixed Income Readings for the
Chartered Financial Analyst Program: Second Edition (New Hope, PA: Frank J.
Fabozzi Associates, 2004).

obtained from principal component analysis has been suggested by
Richard and Gord,'? Golub and Tilman,!? and Axel and Vankudre.'*

Empirically, studies have found that yield curve changes are not paral-
lel. Rather, when the level of interest rates changes, studies have found that
short-term rates move more than longer-term rates. Some firms develop
their own proprietary models that decompose historical movements in the
rate changes of Treasury strips with different maturities in order to analyze
typical or likely rate movements. The statistical technique used to decom-
pose rate movements is principal component analysis.

Most empirical studies, published and proprietary, find that more than
95% of historical movements in rate changes can be explained by changes
in (1) the overall level of interest rates and (2) twists in the yield curve (i.e.,
steepening and flattening). For example, Miller Anderson & Sherrerd’s pro-
prietary model of the movement of monthly Treasury strip rates finds the
“typical” monthly rate change in basis points for three maturities as of
early 2003 based on historical returns shown in Exhibit 4.21.

“Typical” means one standard deviation in the change in the
monthly rate. The last two columns in Exhibit 4.21 indicate the change
in the monthly rate found by the principal component analysis that is
due to a flattening or steepening of the yield curve. From Exhibit 4.21,

12 Scott F. Richard and Benjamin J. Gord, “Measuring and Managing Interest-Rate
Risk,” Chapter 2 in Frank J. Fabozzi (ed.), Managing Fixed Income Porifolios
(Hoboken, NJ: John Wiley & Sons, 1997).

13 Bennett W. Golub and Leo M. Tilman, “Measuring Plausibility of Hypothetical
Interest Rate Shocks,” Chapter 6 in Managing Fixed Income Portfolios.

14 Ralph Axel and Prashant Vankudre, “Managing the Yield Curve with Principal
Component Analysis,” Professional Perspectives on Fixed Income Portfolio Man-
agement, Volume 3 (2000), pp. 37-49.
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the impact on the yield curve for a typical rise in the overall level of
interest rates and a flattening of the yield curve are found as follows.

To find the typical change in the slope of the 10-year-2-year, the dif-
ference between the 17.2 basis points for the 2-year and the 3.4 basis
points is computed. The difference of 13.8 basis points means that the
typical monthly flattening is 13.8 basis points. The typical monthly
steepening is 13.8 basis points.

KEY POINTS

1. Four shapes have been observed for the Treasury yield curve:
upward sloping, inverted, flat, and humped.

2. Historically, the types of yield curve shifts that have been observed
are a parallel shift, a change in slope of the yield curve, and a
change in the curvature of the yield curve.

3. A parallel shift in the yield curve means that the yield for all matu-
rities change by the same number of basis points.

4. When using a portfolio’s duration and convexity to measure the
exposure to interest rates, it is assumed that the yield curve shifts
in a parallel fashion.

5. For a nonparallel shift in the yield curve, duration and convexity
do not provide adequate information about the interest rate risk
exposure.

6. Exposure of a portfolio or position to a shift in the yield curve is
called yield curve risk.

7. Tracking error measures the standard deviation of the active
returns of a portfolio relative to a benchmark.

8. Backward-looking tracking error measures the tracking error
based on actual active returns; forward-looking tracking error
measures the potential tracking error of a portfolio.

9. One of the systematic factors that affects forward-looking track-
ing error is term structure factor risk and it is this risk that mea-
sures a bond portfolio’s exposure to yield curve risk.
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10

11.

12.

13.

14.

A simple approach to measuring yield curve risk, an approach
commonly used by index managers, is an analysis of the cash flow
distribution of a portfolio relative to a benchmark.

Key rate duration measures how changes in Treasury yields at dif-
ferent points on the spot rate curve affect the value of a bond.

Slope elasticity looks at the sensitivity of a position or portfolio to
changes in the slope of the yield curve and is defined as the
approximate negative percentage change in a bond’s price result-
ing from a 100-basis-point change in the slope of the curve.

With slope elasticity, changes in the yield curve are defined as fol-
lows: Half of any basis point change in the yield curve slope
results from a change in the 3-month yield and half from a change
in the 30-year yield.

Using principal component analysis, a portfolio manager can
determine likely yield curve shifts and use those shifts to assess the
exposure of a portfolio to yield curve risk.



Probability Distributions and
Their Properties

everal concepts from probability theory and statistics are essential

for measuring a portfolio’s or a position’s exposure to interest rate
and credit risk. In this chapter, we introduce the concept of a probabil-
ity distribution and examine its two key parameters: expected value and
standard deviation. We will also describe one particular probability dis-
tribution known as the normal distribution. The normal distribution
plays a critical role in statistical inference and many phenomena (finan-
cial and otherwise) generate random variables with probability distribu-
tions that are well approximated by the normal probability distribution.
For example, properties of the normal distribution will be indispensable
when we introduce the value-at-risk framework later in the book.

The objectives of this chapter are to:

. Explain what is meant by a random variable.

. Describe what a probability distribution is.

. Explain how to calculate the variance and standard deviation.

. Describe the fundamental properties of the normal probability distribution.

. Demonstrate several applications of the normal probability distribution.

. Describe what a skewed distribution is.

. Describe how a probability distribution can be obtained using Monte Carlo
simulation.

AN DWW -
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RANDOM VARIABLE AND PROBABILITY DISTRIBUTION

A random or stochastic variable is a variable that can take on many pos-
sible values and is unknown prior to the time it is observed. Moreover,
each possible value can be assigned a probability of observing that par-
ticular outcome. A probability distribution or probability function is a
graphical description of all the values that the random variable can take
on and the probability associated with each.'

Let us employ some notation to develop these concepts. If we let X
denote a random variable, then we use a subscript to denote particular
values of the random variable. For example, X refers to the ith value for
the random variable X. The probability of a particular value for the ran-
dom variable X is typically denoted by stating the specific value, P(X =
specific value), or by using the more compact subscript notation, P(X;).

To illustrate these concepts, consider a long position in a Treasury
strip that matures on August 15, 2022. Suppose that the par value of the
position is $50 million. On the settlement date of August 28, 2002, the
strip is priced to yield 5.5960%. The price is $33.225 per $100 of par
value, so the full price of $50 million face value position is $16,612,500.
Suppose a portfolio manager is concerned with the potential loss that
would be realized from this position two weeks hence. The loss will
depend on the yield on this zero-coupon bond on September 11, 2002.

Exhibit 5.1 shows the nine possible yields that the manager believes
can occur two weeks hence. The exhibit shows the probability of realiz-
ing each possible yield at that time. The random variable in this illustra-
tion is the yield two weeks hence and it can take on nine possible
outcomes. This is the probability distribution for the yield. Notice the
sum of the probabilities is one.

Rather than defining the random variable as the yield, the random
variable could just as easily be the profit/loss of the position over the
next two weeks. There is one-to-one correspondence between each yield
and a profit/loss. This profit/loss is shown in the last column of Exhibit
5.1. The probability distribution for the profit/loss is the same as the
probability distribution for the yield. For example, the probability that
the loss will be $284,594 is 15%. The probability of obtaining a partic-
ular outcome is called a marginal probability. If X denotes the profit/
loss, then P(X = $284,594) or P(X5) is 15%. The probability that there
will be loss on the position is the probability of a yield higher than
5.5960%. In our illustration it is 39% and this is called the cumulative
probability.

't is also called a probability density function.
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EXHIBIT 5.1  Probability for Yield Distribution and Profit/Loss Distribution in Two
Weeks for a Position in a Treasury Strip that Matures on August 15, 2022
Purchase price: $33.224628

Par position: $50,000,000

Dollar position: $16,612,314

Two weeks from now on September 11, 2002

Yield  Probability Bond Market Profit/Loss

(%) (%) Price ($) Value ($) ($)
1 5.1960 1.5 35.98146 17,990,730 1,378,416
2 5.2960 10.0 35.28953 17,644,765 1,032,451
3 5.3960 12.5 34.61124 17,305,620 693,306
4 5.4960 15.0 33.94631 16,973,155 360,841
S 5.5960 22.0 33.29446 16,647,230 34,916
6 5.6960 15.0 32.65544 16,327,720 -284,594
7 5.7960 12.5 32.02899 16,014,495 -597,819
8 5.8960 10.0 31.41485 15,707,425 -904,889
9 5.9960 1.5 30.81278 15,405,390 —1,205,924

Total 100.0

STATISTICAL MEASURES OF A PROBABILITY DISTRIBUTION

Various measures are used to summarize the probability distribution of
a random variable. The two most often used measures are the expected
value and the variance (or standard deviation).

Expected Value
The expected value of a probability distribution is the weighted average
of the distribution. The weights in this case are the probabilities associ-
ated with the random variable X. The expected value of a random vari-
able is denoted by E(X) and is computed as follows:

E(X) = P,X,+PyX,+...+P,X,
where P; is the probability associated with the outcome X;.

Exhibit 5.2 shows how to calculate the expected value for the profit/
loss of $50 million par value position in a U.S. Treasury strip that
mature on August 15, 2022 whose probability distribution is shown in
Exhibit 5.1. The expected value of the profit/loss at the end of the antic-
ipated two-week holding period is $46,398.03.
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EXHIBIT 5.2 Calculation of Expected Value

Yield  Probability Profit/Loss Probability x Profit/Loss

(%) (%) ($) ($)
1 5.1960 1.5 1,378,416 20,676.24
2 5.2960 10.0 1,032,451 103,245.10
3 5.3960 12.5 693,306 86,663.25
4 5.4960 15.0 360,841 54,126.15
5 5.5960 22.0 34,916 7,681.52
6 5.6960 15.0 -284,594 -42,689.10
7 5.7960 12.5 -597,819 -74,727.38
8 5.8960 10.0 -904,889 -90,488.90
9  5.9960 1.5 -1,205,924 -18,088.86
Expected Value 46,398.03
Variance

A manager is interested not only in the expected value of a probability
distribution but also in the dispersion of the random variable around
the expected value. A measure of dispersion of the probability distribu-
tion is the variance of the distribution. The variance of a random vari-
able X, denoted by var(X), is computed from the following formula:

var(X) = [X, - E(X)1*P, +[X, - E(X)]*Py + ... + [X, - E(X)]*P,

Notice that the variance is simply a weighted average of the devia-
tions of each possible outcome from the expected value, where the
weight is the probability of an outcome occurring. The greater the vari-
ance, the greater the distribution of the possible outcomes for the ran-
dom variable. The reason that the deviations from the expected value
are squared is to avoid outcomes above and below the expected value
from cancelling each other out.

The problem with using the variance as a measure of dispersion is
that it is in terms of squared units of the random variable (e.g., squared
dollars, squared percent, etc.) Consequently, the square root of the vari-
ance, called the standard deviation, is often used instead because it is a
more easily interpretable measure of dispersion since it is in the same
units as the mean. Mathematically this can be expressed as follows:

std(X) = Jvar(X)

where std(X) denotes the standard deviation of the random variable X.
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EXHIBIT 5.3 Calculation of Variance and Standard Deviation

Yield  Probability  Profit/Loss  Expected  (Profit/Loss — EV)? x

(%) (%) () Value ($) Probability

1  5.1960 1.5 1,378,416  46,398.03 26,614,078,286
2 5.2960 10.0 1,032,451  46,398.03 97,230,046,951
3 5.3960 12.5 693,306  46,398.03 52,311,241,015
4 5.4960 15.0 360,841  46,398.03 14,831,157,679
5 5.5960 22.0 34,916  46,398.03 29,004,118
6 5.6960 15.0 -284,594  46,398.03 16,433,358,092
7 5.7960 12.5 -597,819  46,398.03 51,876,946,912
8 5.8960 10.0 -904,889  46,398.03 90,494,700,393
9 5.9960 1.5 -1,205,924  46,398.03 23,524,656,815

Variance 373,345,145,992

Note: Standard deviation = [373,345,145,992]1/2 = 610,019.80

Exhibit 5.3 shows how to calculate the variance for the profit/loss
of the U.S. Treasury strip position whose probability distribution is
shown in Exhibit 5.1.

Discrete versus Continuous Probability Distributions

A probability distribution can be classified according to the values that
a random variable can realize. When the value of the random variable
can only take on specific values, then the probability distribution is
referred to as a discrete probability distribution. For example, in our
illustration, we assumed only nine specific values for the random vari-
able. Hence, to this point we have been working with a discrete proba-
bility distribution. If, instead, the random variable can take on any
possible value within the range of outcomes, then the probability distri-
bution is said to a continuous probability distribution.

When a random variable is either the price, yield, or return on a
financial asset, the distribution can be assumed to be a continuous prob-
ability distribution. This means that it is possible to obtain, for example,
a price of 95.43231 or 109.34872 and any value in between. In practice,
we know that financial assets are not quoted in such a way. Neverthe-
less, there is no loss in describing the distribution as continuous. How-
ever, what is important in using a continuous distribution is that in
moving from one price to the next, there is no major jump. For example,
if the price declines from 95.14 to 70.50, it is assumed that there are
trades that are executed at prices at small increments below 95.14
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before getting to 70.50. In contrast, if the price can just “jump” from
95.14 to 70.50, then the distribution is referred to as a jump process.

NORMAL PROBABILITY DISTRIBUTION

In many applications involving probability distributions, it is assumed
that the underlying probability distribution is a normal distribution. An
example of a normal distribution is shown in Exhibit 5.4. A normal dis-
tribution is an example of a continuous probability distribution.

The area under the normal distribution or normal curve between
any two points on the horizontal axis is the probability of obtaining a
value between those two values. For example, the probability of realiz-
ing a value for the random variable X that is between X; and X, in
Exhibit 5.4 is shown by the shaded area. Mathematically, the probabil-
ity of realizing a value for X between these two variables can be written
as follows:

P(X;<X<X)5)

The entire area under the normal curve is equal to 1 which means the
sum of the probabilities is 1.

Properties of the Normal Distribution
The normal distribution has the following properties:

1. The point in the middle of the normal curve is the expected value for
the distribution.

EXHIBIT 5.4 Normal Distribution

Expected X4 X5
Value

Note: Probability of realizing a value between X and X, is shaded area.
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2. The distribution is symmetric around the expected value. That is, half
of the distribution is to the left of the expected value and the other half
is to the right. Thus, the probability of obtaining a value less than the
expected value is 50%. The probability of obtaining a value greater
than the expected value is also 50%.

3. The probability that the actual outcome will be within a range of one
standard deviation above the expected value and one standard devia-
tion below the expected value is 68.3%.

4. The probability that the actual outcome will be within a range of two
standard deviations above the expected value and two standard devia-
tions below the expected value is 95.5%.

5. The probability that the actual outcome will be within a range of three
standard deviations above the expected value and three standard devia-
tions below the expected value is 99.7%.

Exhibit 5.5 graphically presents these properties.

Suppose that a manager estimates a position one week from now has an
expected profit of $40,000 with a standard deviation of $100,000, and that
the probability distribution can be approximated well by a normal distribu-
tion. The probability is 68.3% that one week from now the profit will be
between —$60,000 (the expected value of $40,000 minus one standard devi-
ation of $100,000) and $140,000 (the expected value of $40,000 plus one
standard deviation of $100,000). The probability is 95.5% that the profit
will be between —$160,000 (the expected value minus two standard devia-
tions) and $240,000 (the expected value plus two standard deviations).

Suppose that the standard deviation is believed to be $70,000 rather
than $100,000. Then the probability is 68.3% that the profit will be
between —$30,000 and $110,000; the probability is 95.5% that the
profit will be between —$100,000 and $180,000. Notice that the smaller
the standard deviation, the narrower the range for the possible outcome
for a given probability.

Using Normal Distribution Tables

Tables are available that give the probability of obtaining a value
between any two values of a normal probability distribution. All that
must be known in order to determine the probability is the expected
value and the standard deviation.

The normal distribution table is constructed for a normal distribu-
tion that has an expected value of 0 and a standard deviation of 1. In
order to use the table it is necessary to convert the normal distribution
under consideration into a distribution that has an expected value of 0
and a standard deviation of 1. This is done by standardizing the values
of the distribution under consideration.



W, TRAEDING-SOFTY #RE-COLLECTION, COM

148 MEASURING AND CONTROLLING INTEREST RATE AND CREDIT RISK

EXHIBIT 8.5 Properties of a Normal Distribution

Probability = 68.3%

EV-1SD EV EV+1SD

Probability = 95.5%

EV-2SD EV EV + 28D

Probability = 99.7%

EV-35D EV EV + 35D

EV = Expected Value
SD = Standard Deviation

The procedure is as follows. Suppose that a normal distribution for
some random variable X has an expected value E(X) and a standard
deviation denoted by std(X). To standardize any particular value, say
X4, the following is computed:

X, -E(X)
T Tad()

where zq is the standardized value for X;. The standardized value is also
called the normal deviate.
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Exhibit 5.6 is an abridged table that shows the area under the normal
curve, which, as stated before, represents probability. This particular table
shows the probability of obtaining a value greater than some specified
value in standardized form in the right-hand tail of the distribution. This is
the shaded area shown in the normal curve at the top of Exhibit 5.6.

The illustrations to follow demonstrate how to use the table. We
will use the same example as earlier: the expected value of the profit of
the position is $40,000 and the standard deviation is $100,000.

Suppose that the manager wants to know the probability of realiz-
ing a value greater than $90,000. The standardized value (z) corre-
sponding to $90,000 is 0.5, as shown below:

$90,000 — $40,000 _

0.5
$100,000

The probability of obtaining a value greater than $90,000 is the same as
a standardized value greater than 0.5. From Exhibit 5.6, the probability
of obtaining a standardized value greater than 0.5 is 0.3085 or 30.85%.

Suppose the probability of obtaining a loss is sought by the man-
ager. This is equivalent to realizing a value of X that is less than zero.
The standardized value is —0.4, as shown below:

$0 — $40,000 _

~0.4
$100,000

The negative value indicates that the manager is looking for values in
the left-hand tail. From Exhibit 5.6, the probability of obtaining a value
greater than 0.4 is 0.3446 or 34.46%. Since the normal distribution is
symmetric, the probability of realizing a standardized value greater than
0.4 is the same as the probability of realizing a standardized value less —0.4.
Thus, the probability of realizing a loss is 34.46%.

Suppose the manager wants to know the probability of realizing a
loss greater than $150,000. The value of X is then —$150,000 and the
corresponding standardized value is

-$150,000 - $40,000 _

-1.1
$100,000

From Exhibit 5.6 it can be seen that the probability of getting a stan-
dardized value greater than 1.1 is 13.57%. Thus, the probability of real-
izing a standardized value of less than —1.1 or equivalently a loss of
$150,000 is 13.57%.
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EXHIBIT 5.6 Normal Distribution Table

Probability

z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

0.0 0.5000 0.4960 0.4920 0.4880 0.4840 0.4801 0.4761 0.4721 0.4681 0.4641
0.1 0.4602 0.4562 0.4522 0.4483 0.4443 0.4404 0.4364 0.4325 0.4286 0.4247
0.2 0.4207 0.4168 0.4129 0.4090 0.4052 0.4013 0.3974 0.3936 0.3897 0.3859
0.3 0.3821 0.3783 0.3745 0.3707 0.3669 0.3632 0.3594 0.3557 0.3520 0.3483
0.4 0.3446 0.3409 0.3372 0.3336 0.3300 0.3264 0.3228 0.3192 0.3156 0.3121

0.5 0.3085 0.3050 0.3015 0.2981 0.2946 0.2912 0.2877 0.2843 0.2810 0.2776
0.6 0.2743 0.2709 0.2676 0.2643 0.2611 0.2578 0.2546 0.2514 0.2483 0.2451
0.7 0.2420 0.2389 0.2358 0.2327 0.2296 0.2266 0.2236 0.2206 0.2177 0.2148
0.8 0.2110 0.2090 0.2061 0.2033  0.2005 0.1977 0.1949 0.1922 0.1894 0.1867
0.9 0.1841 0.1814 0.1788 0.1762 0.1736 0.1711 0.1685 0.1660 0.1635 0.1611

1.0 0.1587 0.1562 0.1539 0.1515 0.1492 0.1469 0.1449 0.1423 0.1401 0.1379
1.1 0.1357 0.1335 0.1314 0.1292 0.1271 0.1251 0.1230 0.1210 0.1190 0.1170
1.2 0.1151 0.1131 0.1112 0.1093 0.1075 0.1056 0.1038 0.1020 0.1003  0.0985
1.3 0.0968 0.0951 0.0934 0.0918 0.0901 0.0885 0.0869 0.0853 0.0838 0.0823
1.4 0.0808 0.0793 0.0778 0.0764 0.0749 0.0735 0.0721 0.0708 0.0694 0.0681

1.5 .0668 0.0655 0.0643 0.0630 0.0618 0.0606 0.0594 0.0582 0.0571 0.0559
1.6 .0548 0.0537 0.0526 0.0516 0.0505 0.0495 0.0485 0.0475 0.0465 0.0455
1.7 .0446  0.0436 0.0427 0.0418 0.0409 0.0401 0.0392 0.0384 0.0375 0.0367
1.8 .0359 0.0351 0.0344 0.0336 0.0329 0.0322 0.0314 0.0307 0.0301 0.0294
1.9 .0287 0.0281 0.0274 0.0268 0.0262 0.0256 0.0250 0.0244 0.0239 0.0233

2.0 0.0228 0.0222 0.0217 0.0212 0.0207 0.0202 0.0197 0.0192 0.0188 0.0183
2.1 0.0179 0.0174 0.0170 0.0166 0.0162 0.0158 0.0154 0.0150 0.0146 0.0143
2.2 0.0139 0.0136 0.0132 0.0129 0.0125 0.0122 0.0119 0.0116 0.0113 0.0110
2.3 0.0107 0.0104 0.0102 0.0099 0.0096 0.0094 0.0091 0.0089 0.0087 0.0084
2.4 0.0082 0.0080 0.0078 0.0075 0.0073 0.0071 0.0069 0.0068 0.0066 0.0064
2.5 0.0062 0.0060 0.0059 0.0057 0.0055 0.0054 0.0052 0.0051 0.0049 0.0048

2.6 0.0047 0.0045 0.0044 0.0043 0.0041 0.0040 0.0039 0.0038 0.0037 0.0036
2.7 0.0035 0.0034 0.0033 0.0032 0.0031 0.0030 0.0029 0.0028 0.0027 0.0026
2.8 0.0026 0.0025 0.0024 0.0023 0.0023 0.0022 0.0021 0.0021 0.0020 0.0019
2.9 0.0019 0.0018 0.0018 0.0017 0.0016 0.0016 0.0015 0.0015 0.0014 0.0014
3.0 0.0013 0.0013 0.0013 0.0012 0.0012 0.0011 0.0011 0.0011 0.0010 0.0010
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The standardized value is nothing more than the number of standard
deviations above the expected value since the expected value of z is zero.
From an examination of Exhibit 5.6, we can see the properties of a nor-
mal distribution that we discussed earlier. For example, look at the value
in the table for a standardized value equal to 2. The probability is
2.28%. This is the probability of realizing a value in each of the tails of
the normal distribution. Doubling this probability gives 4.56 %, which is
the probability of realizing a value in either of the two tails. This means
that the probability of getting a value between the two tails is 95.44%.
This agrees with the third property of the normal probability distribution
that we stated above—there is a 95.5% probability of getting a value
between two standard deviations below and above the expected value.

The Appropriateness of Using a Normal Distribution

In a normal distribution, the expected value (i.e., mean) and the standard
deviation are the only parameters needed to make statements about the
probabilities of possible outcomes. When using the normal distribution to
make statements about probabilities, it is necessary to determine whether
the historical or empirical distribution (i.e., a distribution created from
observed data) is well approximated by the normal distribution.

For example, one property of the normal distribution is that it is
perfectly symmetric around its expected value. Simply put, if one sawed
the distribution apart at the expected value and compared the two parts,
each part would be exactly the same. To see this, let us introduce
another measure of central tendency—the median.? If the observations
are arranged in ascending (or descending) order of magnitude, the
median is the value chosen such that half the observations are above it
and the remaining half of the observations are below it.

With this tool at our disposal, a good indicator of a distribution’s
symmetry involves comparing the expected value and the median. If the
expected value and the median are equal, the distribution is symmetric.
Since the normal distribution is symmetric, its expected value and mean
are the same. When the expected value is not equal to the mean, the dis-
tribution is asymmetric and is referred to as a skewed distribution.® Spe-
cifically, if the median is less than the mean, the distribution is skewed
to the right and has a long tail on the right-hand side of the distribution.
Such a distribution is referred to as positively skewed and is shown
Exhibit 5.7. Conversely, if the median is greater than the mean, the dis-
tribution is skewed to the left and has a long tail on the left-hand side of

2 The central tendency is a set of measurements that describe the data’s tendency to
cluster around particular values and include such measures as the mean, median, and
mode.

3 The normal distribution has a skewness of zero.
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EXHIBIT 8.7 Distribution Skewed to the Right (Positively Skewed)

EXHIBIT 5.8 Distribution Skewed to the Left (Negatively Skewed)

the distribution. This type of distribution is referred to as negatively
skewed and is shown in Exhibit 5.8.

In addition to skewness, a historical distribution may have more or
fewer outliers than the normal distribution predicts. If the distribution
has very thick tails (more observations in the tails), the distribution is
said to be leptokurtic. Conversely, if the distribution has very thin tails
(fewer observations in the tails), the distribution is said to be platykur-
tic. Kurtosis is a measure of the thickness of the tails of a distribution.

The following two questions must be answered to assess whether a
historical distribution can be approximated by a normal distribution:

1. Does the data fit the values predicted by the normal distribution?
2. Are the returns today uncorrelated with the returns from prior periods?

Goodness of Fit

Most introductory statistics texts detail how to test if the historical data for
some random variable (e.g., daily bond returns) can be approximated with
a normal distribution. Basically the test involves breaking the historical
observations into intervals (sometimes called “buckets”). For each interval,
the number of predicted observations based on the normal probability dis-
tribution is determined. Then the number predicted for the interval and the
number actually observed are compared. This operation is carried out for
all intervals. Statistical tests can then be used to determine if the historically
observed distribution differs significantly from a normal distribution.
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EXHBIT 5.9 Bloomberg’s Historical Return Histogram

64 Govt HRH
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As an illustration, let us examine a time series of daily returns for a
10-year Treasury note with 5% coupon that matures on August 15,
2011. Exhibit 5.9 presents a histogram created using Bloomberg’s His-
torical Return Histogram (HRH) function for our 10-year Treasury’s
daily returns for the period February 18, 2002 to August 16, 2002. A
histogram is a graphical representation of the frequency distribution for
a random variable. A normal distribution is superimposed over the his-
togram. Just above the graph is the mean and the standard deviation of
the daily returns for the sample period. This screen also presents the
results of a statistical test for whether or not the historical distribution
of the daily returns over this sample period is well-approximated by the
normal distribution. For this security, the data over this sample period
are approximately normal and this is indicated over on the right-hand
side of the screen by “Normality: Yes.”

Exhibit 5.10 presents the Frequency Distribution Table used to create
the histogram. The first column includes the return intervals in increments
of 25 basis points. The actual number of daily returns that fall into each
interval is shown in the second column. Finally, the predicted number of
daily returns that should fall into each interval if the sample is well-
approximated by the normal distribution is shown in the last column.
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EXHIBIT 8.10  Bloomberg’s Frequency Distribution Table

Page 54 Govt HRH
FREQUENCY DISTRIBUTION TABLE
| | THEORETICAL OCCURPENCES |

Source: Bloomberg Financial Markets

In general, we expect that bond return distributions will be skewed.
To see this, let’s consider a long position in Treasury securities. There is
a lower limit on the loss, and this limit depends on how high rates can
rise. Since Treasury rates have never exceeded 15%, this places a de
facto lower bound on a negative return from a long position in a Trea-
sury security. Of course, just because rates have never exceeded 15% in
the past does mean that rates higher than this threshold are impossible
in the future. However, assuming that negative nominal interest rates
are impossible, there is a maximum return.* The maximum price of a
bond is the undiscounted value of the cash flows (i.e., the sum of the
coupon payments and maturity value.) Thus, the maximum return is
obtained when interest rates fall to zero. Empirical evidence suggests
government bond return distributions are negatively skewed. JP Morgan
reports that return distributions for both Treasury securities and swaps
exhibit negative skewness.” Moreover, Treasury return distributions
exhibit fatter tails than predicted by a normal distribution.

4Two additional points should be noted. First, nominal interest rates cannot be neg-
ative as long as investors can hold cash. Second, negative real rates are possible.
5 RiskMetrics ™M—Technical Document, JP Morgan, May 26, 1995, New York, p. 48.
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One way to overcome the problem of negative skewness of bond
returns is to convert the returns into the logarithm of returns. The trans-
formation to the logarithm of returns tends to pull in the outlier nega-
tive returns such that the distribution after the transformation is
approximately normal. The resulting probability distribution of the log-
arithm of returns is said to be lognormally distributed.

One would expect a skewed return distribution for options and
derivatives with option like features such as caps and floors. For exam-
ple, a long position in an option contract has a maximum loss equal to
price paid for the option and a relatively large upside potential. Con-
versely, a short position in an option has a maximum profit equal to price
received for the option and a relatively large downside potential. Option
positions, as a result, guarantee a skewed return distribution. It is diffi-
cult to measure the riskiness of such positions using the standard devia-
tion measure.

Independence of Returns

For any probability distribution, it is important to assess whether the
value of a random variable in one period is affected by the value of the
random variable observed in a prior period. Casting this in terms of
returns, it is critical to know whether the return that can be realized
today is influenced by the return in a prior period. The terms serial corre-
lation and autocorrelation are used to describe the correlation between
the return in different periods. JP Morgan’s analysis suggests that there is
only a small positive serial correlation for government bond returns.®

CONFIDENGE INTERVALS

When a range for the possible values of a random variable and a proba-
bility associated with that range are calculated, the range is referred is
as a confidence interval. In general, for a normal distribution, the confi-
dence interval is calculated as follows:

(Expected value — Standardized value x Standard deviation) to
(Expected value + Standardized value x Standard deviation)
The standardized value indicates the number of standard deviations

way from the expected value and corresponds to a particular probabil-
ity. For example, suppose a manager wants a confidence interval of

® RiskMetrics™—Technical Document, p. 48.
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95%. This means that there will be 2.5% in each tail. From Exhibit 5.6,
we see that a standardized value with a 2.5% probability is 1.96. Thus,
a 95% confidence interval is

(Expected value — 1.96 x Standard deviation) to
(Expected value + 1.96 x Standard deviation)

For example, suppose that a manager wants to construct a confi-
dence interval for the change in the value of a position over the next
four days. Assuming that the change in value is normally distribution
with an expected value of zero and a standard deviation of $20,000,
then a 95% confidence interval would be

($0 — 1.96 x $20,000) to ($0 + 1.96 x $20,000) or —$39,200 to $39,200

MONTE CARLO SIMULATION

The probability distribution for the change in the value of a bond or
derivative instrument such as an option may depend on the outcome of
a number of random variables. For example, the change in the value of
a bond will depend on the sensitivity of the bond’s value to rate
changes, changes in the shape of the yield curve, and its yield volatility.
In the case of mortgage-backed securities, it will also depend on the
change in prepayment speeds. Each random variable will have its own
probability distribution and there may be some random variables that
may not be normally distributed. Moreover, each of the random vari-
ables that affects the change in value of a bond may not be independent.
That is, there may be a significant correlation between the random vari-
ables. (We’ll discuss correlation in Chapter 6.)

One way to evaluate the risk of a bond position is to evaluate all
possible combinations of potential outcomes for the random variables
and develop a probability distribution based on the change in the bond’s
value from all combinations. However, since each random variable may
have a substantial number of possible outcomes, evaluation of all possi-
ble combinations of outcomes is usually impractical. Rather than evalu-
ate all possible combinations of potential outcomes, a large number of
combinations of outcomes can be evaluated. This approach is called sce-
nario analysis. Scenario analysis, however, has a major drawback: The
assessment of risk will depend on the scenarios analyzed.

An alternative to complete enumeration of the outcomes and sce-
nario analysis for developing a probability distribution is Monte Carlo



Probability Distributions and Their Properties 157

simulation. We described this methodology in Chapter 2 where we
explained how it is used for valuing mortgage-backed securities.

There are ten steps in a Monte Carlo simulation. Each step is
described below.

Step 1: The performance measure must be specified. For risk mea-
surement, the appropriate performance measure is the change in the
value of a bond.

Step 2: The problem under investigation must be expressed mathe-
matically. The mathematical description of the problem must include all
important variables and their interactions. The variables in the mathe-
matical model will be either deterministic or random. A deterministic
variable can take only one value; a random variable can take on more
than one value.

Step 3: For those variables that are random variables, a probability
distribution for each must be specified.

Step 4: For each random variable, representative numbers must be
assigned to each possible outcome based on the probability distribution.

Step 5: A random number must be attained for each random vari-
able.”

Step 6: For each random number, the corresponding value of the
random variable must be determined.

Step 7: The corresponding value of each random variable found in
the previous step must be used to determine the value of the perfor-
mance measure.

Step 8: The value of the performance measure found in step 7 is
recorded.

Step 9: Steps S through 8 must be repeated many times.® The repeti-
tion of steps 5 through 8 is known as a trial.

Step 10: On the basis of the value for the performance measure for
each trial recorded in step 8, a probability distribution is constructed.

7 Most computers have a built-in random number generator.
8 The number of trials is determined by a technique called variance reduction.
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In practice, some of the deterministic variables are actually unknown
but are assigned some assumed value in the Monte Carlo simulation. The
simulation is repeated with different assumed values for the deterministic
variables that are unknown in order to assess the impact of these vari-
ables on the probability distribution.

When there is more than one asset in a position, Monte Carlo simu-
lation can consider the interaction (or correlation) among the prices and
rates for all assets. The correlations are estimated using historical data.
The probability distribution generated for a position will then depend
on the correlation between the price or rates of each asset. The sensitiv-
ity of the probability distribution can be examined by repeating the
Monte Carlo simulation using a different set of correlations.

KEY POINTS

1. A random variable is a variable for which a probability can be
assigned to each possible value that can be taken by the variable.

2. A probability distribution describes all the values that the random
variable can take on and the probability associated with each.

3. The expected value of a probability distribution is the weighted
average of the distribution.

4. Variance is a measure of the dispersion of the random variable
around its expected value.

5. The standard deviation is the square root of the variance.

6. The greater the standard deviation, the greater the variability of
the random variable around the expected value.

7. A discrete probability distribution is one in which the random
variable can only take on specific values, while a random variable
can take on any possible value within the range of outcomes for a
continuous probability distribution.

8. In jump process, a random variable can realize large movements
without taking on interim values.
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9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

A normal distribution is a symmetric probability distribution that
is used in many business applications.

The area under the normal distribution or normal curve between
any two points on the horizontal axis is the probability of obtain-
ing a value between those two values.

If a random variable follows a normal distribution then the
expected value and the standard deviation are the only two
parameters that are needed to make statements about the proba-
bility of outcomes for that random variable.

In order to apply the normal distribution to make statements
about probabilities, it is necessary to assess whether a historical
distribution is properly characterized as normally distributed.

There are statistical tests that can be used to determine whether a
historical distribution can be characterized as a normal distribution.

A skewed distribution is a probability distribution that is not sym-
metric around the expected value.

A positively skewed distribution is one in which there is a long tail
to the right; a negatively skewed distribution is one in which there
is a long tail to the left.

Serial correlation or autocorrelation is the correlation between
returns over time.

There is only a small positive serial correlation for government
bond returns.

A confidence interval gives a range for possible values of a random
variable and a probability associated with that range.

For complex bonds and bond positions, Monte Carlo simulation
can be used to obtain a probability distribution.






Gorrelation Analysis and
Regression Analysis

n the previous two chapters we have dealt with a single random vari-
Iable. In this chapter, we will look at the relationship between random
variables. The two statistical analyses that we shall describe are correla-
tion analysis and regression analysis.

The objectives of this chapter are to:

1. Describe what is meant by the correlation coefficient between two random
variables and how it is calculated.

2. Describe what the covariance is and its relationship to the correlation coeffi-
cient.

3. Describe how the variance of the return of a portfolio of assets is calculated

and the important role that the correlation plays.

. Explain the role of correlation in selecting hedging instruments.

. Explain what regression analysis is and how to estimate a regression.

6. Explain what the coefficient of determination of a regression measures.

“©» A

CORRELATION ANALYSIS

The correlation coefficient measures the association between two ran-
dom variables. No cause and effect are assumed when a correlation
coefficient is computed. After we describe how the correlation between
two random variables is calculated from historical data, we will look at
the role played by this measure in risk management.

161
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The formula for calculating the correlation coefficient, or simply
correlation, between two random variables X and Y is

T i X,Y, - [ i th(til Yt]

t=1 t=1

[rzx (2 Jrz (2 )

where the subscript ¢ denotes the #-th observation and T is the total
number of observations.

The correlation can have a value between —1 and 1. A positive value
means that the two random variables tend to move together. In this
case, the two random variables are said to be positively correlated. A
negative value means that the two random variables tend to move in the
opposite direction. Two random variables that exhibit this characteristic
are said to be negatively correlated. A correlation close to zero means
that the two random variables tend not to track each other.

To illustrate how to use the above formula, we will calculate the
correlation between the rate of return on two hypothetical assets: asset
1 and asset 2. Let

X
Y

Correlation =

rate of return on asset 1
rate of return on asset 2

Sixty pairs of monthly returns for the two assets are provided in Exhibit
6.1. The last row of the exhibit indicates that

60 60 60
Y X, = -36.516 Y Y, = 123.288 Y X,Y, = 627.3633
t=1 t=1 t=1

60 60

3 X{ =34793256 Y Y; = 3,402.0807

t=1 =1

Substituting these values into the formula:
Correlation
60(627.3633) - (-36.516)(123.288)

J160(3,479.3256) — (=36.516)%1160(3,402.0807) — (123.288)°]
= 0.21
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EXHIBIT 6.1

Between Asset 1 and Asset 2

X; = monthly return on asset 1 (%)
Y, = monthly return on asset 2 (%)

Calculation of the Correlation Between the Monthly Rate of Return

t X, Y, X/ Y/ XY,
1 7.1790 27.2730 51.5380 743.8165  195.7929
2 —6.1440 -8.6490 37.7487 74.8052 53.1395
3 -10.1850 1.4290 103.7342 2.0420  -14.5544
4 4.4670 8.4510 19.9541 71.4194 37.7506
5 -2.7760 8.5560 7.7062 73.2051  -23.7515
6 2.0520 1.8020 4.2107 3.2472 3.6977
7 2.7930 16.8170 7.8008 282.8115 46.9699
8 2.9000 -4.9620 8.4100 24.6214  -14.3898
9 —6.7240 -0.5330 45.2122 0.2841 3.5839
10 -8.2380 -7.2370 67.8646 52.3742 59.6184
11 -1.4110 3.3530 1.9909 11.2426 -4.7311
12 -3.5850 5.0560 12.8522 25.5631  -18.1258
13 47810  —11.4990 22.8580 1322270  -54.9767
14 6.5500 -1.3290 42.9025 1.7662 -8.7050
15 2.1660 4.6180 4.6916 21.3259 10.0026
16 2.7090 -1.1760 7.3387 1.3830 -3.1858
17 11.2020 11.7860 125.4848 138.9098  132.0268
18 -2.0830 6.1480 4.3389 37.7979  -12.8063
19 -5.1060 0.7580 26.0712 0.5746 -3.8703
20 ~7.5470 -8.3520 56.9572 69.7559 63.0325
21 4.4170 -1.3680 19.5099 1.8714 —6.0425
22 -0.9400 5.2760 0.8836 27.8362 -4.9594
23 8.9770 6.8180 80.5865 46.4851 61.2052
24 -0.5500 1.9850 0.3025 3.9402 -1.0918
25 12.1680 9.7330 148.0602 947313 118.4311
26 2.5330 11.2750 6.4161 127.1256 28.5596
27 -11.5530 7.6000 133.4718 57.7600  -87.8028
28 -9.5500 -2.6020 91.2025 6.7704 24.8491
29 4.2090 -0.4120 17.7157 0.1697 -1.7341
30 -8.4810 2.3080 71.9274 5.3269  -19.5741
31 4.2470 2.6320 18.0370 6.9274 11.1781
32 -3.1260 1.0700 9.7719 1.1449 -3.3448
33 6.9680 —6.9090 48.5530 47.7343  -48.1419
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EXHIBIT 6.1 (Continued)

t X, Y, X2 Y/ X,Y,
34 -5.1870 4.2970 26.9050 18.4642  -22.2885
35 -4.6210 -2.6070 21.3536 6.7964 12.0469
36 -3.7840 17.3750 14.3187 301.8906  —65.7470
37 1.1240 -0.6580 1.2634 0.4330 -0.7396
38 -2.1280 -3.6290 4.5284 13.1696 7.7225
39 -3.8850 -1.0340 15.0932 1.0692 4.0171
40 8.6830 —6.6200 75.3945 43.8244  -57.4815
41 1.3330 -0.3580 1.7769 0.1282 -0.4772
42 7.8510 1.8800 61.6382 3.5344 14.7599
43 -3.1930 5.9040 10.1952 34.8572  -18.8515
44 ~7.2980 7.3310 53.2608 53.7436  -53.5016
45 —6.7820 -0.3260 45.9955 0.1063 2.2109
46 -17.1830 5.2290 295.2555 273424 -89.8499
47 3.8650 10.0000 14.9382 100.0000 38.6500
48 -26.1900 -1.1330 685.9161 1.2837 29.6733
49 2.2330 -8.5960 4.9863 73.8912  -19.1949
50 6.6310 -1.8180 43.9702 3.3051  -12.0552
51 —6.4370 3.5260 41.4350 12,4327  -22.6969
52 -4.4230 -5.8820 19.5629 34.5979 26.0161
53 9.5940 12.8950 92.0448 166.2810  123.7146
54 -6.3980 -5.5560 40.9344 30.8691 35.5473
55 -9.8730 -6.8110 97.4761 46.3897 67.2450
56 3.3710 3.7210 11.3636 13.8458 12.5435
57 -8.1970 -3.8590 67.1908 14.8919 31.6322
58 9.5240 13.7120 90.7066 188.0189  130.5931
59 17.6630 -3.7180 311.9816 13.8235  -65.6710
60 4.8720 0.3070 23.7364 0.0942 1.4957

Total -36.5160  123.2880 3,479.3256 3,402.0807 627.3633

As an illustration, let us employ Bloomberg’s correlation screen,
which is presented in Exhibit 6.2. This screen allows the user to calcu-
late a correlation matrix for numerous random variables (e.g., interest
rates, returns, etc.) over a specified time period. In this illustration, the
two variables selected are the 10-year swap spreads (USSP) and the
spreads (over Treasuries) for AAA commercial mortgage-backed securi-
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EXHIBIT 8.2 Bloomberg Screen of a Correlation Matrix for 10-Year Swap Spreads
and 10-Year CMBS Spreads

Condty CORR

w PAGE 1 OF 3

ELaro
12 1003 1

Source: Bloomberg Financial Markets

ties with an average life of ten years (CMBS).! We examine 52 weekly
observations of these two variables over the sample period of December
28, 2001 to December 20, 2002. Over this sample period, the correla-
tion coefficient is 0.951. Since the correlation coefficient is reasonably
close to 1, this result suggests that the movements in 10-year swap
spreads and 10-year CMBS spreads are very highly correlated.

Covariance

The covariance also measures how two random variables vary together.
The covariance is related to the correlation coefficient as follows:

Covariance = std(X) std(Y) (correlation)

Since the standard deviations are positive, the covariance will have the
same sign as the correlation. Thus, if two random variables are positively

! The CMBS spreads are derived from a Morgan Stanley index which is updated ev-
ery Friday.
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correlated they will have a positive covariance. Similarly, the covariance
will be negative if the two random variables are negatively correlated.

The covariance between the rates of return for asset 1 and asset 2
for the 60-month period reported in Exhibit 6.1 is found as follows. The
standard deviation for the rate of return of asset 1 is 7.765. For asset 2
it is 7.305. The correlation is 0.21. Therefore, the covariance is

Covariance = 7.675 (7.305) (0.21) = 11.77

Measuring the Variance of a Two-Asset Portfolio

As explained in previous chapters, the variance or standard deviation
can be viewed as a measure of risk for an individual security. The risk of
a portfolio or position in several assets is not simply the weighted aver-
age of the variance of the component assets. The basic principle of mod-
ern portfolio theory is that the variance of a portfolio of assets depends
not only on the variance of the assets, but also their covariances.? Spe-
cifically, the variance of a two-asset portfolio is equal to

var(P) = Wxvar(X) + Wivar(Y) + 2 Wy Wycov(X, Y)

where

var(P) = variance of the rate of return of a portfolio comprised of
asset 1 and asset 2

var(X) = variance of the rate of return of asset 1

var(Y) = variance of the rate of return of asset 2

cov(X,Y) = covariance between the rate of return on asset 1 and asset 2

Wy = market value of asset 1/market value of portfolio

Wy = market value of asset 2/market value of portfolio

In words, the formula says that the variance of the portfolio return
is the sum of the weighted variances of the two assets plus the weighted
covariance between the two assets.

For our two hypothetical assets, suppose that 60% is invested in
asset 1 and 40% in asset 2. Then the inputs for calculating the variance
of a portfolio consisting of these two assets are

var(X) (7.675)> = 58.9056
var(Y) (7.305)> = 53.3630
cov(X,Y) = 11.77

2 Harry M. Markowitz, “Portfolio Selection,” Journal of Finance, March 1952, pp.
71-91.
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W = 0.6
Wy =04
Then

var(P) = (0.6)2(58.9056)+(0.4)2(53.3630)+2(0.6)(0.4)(11.77)
= 21.2060 + 8.5381 + 5.6496 = 35.3937

The portfolio’s standard deviation is then 5.9494 (the square root of
35.3937). Notice that the portfolio’s standard deviation is less than that
of the standard deviation of either asset.

The key in the risk of a portfolio or position as measured by the stan-
dard deviation or variance is the correlation (or covariance) between the
two assets. Exhibit 6.3 shows the portfolio standard deviation for several
assumed correlations and different weights for asset 1 and asset 2 in the
portfolio. For a given allocation of the two assets in the portfolio, the more
negatively correlated, the lower the portfolio standard deviation. The mini-
mum variance (for a given allocation) occurs when the correlation is —1.

Consequently, for a manager seeking to measure and then control
the risk of a portfolio or position in two assets, the correlation and the
relative amounts of the two assets determines the standard deviation of
the portfolio or position. It is critical to have a good estimate of the cor-
relation to measure risk.

There is another point to note from the results reported in Exhibit 6.3.
Suppose that a manager wants to hedge a position in asset 1. By hedging it
is meant that the manager seeks to employ some hedging instrument such
that the combined position of asset 1 and the hedging instrument will pro-
duce a portfolio standard deviation of zero. Look at the last column of
Exhibit 6.3. If a hedging instrument, say asset 2, can be identified that has a
—1 correlation with asset 1 and the manager takes a position in asset 2 such
that the portfolio has 48.77% of asset 1 and 51.23% of asset 2, then the
standard deviation of the portfolio will be approximately zero.

Consequently, hedging involves identifying one or more instruments
that have a correlation of close to —1 with the position that the manager
seeks to protect and selecting the appropriate amount of the hedging
instrument. If the position in asset 1 is a long position, then this typi-
cally involves shorting a position in the hedging instrument, asset 2.

Measuring the Variance of a Portfolio with

More than Two Assets

Thus far we have given the portfolio variance and standard deviation
for a portfolio consisting of two assets. The extension to three assets—
asset 1, asset 2, and asset 3—is as follows:
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EXHIBIT 6.3  Portfolio Standard Deviation for Different Correlations and Weights
for Asset 1 and Asset 2

Assumptions:
X = rate of return of asset 1 (%)
Y = rate of return of asset 2 (%)

Wy = weight of asset 1
Wy = weight of asset 2

Standard deviation for asset 1 = 7.675
Standard deviation for asset 2 = 7.305
Wy: 0.6 0.5 0.4 0.4877
Correlation ~ Covariance ~ Wy : 0.4 0.5 0.6 0.5123
1.0 56.07 7.5270  7.4900 7.4530 7.4854
0.8 44.85 7.1605  7.1059 7.0827  7.1013
0.6 33.64 6.7743 6.6998  6.6920  6.6952
0.4 22.43 6.3646  6.2674 62770  6.2628
0.2 11.21 5.9268 5.8029 5.8325  5.7982
0.0 0.00 5.4538 5.2978 5.3512  5.2930
-0.2 -11.21 4.9358 4.7393  4.8222 4.7342
-0.4 -22.43 4.3565  4.1054 42274  4.0999
-0.6 -33.64 3.6874  3.3537 3.5339 3.3476
-0.8 -44.85 2.8661 2.3750  2.6658  2.3671
-1.0 -56.07 1.6830  0.1850 1.3130  0.0007

var(P) = Wivar(X) + Wévar(Y) + Wévar(Z) +2 Wy Wycov(X,Y)

where

var(P)

var(X)
var(Y)
var(Z)
cov(X,Y)
cov(X,”2)
cov(¥,.2)

+2WWycov(X, Z)+2WyW,cov(Y, Z)

variance of the rate of return of a portfolio comprised of
assets 1, 2 and 3

variance of the rate of return of asset 1

variance of the rate of return of asset 2

variance of the rate of return of asset 3

covariance between the rate of return on asset 1 and asset 2
covariance between the rate of return on asset 1 and asset 3
covariance between the rate of return on asset 2 and asset 3
market value of asset 1/market value of portfolio

market value of asset 2/market value of portfolio

market value of asset 3/market value of portfolio
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In words, the portfolio’s variance is the sum of the weighted vari-
ances of the individual assets plus the sum of the weighted covariances
of the assets.

In general, for a portfolio with J assets, the portfolio variance is:

J J J
var(P) = Z Wl-zvar(/')+ Z Z W,; W.cov(j, k)
j=1 j=1 k=1
for j#k

REGRESSION ANALYSIS

In correlation analysis, neither random variable is assumed to effect the
other random variable. In some situations in managing risk it is neces-
sary to estimate the relationship between two random variables in
which it is assumed that one random variable affects the other random
variable. Regression analysis is a statistical technique that can be used
to estimate relationships between variables. Regression analysis will be
explained with an illustration.

The Simple Linear Regression Model

Suppose that a manager believes that the return on asset 3 affects the
return on asset 2 and wants to estimate the relationship. Assume that
the manager believes that the relationship can be expressed as follows:

Return on asset 2 = o +  (return on asset 3)

The values o and B are called the parameters of the model. The objective
of regression analysis is to estimate the parameters.

There are several points to note about this relationship. First there
are only two variables in the relationship—the return on asset 3 and the
return on asset 2. Because there are only two variables and the relation-
ship is linear, this regression model is called a simple linear regression
model. Since the return on asset 2 is assumed to depend on the return on
asset 3, the return on asset 2 is referred to as the dependent variable.
The return on asset 3 is referred to as the explanatory or independent
variable because it is used to explain the return on asset 2. Second, it is
highly unlikely that the estimated relationship will describe the true
relationship between the two returns exactly because other factors may
influence the return on asset 2. Consequently, the relationship may be
more accurately described by adding a random error term to the rela-
tionship. That is, the relationship can be expressed as follows:
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Return on asset 2 = o, + B(Return on asset 3) + Random error term

The expression can be simplified as follows:

Y=0a+BX+e
where
Y = rate of return on asset 2
X = rate of return on asset 3
e = random error term

Estimating the Parameters of the

Simple Linear Regression Model

In order to estimate the parameters of the simple linear regression
model, historical information on the returns of asset 3 and asset 2 are
needed. We will use the 60 monthly returns in Exhibit 6.4.

One possible way of estimating the relationship between the two
returns is simply to plot the observations on a graph and then draw a
line through the observations which it is believed best represent the rela-
tionship. Selecting two points on this line will determine the estimated
relationship. The obvious pitfall is that there is no specified criterion for
drawing the line, and hence different individuals would obtain different
estimates of the relationship based on the same observations.

The regression method specifies a logical criterion for estimating the
relationship. To understand this criterion, first rewrite the simple linear
regression so that it shows the estimated relationship for each observa-
tion. This is done as follows:

Y=o+ BX; +¢

where the subscript ¢ denotes the observation for the #th month. For
example, for the fourth observation (¢ = 4), the above expression is

4.467 = o+ B(5.13) + ¢4

For observation 18 (¢ = 18), the expression is
-2.083 = o + B(-0.60) + eqg

The values for e4 and eqg are referred to as the observed error term for
the observation. Note that the value of the observed error term for both
observations will depend on the values selected for o and B. This sug-
gests a criterion for selecting the two parameters. The parameters
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EXHIBIT 6.4 Worksheet for the Estimation of the Parameters of the Simple Linear
Regression: Relationship Between Monthly Return on Asset 3 and Asset 2

X, = monthly return on asset 3 (%)
Y, = monthly return on asset 2 (%)

t X, Y, XY, X2 \
1 7.2100 7.1790 51.7606 51.9841 51.5380
2 -2.5000 -6.1440 15.3600 6.2500 37.7487
3 2.3600  -10.1850  -24.0366 5.5696 103.7342
4 5.1300 4.4670 22.9157 26.3169 19.9541
S 4.0400 -2.7760  -11.2150 16.3216 7.7062
6 -0.5500 2.0520 -1.1286 0.3025 4.2107
7 8.9800 2.7930 25.0811 80.6404 7.8008
8 1.9300 2.9000 5.5970 3.7249 8.4100
9 -0.3900 -6.7240 2.6224 0.1521 45.2122
10 -2.3600 -8.2380 19.4417 5.5696 67.8646
11 2.0700 -1.4110 -2.9208 4.2849 1.9909
12 2.3900 -3.5850 -8.5682 5.7121 12.8522
13 -6.7200 4.7810  -32.1283 45.1584 22.8580
14 1.2900 6.5500 8.4495 1.6641 42.9025
15 2.6200 2.1660 5.6749 6.8644 4.6916
16 -2.4800 2.7090 -6.7183 6.1504 7.3387
17 9.7500 11.2020  109.2195 95.0625 125.4848
18 ~0.6900 ~2.0830 1.4373 0.4761 4.3389
19 -0.3200 -5.1060 1.6339 0.1024 26.0712
20 -9.0400 ~7.5470 68.2249 81.7216 56.9572
21 -4.9200 44170  -21.7316 24.2064 19.5099
22 -0.3700 -0.9400 0.3478 0.1369 0.8836
23 6.4300 8.9770 57.7221 41.3449 80.5865
24 2.7500 ~0.5500 -1.5125 7.5625 0.3025
25 4.3600 12.1680 53.0525 19.0096 148.0602
26 7.1500 2.5330 18.1110 51.1225 6.4161
27 24200  -11.5530  -27.9583 5.8564 133.4718
28 0.2400 -9.5500 -2.2920 0.0576 91.2025
29 4.3200 4.2090 18.1829 18.6624 17.7157
30 -4.5800 -8.4810 38.8430 20.9764 71.9274
31 4.6600 4.2470 19.7910 21.7156 18.0370
32 2.3700 -3.1260 ~7.4086 5.6169 9.7719
33 -1.6700 6.9680  -11.6366 2.7889 48.5530
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EXHIBIT 6.4 (Continued)

t X, Y, XY, X2 Y2
34 1.3400 -5.1870 -6.9506 1.7956 26.9050
35 -4.0300 -4.6210 18.6226 16.2409 21.3536
36 11.4400 -3.7840  -43.2890  130.8736 14.3187
37 -1.8600 1.1240 -2.0906 3.4596 1.2634
38 1.3000 -2.1280 -2.7664 1.6900 4.5284
39 -1.9500 -3.8850 7.5758 3.8025 15.0932
40 2.9400 8.6830 25.5280 8.6436 75.3945
41 0.4900 1.3330 0.6532 0.2401 1.7769
42 -1.4900 7.8510  -11.6980 2.2201 61.6382
43 4.0900 -3.1930  -13.0594 16.7281 10.1952
44 -2.0500 ~7.2980 14.9609 4.2025 53.2608
45 1.1800 —6.7820 -8.0028 1.3924 45.9955
46 0.3500  -17.1830 -6.0141 0.1225 295.2555
47 3.4100 3.8650 13.1797 11.6281 14.9382
48 1.2300  -26.1900  -32.2137 1.5129 685.9161
49 0.7300 2.2330 1.6301 0.5329 4.9863
50 1.3600 6.6310 9.0182 1.8496 43.9702
51 2.1500 -6.4370  -13.8396 4.6225 41.4350
52 -2.4200 -4.4230 10.7037 5.8564 19.5629
53 2.6800 9.5940 25.7119 7.1824 92.0448
54 0.2900 —6.3980 -1.8554 0.0841 40.9344
55 -0.4000 -9.8730 3.9492 0.1600 97.4761
56 3.7900 3.3710 12.7761 14.3641 11.3636
57 -0.7700 -8.1970 6.3117 0.5929 67.1908
58 2.0700 9.5240 19.7147 4.2849 90.7066
59 -0.9500 17.6630  -16.7799 0.9025 311.9816
60 1.2100 4.8720 5.8951 1.4641 23.7364

Total 72.0100 -36.5160 401.8848 909.5345 3,479.3256

should be estimated in such a way that the sum of the observed error
terms for all observations is as small as possible.

Although this is a good standard, it presents one problem. Some
observed error terms will be positive, and others will be negative. Conse-
quently, positive and negative observed error terms will offset each other.
To overcome this problem, each error term could be squared. On the
basis of that criterion, the objective would then be to select parameters
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o as to minimize the sum of the square of the observed error terms. This
is precisely the criterion used to estimate the parameters in regression
analysis. Because of this property, regression analysis is sometimes
referred to as the method of least squares.

The formulas that can be used to estimate the parameters on the
basis of this criterion are derived using differential calculus. Their use
will be illustrated. If a hat (") over the parameter denotes the estimated
value and T denotes the total number of observations, then the esti-
mated parameters for oo and 3 are computed from the observations using
the following formulas:

T 1 T T
XXM XY ley Lax
B ==l t=1 =1 and &::FZYt—?(B)ZXt
t=1

T , T 2 ot
5 x-4 3 x) ‘

t=1 t=1

Although the formulas look complicated, they are easy to apply. In
actual problems with a large number of observations, there are regres-
sion analysis programs that will compute the value of the parameters
using the above formulas. Most electronic spread sheets are prepro-
grammed to perform simple linear regression analysis.

The above formulas may be used to compute the estimated parame-
ters on the basis of the 60 observations given in Exhibit 6.4. The work-
sheet for the sums needed to apply the formula is shown as Exhibit 6.4
and summarized below:

60 60

Y X, = 72.03 Y Y, = -36.516
t=1 t=1

60 60

3 XY, = 401.8848 Y X; = 909.5345
t=1 t=1

We then have

401.8848 — %(72.01)(—36.516)

B - 1 2
909.5345 - —(72.01)
60
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and

G = - (-36.516)— -=(0.5415)(72.01) = —1.2585
60 60

The estimated relationship between the monthly return on asset 3 and
asset 2 is then

Y =-1.2585 + 0.5415X

Goodness of Fit

The manager will be interested in knowing how “good” the estimated
relationship is. Statistical tests determine in some sense how good the
relationship is between the dependent variable and the explanatory vari-
able. A measure of the “goodness of fit” of the relationship is the coeffi-
cient of determination.

The explanatory or independent variable X is being used to try to
explain movements in the dependent variable Y. But what movements is
it trying to explain? The variable X is trying to explain why the variable
Y would deviate from its mean. It can be shown that if no explanatory
variable is used to try to explain movements in Y, the method of least
squares would give the mean of Y as the value estimate of Y. Thus the
ability of X to explain deviations of Y from its mean is of interest. In
regression analysis, when we refer to the variation in a variable we
mean its deviation from its mean.

The coefficient of determination indicates the percentage of the vari-
ation of the dependent variable that is explained by the explanatory
variable (i.e., explained by the regression).® That is,

Variation of Y explained by X

Coefficient of determination = —
Variation of Y

The coefficient of determination is commonly referred to as “R-squared”
and denoted by R2.

The coefficient of determination can take on a value between 0 and
1. If all the variation of Y is explained by X, then the coefficient of
determination is 1. When none is explained by X, the coefficient of
determination is 0. Hence, the closer the coefficient of determination is
to 1, the stronger the relationship between the variables.

3 In statistics textbooks, the terms “total sum of squares” and “explained sum of
squares” are used instead of variation in Y and variation in Y explained by X.
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Another interpretation of the coefficient of determination is that it
measures how close the observed points are to the regression line. The
closer the observed points are to the regression line, the closer the coef-
ficient of determination will be to 1. On the other hand, the greater the
scatter of the observed points from the regression line, the closer the
coefficient of determination will be to 0.

Computation of the coefficient of determination is as follows. To
compute variation of Y, the following formula is used:

T T 2
I 2 1
Variation of Y = Z Y, - ?[ 2 Yt]
t=1 t=1
The variation of Y explained by X is computed using the following formula:
T . T T
Variation of Y explained by X = B( z X, Y, - T 2 X, 2 YJ
t=1 t=1 t=1
The coefficient of determination is then found by dividing the variation

of Y explained by X by the variation of Y.
From the worksheet shown as Exhibit 6.4,

60
Y X, = 72.03 Y Y, = -36.516
t=1

60 60
3 XY, = 401.8848 Y Y] = 3,479.326
t=1 t=1

Then,

Variation of Y = 3,479.326—61—0(—36.516)2 = 3,457.142362

and

Variation of Y explained by X
- (0.5415){401.8848 - 61—0(72.01)(—36.516)}

= 241.3500215
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The coefficient of determination is therefore

241.3500215 _

Coefficient of determination = =
3,457.142362

A coefficient of determination of 0.07 means that approximately 7% of
the variation in the monthly return of asset 2 is explained by the
monthly return of asset 3.

There are tests that can be performed to determine whether the
coefficient of determination is statistically significant. Alternatively, the
statistical significance of the estimated [ parameter can be tested. The
test involves determining whether the estimated B is statistically differ-
ent from zero. If there is no relationship between the two random vari-
ables, the estimated B would not be statistically different from zero. A
discussion of these tests is provided in statistics textbooks.

Extension of the Simple Linear Regression Model
In many applications, a dependent variable may be best explained by
more than one explanatory variable. When such a relationship is esti-
mated, it is referred to as a multiple regression. The computations for
obtaining the parameters of a multiple regression are difficult to per-
form by hand. Fortunately, there are numerous multiple regression anal-
ysis programs for computing the parameters of a multiple regression.
The interpretation of the coefficient of determination is the same in a
multiple regression as it is in a simple linear regression. In the latter case,
it is the total sum of squares explained by the explanatory variable X. In a
multiple regression, the coefficient of determination is the variation in Y
explained by all the explanatory variables. By adding an explanatory vari-
able to a regression model, the belief is that the new explanatory variable
will significantly increase the variation in Y explained by the regression.
For example, suppose that a simple linear regression is estimated and that
the variation in Y is 1,000 and the variation explained by the single
explanatory variable X is 600. Suppose that another explanatory variable
is added to the regression model and that the inclusion of this explana-
tory variable increased the variation in Y explained from 600 to 750.
Thus, it would increase the coefficient of determination from 60% to
75% (750/1,000). This new explanatory variable would appear to have
contributed substantially to explaining the variation in Y. On the other
hand, had the variation in Y explained by the regression increased from
600 to 610, the coefficient of determination would have increased from
60% to only 61%. Thus it appears that the new explanatory variable did
not do much to help explain the dependent variable.
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Relationship Between Correlation Goefficient and Coefficient of

Determination

The coefficient of determination turns out to be equal to the square of
the correlation coefficient. Thus, the square root of the coefficient deter-
mination is the correlation coefficient. Since the correlation coefficient
can be between —1 and 1, the coefficient of determination will be
between 0 and 1. The sign of the correlation coefficient will be the same
as the sign of the slope of the regression, B. For example, the coefficient
of determination between the monthly return of asset 3 and asset 2 is
0.07. The correlation coefficient is therefore 0.26.

lllustration of the Simple Linear Regression Method

Now that we have the major elements of the process in place, let us
examine another illustration using Bloomberg’s MRA (multiple regres-
sion analysis) screen. The dependent variable is the 10-year Aa indus-
trial yields while the independent variable is the 10-year swap rate
(discussed in Chapter 10). We examine 250 daily observations of these
two variables over the sample period July 24, 2001 to July 8, 2002. The
regression results, scatter plot and fitted regression line are presented in
Exhibit 6.5. The estimated parameters for the intercept and the slope

EXHIBIT 6.5 Bloomberg Multiple Regression Analysis Screen
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Source: Bloomberg Fianancial Markets
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EXHIBIT 6.6 Bloomberg Time Series Plots of the Correlation Coefficient,
Coefficient of Determination, and Residuals

for on. 059 Curncy MRA
<PAGE> for hi data, <MENU> to Update Matri:
HISTORICAL E Page 2 of 11

REGRESSION ANALYSIS
AR
PE

Historical Values

Source: Bloomberg Fianancial Markets

are 2.29792 and 0.64169, respectively. Over this sample period, the cor-
relation between 10-year Aa industrial bond yields and 10-year swap
rates is 0.92296. Correspondingly, the coefficient of determination for
our linear regression is 0.85186 which means that approximately 85%
of the variation in the level of the daily 10-year Aa industrial bond
yields is explained by the level of the daily 10-year swap rates. The coef-
ficient of determination is reported at the top of the screen and is
labeled “R2.”

Exhibit 6.6 presents a time series plot with two panels. The top
panel presents a plot of the levels of the correlation coefficient and the
coefficient of determination. As noted, the coefficient of determination
is equal to the square of the correlation coefficient so the coefficient of
determination will always lie below the correlation coefficient. The bot-
tom panel is a plot of the residuals for this regression.
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KEY POINTS

10.

11.

12.

The correlation coefficient measures the association between two
random variables with no cause and effect assumed.

The correlation coefficient can have a value between —1 and 1.

A positive value for the correlation coefficient means that the two
random variables tend to move together and are said to be posi-
tively correlated.

A negative value for the correlation coefficient means that the
two random variables tend to move in the opposite direction and
are said to be negatively correlated.

The covariance is related to the correlation, being the product of the
standard deviation of the random variables and their correlation.

. The variance of a portfolio’s return is not simply the weighted

average of the variance of the return of the component assets.

. The variance of a portfolio’s return depends not only on the vari-

ance of the assets, but also upon the correlation between the assets.

The variance of a portfolio’s return is reduced the lower the corre-
lation, with the maximum reduction when the correlation is —1.

For a manager to measure the risk of a portfolio, it is critical to
have a good estimate of the correlation of returns between each
pair of assets in the portfolio.

The correlation is important in selecting hedging instruments.

He